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LLIaHOBHI JecATUKNIAaCHUKU i AecAaTUKacHuLi!

Bu moummaeTe BuBUATH HOBHUII mpeamer — «AJiredpa i mouaTKu aHalisy», AKUN 00’¢gHYE
MarepiaJ KiJbKOX rajyseil MaTeMaTHYHOI HAyKMU.

dAx i B Kypci anrebpu, 3HaAUHy yBary OymeMo IPUIIJIATH PO3B’A3YBaHHIO PiBHIHBL Ta PO3-
TJIAAY BJIaCTUBOCTEH (PYyHKIIiii. AJjie mopsn i3 pos3B’sA3yBaHHAM 3HAOMUX 3aBIAHb, IIOB’A3aHUX
i3 pamiomasbHEME ApobamMu, CTeIeHAMHU i KopeHamu, y 10 KJjaci Bu mosHaioMuTecsd 3 HOBUMU
BUJaMU (PYHKIIIT — CTEeNeHEeBUMMU i TPUTOHOMETPUYHUMM, BiATIOBIAHMMU DiBHAHHAMUN U HEPiB-
HOCTAMU, & TaKOYK NPUHIMIIOBO HOBUMU IOHATTAMM — IIOXiJHOIO Ta rpaHureio @yakiii. Came
BUBUEHHs TPAHUIl Ta HMOXimHOI i € oZHMM i3 3aBHaHb MATEeMAaTHUUYHOTO aHAJi3Y.

Maremarununuii aHaJsiz (abo mpocTo aHaNid) — rajysb MaTeMaTUKHU, IM0 chopMyBaJacs
y XVIII ct. i Bigirpasa 3HaYHY POJIb Y PO3BUTKY IIPUPOAHUUYMX HAYK 3aBAAKUN II0ABI HOBO-
T0 TOTY:KHOTO YHiBepcaJbHOTO METOAYy JOCJimKeHHS (PYHKIIiIN, AKi 3aCTOCOBYIOTH IIiJi yac
pO3B’A3yBaHHA PiBHOMAHITHMX IPUKJIATHUX 3a1ad.

Y momepenHix KJjiacaxX BU BiKe IIOUMHAJM 3HAWMOMUTHCSI 3 (PyHKIi€0. ¥ I[bOMY POIIi Bu
HaBUUTECA MOOCIiAKyBaTu (PYHKIIII HA HOBOMY pPiBHI 3 BUKOPHUCTAHHAM HOBUX MAaTeMAaTUUYHUX
iHCTPYMEHTIB.

AK KopuctyBaTUCs NiApPYyYHUKOM

Ilizpyunnk mMae mATHL PO3MiNiB, KOKHHUHU i3 AKUX CKJIAJaeThbcAa 3 maparpadiB, mAeaxi ma-
parpadpu — 3 myukriB. Ilaparpadu i TyHKTH, AK OPaBUJIO, MICTATh TaKi CTPYKTYPHi OJOKH.

HoBigkoBi Ta6éaumi HaBegeHi Ha mouyaTKy OijbInocTi maparpadiB (IyHKTIB) i BMimIyoTh
OCHOBHi O3HAUEHHSA, O3HAKMW Ta BJACTUBOCTI PO3IIANYBAHUX IOHATH TEMU, CUCTEMAaTU3AIIiI0
TEOPETUUHOTO0 MaTepianay Ta cnocobié disnvHocmi 3 UM MaTepiajoMm y (opMi cmeriaabHUX opi-
eHmupis i3 po3g’a3ysanHs 3a80anb. Pagumo ompalfjoBaTu Iieii Marepiaj y IepIry 4epry, a BiKe
micJid IHOT0 TEPEXOAUTH 10 HACTYIHOTO OJIOKY.

ITosicHeHHs I OOI'PYHTYBaHHS ABJIAIOTHL COOOI0 JOKJIaJHE BUKJAJEHHS TEOPETUYHOrO MaTe-
piany, HaBemeHoro B Tabuuiiax. Take momaHHA HABYAJBHOIO MaTepiajy (CIOYATKY CTPYKTYPO-
BAHOTO y BUIVISAAI TaOJUIlb, a IIOTIM OIMCAHOIO JEeTaJbHO) JO3BOJUTL KOKHOMY 3 Bac BUOMPATU
CBill BjacHUI piBeHb 0O3HAMOMJIEHHS 3 OOI'DYHTYBAHHAMU, OYAYIOUM BJIACHY OCBITHIO TPAEKTOPiiO.

IIpukaanu po3B’sa3yBaHHA 3aBIaHb O3HAWOMJISATHL Bac i3 OCHOBHUMHU iJeAMHU IIIOJIO0
poOs3B’A3yBaHHA 3aBIaHb, JOIOMOMKYTh YCBiOMUTH If 3aCBOITM CIIOCOOUW [dili 3 OCHOBHUMU aJ-
re0paiuHMy TOHATTIMU, HAaOyTH HEOOXiTHMX MNpeIMeTHHX KOMIeTeHTHocTei. [ljid Toro Irod
BUJIIJINTH OPi€HTOBHI OCHOBH AifJIBHOCTI 3 PO3B’A3yBaHHS 3aBAAaHb (3araJibHi OopieHTHpH), Y IpU-
KJafaX BJIaCHE PO3B’ABaHHS CYIPOBOIKYIOTHCS KOMEHTApPAMHU, SAKi MOIMOMOMKYTh BaM CKJIACTHU
TJIaH PO3B’s3yBaHHSA AHAJOTIYHUX 3aBJaHb.

Po3sp’sa3anua KomenTap

Sx Mo)kHaA 3amucaTH Po3B’A3aHHS 3aBAaHHA =~ SIK MOMKHa MipKyBaTH IIiJl yac po3B’A3yBaHHA
TaKOT0 3aBIAaHHA




3a Takoro IOJAAHHS KOMEHTap He 3aBajKa€ CIPUMHATTIO OCHOBHOI imel poss’sisyBaHHS
3aBJaHb IIEBHOT'O THIIY i [Jae 3MOr'y 3a IOTPeO0M OTPUMATH [OeTAJbHY KOHCYJILTAIIIO IOLO0
pO3B’A3yBaHH:A, AKA MICTUTBCA B KOMEHTApi.

3 MeTOI0 3aKpillJIeHHs, KOHTPOJIIO i CaMOOI[iHIOBAHHS 3aCBOEHHS HABUAJLHOTO Marepiany
HaOPUKIiHIII KOMKHOTO maparpadga 3alIpolIoHOBaHO CHUCTEMY 3allMTaHb i BIIpasB.

3anmuTaHHA JOIIOMOKYTh BaM IIPUraJaTH M OCMMUCJUTH BUBUEHE, 3BEPHYTH yBary Ha Io0JIO-
BHe B mnaparpacdi, omiHUTU piBeHb 3aCBOEHHS TEOPETUUHOro MaTepiasy maparpada.

BnpaBu momaHo 3a TphOoMa PIBHAMHU CKJIAIHOCTI:

® 3a80aHHS CepedHb020 Pi6Hs MAIOTh IO3HAYUKY «°»;

* 3a80aHHA docmamHbozo pieHs (Helo CKJIaAHIII) momaHo 0e3 IO3HAUYKY;

®  3a80aHHS BUCOK020 DiBHA MAIOTH IMO3HAUKY «%».

Ho GinbiocTi BipaB HANPUKIHIII HMigpyYHWKA HaBemeHO 8i0nosioi.

YV pyOpuiii «BugBiTH CBOI0 KOMIIETEHTHICTBH» HABEJEHO 3aJaui MPaKTUUYHOTO 3MiCTy Ta 3a-
BJAHHSA, AKI OJA OTPUMAHHA PO3B’SISKY BUMAralTh aHaJidy, ys3araJbHeHHs, CHUCTeMaTHU3allii
HaOyTUX 3HAHD.

3BEpHITh TAaKOK yBary Ha 3alIpOIOHOBAHi B TEKCTi maparpadiB CyIIPOBOMKYIOUi 3allMTAHHAI,
IO CIIOHYKAIOTHL OO OiJbII IIMOOKOI'0 CAMOCTIMHOIO OCMMCJICHHS HaBUAJLHOIO MAaTepiaily, Ta
3aBIaHHS, BUKOHAHHA AKUX, Ha HAIly OYMKY, cOpuATuMe (OPMYBaHHIO IEBHUX IIPEIMETHUX
i KJrouoBMX KommeTeHTHOcTel. Ili sammTaHHA Ta 3aBAAHHSA MAalOTh BIiAIIOBiMHI MO3HAYEHHA.

IaTepHET-TiATPUMKA MiIPYYHUKA OO3BOJUTH 3MiHCHUTU OHJAWH-TECTYBAaHHA 34 KOYKHOIO
TEeMOIO, JeTajIbHiIlle 0O3HAMOMUTHICS 3 HaBUYAJbHUM MAaTepiajioM, Hi3HATUCS PO AOCATHEHHS BU-
JaTHUX YUYeHUX YKpaiHu Ta CBiTY, MOCHiAWNTHM PO3BUTOK aaredpm AK HaYKH.

A Toro mo6 migpyYHUWK MOIOMIT BaM y MOBHIN Mipi, pafnMO O3HAWOMUTHCS i3 CHCTEMOIO
YMOBHUX ITO3HAUEHD:

TIOYaTOK OOT'DYHTYBaHHS TBEPIKEeHHS;

O

3aKiHYeHHS OOI'PYHTYBAHHS TBEPIKEHHS;
IIOYATOK PO3B’sI3aHHA 3a1adui;
3aKiHUeHHSA PO3B’sI3aHHA 3amaui;

3aIUTaHHA O YYHIiB;
mikaBa imgopwmarisa abo Taka, AKy BapTo OOMipKyBaTu;

marepiaau, nos’sa3ani 3 IKT Ta iHTepHeT-IIiATPUMKOI HiAPYyUYHMKA;

3aBIAHHS, AKi BUMAaramTh CAMOCTiHHOIO OIpaIiOBaHHA, CIPUAITHL aKTHBi3aIii pos3ymo-
BOI AisAJIBHOCTI;

@®EEO:-

IifgJbHICTH, po3paxoBaHa Ha POOOTY B KOMAaHII.



Po3gin 1

dYHKLUII, MHOIOUYJIEHW,
PIBHAHHS | HEPIBHOCTI

Y LLlbOMY PO34J1I BA:

P cucteMaTusyeTe i y3aranbHUTE CBOT 3HAHHS 1 YMIHHS, MOB'A3aHi
3 MHOXWVHAMM, DYHKLIAMW, PIBHAHHAMM | HEPIBHOCTAMMU,

P 03HaMomKMTeCs i3 3arafibHUMM MeTofaMK PO3B’A3yBaHHS
PIBHAHb | HEPIBHOCTEW, 30KPEMa 3 NapaMeTpamMu;

P HaBYUTECH PO3B’'A3YBaATW AesKi CKNafHI PIBHAHHS N HEPIBHOCTI,
LLIO IX MPOMOHYIOTb Y 3aBAAHHAX 30BHILLHbOrO HE3a1eXHOro
OUHIOBAHHS 3 MaTeMaTuKm




MHOXXWHN

1.1. MHOXMHN Ta onepauii Hag HUMKN
Ta6auma 1
MoHATTA MHOXMHMU Ta Ti eNeMeHTiB

MHOKUHY MOMKHA YABUTU CO0L SK CYKYIHICTD OAeAKUX

Enement a
HasesxuTh MHOxumHL A | & |@ €A 00’€KTiB, 10 00’ €qHAHI 3a AKOIOCHL O3HAKOM. Y MaTeMaTHIli
MHOXHHU — Il OfHEe 3 OCHOBHMX HEO3HAUYBAHWUX IIOHATH.
Enement b me Kosxuuii 00’€KT, 0 BXOTUTH 0 MHOMKHUHM A, HA3UBAETHCA
HaJIeXKUTh MHOMKHUHI A & |beAd enemenmom i€l MHOMCUHU.
- MHo:xKuHa, 1[0 HE MICTHUTH KOJHOI0 eJIeMeHTa, HAa3MBAEThCS
¥ muoxnHi HeMae o | @ NOPOXHHHLOI MHOMKHUHOK i To3HAUYAETHCA O
eJIeMeHTiB
MigMHOXMHaA ()
B K0 KOKHUM ejeMeHT OaHiel MHOKMHH A € ejJleMeHTOM

Ipyroi MHOKWHHM B, To KamKyTh, 1Mo Iepmia MHOKUHA A
€ WiIMHOMKHWHOI Jpyroi MHOKWHM B, i 3ammcyiors Tak:
AcCB.

BukopucToByioTh Tako;k samuc A C B, AKImo MHOMUHA A
a0 € MiAMHOKMHOIO MHOKUHU B, abo mopiBHIOE MHOKUHI B

’ACB‘ = ’ﬂ}cmo xeA, To xeB‘

PiBHiCcTb MHOXHH

JIBi MHO:XMHM HAa3WBAIOTHCA PiGHUMU, AKIIO KOKHUI eJe-

A-B xeA=xeB MEeHT IepHIoi MHOKMHU € eJIeMeHTOM JIpPYroi MHOSKHHH,
b\ eBoxea i HaBIaKM, KOKHUH eJeMeHT NPYroi MHOKMHH € eJeMeH-
TOM IIepPIIOi MHOKMHH
Mepepi3z MHOXKMH (N)
Ilepepizom muoxcun A i B Ha3UBaIOTH IX CIIJIBHY YaCTHHY,
T0OTO MHOKUHY C BCiX eJIeMeHTiB, 0 HAJIeKaTh IK MHO-
#kuHi A, Tak i MHOKUHI B
C=ANB \

xeCos xeA i xeB‘

06’eaHaHHA MHOXMH (U)

. 06’ednannam mnoxmun A i B nasuBaroTp MHONKUHY C,
CKJIATeHy 3 yCiX eJeMeHTiB, 0 HaJekKaTh Xo4a 0 omgHii i3
mux MHOXHUH (A a6o B)

C=AUB \
xeCos xeA abo xeB ‘




§ 1. MHOXWHU

PisHMUA MHOXKMH (\)

A . B

Pisnuyero muoxncun A i B HasuBaersca mMHo:xkuHa C, mo

CKJIATAEThCA 3 YCiX eJIeMeHTiB, AKi HajesKkaTb MHOKUHI A

C=A\B |
xeCs xeA i x¢B ‘

i He HaJe:xKaTh MHOKUHI B

JONOBHEHHA MHOXXWH

U SAKII0 BCci MHOMKUHM, IKi MU PO3TJISAAAEMO, € HMiAMHOKHUHA-

o |

’ xeAs xg A

MU AKOiCch Tak 3BaHOI YyHigepcanvHoi MHOKUHU U, TO pis-
uung U\ A HasuBaeThesa 0onosHenuam mHoxcunu A. TooTo
0OnoO6HEHHAM MHONCUHU A HA3UBAETHCI MHOJKWHA, SKa
CKJIAIAETHCA 3 yCiX eJeMeHTiB, AKi He HaJeXaTh MHOSKH-
Hi A (aje Hale:KaThb yHiBepcasbHilT MHOXKUHI U)

MOACHEHHA M OBI'PYHTYBAHHS

0 MOHATTA MHOXMHM

(

OaHUM 3 OCHOBHUX IIOHATDH, AKi BUKOPU-
CTOBYIOTH y MaTeMAaTUIli, € MIOHATTA MHOMCU-
Hu. IIna HbOTO He HAIOTh O3HAUeHHA. MoKHA
HOACHUTHU, IO MHOMUHOW HAZUBAIOTH [0-
BiJIBHY CYKyIHiCTH 00’€KTiB, a cami 00’eK-
T — eJleMeHMAamu JaHOI MHOMCUHU.

Tax, MOXHA TOBOPUTHU IIPO MHOMKUHY [Ii-
Tell Ha IrpaJbHOMY MalJaHUYUKY (€JeMeHTH —
IiTH), MHOMKHWHY OHIB THXKHA (eJeMeHTH —
IHI TUXKHA), MHOKUHY HATYPaJIbHUX TiJIbHU-
KiB umcaa 6 (esmemenTu — umeaa 1, 2, 3, 6)
TOIIO. ¥ Kypcax ajredopu Ta anrebpu i mouar-
KiB aHaJi3y HandacTiine posriAamalTh MHO-
"KUHU, eJeMeHTaMu AKUX € 4YHhcja, 1 ToMy ix
Ha3UBAIOTh YUCAO0BUMU MHONCUHAMU.

AKX mpaBuI0, MHOKHMHU II0O3HAUAIOTH Be-
JUKUMU JiTepaMu JaTUHCHBKOrO aJipaBiTy.
Hanpurinan, akimo MmHOKMHA M CKJIagaeTbCs
3 umcen 1; 2; 3, To ii mMO3HAUAIOTH TakK:
M ={1; 2; 3}. Toit gpakxT, 10 uncjao 2 BXOAUTH
o Iiel MHOKUHU (€ eJIeMEeHTOM IAaHOI MHOMKU-
HU M), 3aTIUCYIOTH 3a JAOIOMOI'0IO CIleIiaIbHO-
To 3HAKa «E» TaK: 2€ M ; a Te, III0 YUCJO  He
BXOAUTH A0 Iiel MHOMKUHU (He € eJeMeHTOM
MTaHOI MHOYKWHM), 3aMMCYIOTh TaK: b¢ M .

Mo:xHa posraagaTu TaKOoK MHOMKUHY,
AKa He MICTUTH JKOJHOTO eJeMeHTa, — no-
PONHCHIO MHONCUHY .

Hampurkaan, MHOKMHA TPOCTUX TiJIbHU-
KiB umcaa 1 — IOPOKHS MHOKMHA.

JJia neAKWX MHOMKUH iCHYIOTH CIIeIliajb-
Hi mo3HaueHHA. TakK, TOPOKHIO MHOMKUHY
MO3HAYAIOThL CHUMBOJIOM &, MHOMHUHY BCix
HaTypaJbHUX uncesJ — JiTepoo N, MHOXKUHY
BCiX minmx uwnces — JiTepor Z, MHOXKUHY
BCiX palioHaJpbHUX dYHcCeJ — JiTepoio @,
a MHOXKWHY BCix mificCHWX uwmcesq — JiiTe-
poo R. MuoxxuHu OyBalOTh CKiIHUEHHI U He-
CKiHYeHHI 3aJIe}KHO BiJ TOTr0o, AKY KiJbKiCcTb
eJIeMeHTiB BOHU MicTaThb. Tak, MHOMKHUHU
A={7} i M={1; 2; 3} — cCKiHuenwni, 60 wmi-
CTATH CKiHUEeHHEe YMCJIO eJIeMEeHTIB, a MHOMKH-
au N, Z, Q, R — HecKinueHHi.

MuosxuHUT 3a7af0Th ab0 3a IOIIOMOTOIO I1e-
pesiKy ixX ejgeMeHTIB (IuIle s CKiHUEHHUX
MHOKHH), a0 3a JOIOMOI'0OI0 OIIUCY, KOJU 3a-
IaEThCA MPABUIO — XAPAKMEPUCMUYHA 8Ia-
cmugicmv, — sKe NO03BOJIAE€ BU3HAUUTH, YU
HaJEKUTh AaHUH 00’€KT POITVIAAYBaHI MHO-
KuHi. Hanmpukmaan, MHOMKHUHA A={—1;O;1}
3a7jaHa IIepPeJIikoM eJIEMeHTiB, a MHOKuHa B
HapHUX IIJINX YKCcel — XapaKTepPUCTUUHOIO
BJIACTHUBICTIO ejieMeHTiB MHOKuHH. OCTaHHIO
MHOKUHY 3aIllICYIOTh TaK:

B= {b | b — nmapwe 1ine tmcno} abo TaK:

B={b|b=2m, e meZ} — TYT Imicasa

)



Po3gin 1. @yHKLii, MHOFOYIEHW, PIBHAHHSA | HEPIBHOCTI

BEPTUKAJbHOI PUCKM B3AlUCAHO XapaKTepu-
CTUYHY BJIACTHUBICTS .

Y zarajapbHOMY BUTIJALiI 3amImuc 3a IOIO-
MOTI0I0 XapaKTepPUCTUUYHOI BJIACTHUBOCTI BH-
raanae rax: A={x|P(x)}, ne P(x) — xa-
paxkTepucTHYHa BJacTuBicTh. Hampuximaan,

{x|x2—1=0}={—1,1},{x|xeRix2+1=0}=®.

Q PiBHiCTb MHOXMH

Hexait A — mHOKHHA nu@pP TPUIUPPO-
Boro umcaa 312, TobTo A={3;1;2}, aB —
MHOKWHA HATypaJbHUX UYHNCEJ, MEHIINX
Big 4, TobOTO B={1; 2; 3}. OcCKinbKH 11i MHO-
SKUHU CKJIAJaloThCA 3 OJHUX 1 TUX CcaMHUX
eJIEMEeHTiB, TO iX BBasKawThb piBHuMU. Ile 3a-
OuCcylTh Tak: A=B. YcTaHOBUTH DPiBHICTH
HEeCKiHUeHHUX MHOMKHH y TaKHi ciocib (mo-
piBHIOIOUM BCi ejieMeHTH) HeMOKJuBo. Tomy
B 3araJbHOMY BUNAAKYy PiBHICTH MHOMKUH
03HAYAIOTh TaK.

O3HayeHHA. [IBi MHOKMHHM Ha3WBAaIOTHhCHA
PiBHUMU, SKIIO KOKHUI eJIeMeHT IepiIoi
MHOKUHU € eJIEeMEeHTOM JAPYyroi MHOKUHU
i, HAaBMaKM, KOKHUH eJIEMEHT APyroi MHO-
SKMHHU € eJIeMEeHTOM MepPIIol MHOKUHH.

I3 maBemeHOro O3HAUEHHS PiBHUX MHOMKUH
BUIJIMBAE, IO Y MHOKHWHI OTHAKOBi eJIeMeHTU
He poapisHawThcd. [lificHo, HampukJaam,
{1; 2; 2}={1; 2} , OCKIJIBKU KOKHHUN eJeMeHT
nepiroi mHOKUHU (1 abo 2) € eneMeHTOM IpY-
rol MHOKUHU i, HaBIaKU, KOMKHUN eJIeMeHT
npyroi mHo:kuHU (1 abo 2) € eeMeHTOM Iiep-
mroi. Tomy, 3anucyoun MHOKUHY, HaliyacTiIie
KOMKHUM 11 eJIeMeHT 3allCYIOTh TiJIbKW ONWH
pas i, BigmoBimHO, mpu miApaXyHKY KiJBKOCTL
eJIeMEeHTiB MHOKMHU KOKeH eJIeMeHT PaxyoTh
TiJIBKM OJUH pas, TOOTO MHOMKMHA {1;2;2}
MiCTHUTB TiJIBKM OBa €JIeMeHTH.

0 MigMHOXKMHa

O3Ha4vyeHHA. Km0 KOKHMHM eJeMeHT OXHiel
MHOKMHU A € ejIeMeHTOM MHOMKUHHU B, TO
nmepiia MHOKHHA A Ha3WBAETHCA Ni0MHO-
HCUHOI0O MHOKUHU B.

*

ITe sanucyroTs Tak: ACB.

Hanpuknan, {1; Z}C{O; 1;2; 3} , NcZ
(oCKinbKUu Oyab-siKe HaTypaJbHEe YMCJI0 — IIi-
ne), Zc@Q (ockinbKu OyAb-AKe Ilijie YuUC-
Jo — parioHanbHe), @ C R (oCKinbKU OyAB-
AKe pallioHaJIbHe YMCJI0 — OilicHe).

BBaskarorn, m1o 3aBxsu Jc A, ToOTO no-
POXHCHA MHONCUHA € NIOMHONCUHOIO 0YOb-AKOL
MHONCUHU.

Iaxonam samicTh 3anucy A cC B Bukopu-
CTOBYIOTh TaKOJK 3amnuc A C B, AKIIO MHOMKHU-
Ha A a0o0 € MiAMHOXKHUHOIO MHOXMHU B, abo
mopiBHioe MHOMuHI B. Hampukmaaxn, ACA.

ITopiBHsAEMO O3HAUYEHHSA PIiBHUX MHOMKUH
3 O3HAUCHHAM HiMHOMXKWHU. SIKIIO MHOMKN-
HU A i B piBHi, TO:

1) KOKHUI eJleMeHT MHOMKUHU A € ee-
MEHTOM MHOXUHU B, oTike, A — mmin-
muoxuEa B (AC B);

2) KOXKHUI eJleMeHT MHOKHHU B € eie-
MEHTOM MHOMKWHU A, oT:Ke, B — mig-
muOxuHA A (BC A).

Otm:xe, IBi MHOKMHU PiBHi, AKIIO KOKHA

3 HUX € IiIMHOKHMHOIO iHIIO1.

IHKOIM crIIiBBigHOIIIEHHA MijK MHOMKUHAMU
3PYYHO iJIOCTPYBAaTH 3a IOIOMOIOI KPYTiB
(Aki uacTo HasuBaIlOTh Kpyramu Eiimepa —
Beuna). Hampuraan, pwuc. 1.1.1 ixroctpye
O3HAUEHHA HiIMHOMKWHU, a puc. 1.1.2 — cmiB-
BigHoOIIeHHS Mixk MHOKuHamu N, Z, @, R.

0 Onepauii Hag MHOXXMHaMMH

Hapg muOMXMHaAMm MOXHa BUKOHYBATU
meBHi mii: sHaxoguTu Iepepis, ob’emTHAHH,
PiBHUII0O MHOKUH.

=\ O3Ha4eHHs UMX onepauin Ta ix inocTpadii 3a
UJ nonomoroto kKpyrie Evnepa — BeHHa HaBeneHi
B Tabn. 1 Ta B iHTEPHET-NIATPUMLI NigpyYHMKA.

B
@ o
AcBo fdxmo xe A,
TO xX€B
Puc.1.1.1 Puc. 1.1.2

VYV oMy BUIIAAKY, a TAKOMK Yy 3aIKMCaX PO3B’A3KiB TPUIOHOMETPUYHNX PiBHAHDL i HEpiBHOCTEH Y PO3-

nini 4 sanue m € Z osHauae, 1110 m HabyBae 0y [b-AKOI0 11010 3HaueHHA. [le TaK0K MOsKHA 3aImca-

rurak: m=0;+1;+2;....



§ 1. MHOXWHU

3anumaHHg

Bnpabu

1.1.1°.

1.1.2°.

1.1.3°.
1.1.4°.

1.1.5°.

1.1.6°.

HageniTh mpuKJIagAyu MHOMKWH, YKaXKiTh JeKiJIbKa eJIeMeHTiB KOXKHOI
MHOMKHUHH.

SIK mo3HAYaTh IMMOPOKHIO MHOMKUHY, MHOKHHUN HaTypPaJIbHUX, ITi-
JNX, PallioHAJbHUX, OiACHUX duces?

HatiTe o3HaUEeHHA PiBHUX MHOKWH. HaBeniTh mpukIagm ABOX PiBHUX
MHOJKWH.

HatiTe osHauenHd nigMHoKkuHU. HaBexiTes npukiagu. IIpoimrocTpyii-
Te Ile TTOHATTA 3a xomomororm KpyriB Eitnepa — Benna.

HaiiTe o3HaueHHA mNepepisy, 00’€qHAHHA, PIBHUII JBOX MHOKWH.
IIpoismrocTpytiTe ix 3a momomororw KpyriB Eitnepa — Benna. HaBeniTs
MIPUKJIATA.

IlosicHiTh, 1110 HA3WBAIOTh MOIIOBHEHHAM OJHi€l MHOMKHWHU OO iHIIIOI;
IOIIOBHEHHAM MHOKUHU. [IpoisfocTpyiiTe IIi MOHATTA 3a JOIOMOTOIO
BimmoBimHUX pucyHKiB. HaBeniThr mpukaamgm.

3amnuIlriTh 3a JOIOMOroK (QIrypHUX AYKOK MHOMKUHY:
1) siTep y cyoBi «asrebpar;

2) mapHUX OZHOIUMPOBUX HATYPAJIbHUX UYUCEJ;

3) HemapHUX OJHOIU(PPOBUX HATYPAJIbHUX UMCEJI;

4) ogHOIIM(MPOBUX HPOCTUX YUCEJI.

3a AKO0I0 XapaKTepPUCTUYHOIO BJIACTUBICTIO 3ammcaHi TaKi MHOMKHHN:

1) {momeninok, BiBTOPOK, cepena, ueTBep, I’ ATHUIA, Cy0OTa, HeIiasd};

2) {ciuensn, JroTHII, Oepe3eHb, KBiT€Hb, TPaBeHb, UEPBEHb, JINIIEHD,
CepIeHb, BePeceHb, »KOBTE€Hb, JIMCTOIA, I'PYAEeHb};

3) {ABcrpauis, Asia, Amepukra, Aarapkruna, Adppuka, €spoma};

4) {mo, pe, mi, (a, coun, as, ci};

5){0,1, 2, 3, 4,5, 6,78, 9}?

Hasenite mpukaagy MOPOMKHIX MHOMKUH.

Bigomo, 1m0 A — MHOKWHA HATypPaJbHUX UWCEJ, PO3TAIIIOBAHUX MijK
ypcaamMu 15 i 35. 3anuiniTe MHOKUHY A 3a DOIOMOroo (MIirypHUX
ny:xok. ki 3 uucen 18, 28, 36, 40 mane:xats MmHOKUHI A? Bigmosins
3alMIIiTL 3a JOIIOMOIOI0 3HAKIB «€» 1 «¢&».

3amnuIrriTh 3a JOIOMOrol (QIrypHUX AYKOK 1 II03HAUTE MHOMKUHY:

1) marypasbHUX TiMBHUKIB umcaa 12;
2) HaTypaJbHUX MiJbHUKIB uucaa 30;
3) minmx minbHUKIB umciaa 6;

4) mpocTux AiABHUKIB umciaa 12.

Bimomo, mo M ={1;2;5}, N={1;4;5;7;9}, K={4;7;9}. Banumirs sa
JOIOMOrom (PIirypHmux my:KoK abo sHaka O :

1) mepepis M i N; 6) o6’eguanua N i K;
2) mepepisa M i K; 7) pisauito M i N;
3) mepepia N i K; 8) pisuumio M i K;
4) o6’egaanaa M i N; 9) pisaumo N i K;

5) o6’eguanua M i K; 10) momoBuenusa K mo N.
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1.1.7°.

1.1.8°.

1.1.9°.

1.1.10%.

1.1.11.

1.1.12%,

1.1.13*.

1.1.14%,

1.1.15%,

1.1.16.

ITosicHiTH, YOMY BUKOHYIOTHCA TaKi pPiBHOCTI:
1) AUD=A; 2) AUA=A4; 3) AND=0; 4) ANA=A.

3anuIriTh MHOKUHY BCiX MBOIM(POBUX YMCEJI, IKi MOYKHA 3alInCaTUA
3a momomoroio mudp 0, 1, 3.

Bigomo, 1110 A — MHOMKHHA HaTypaJbHUX AiAbHUKIB unciaa 12, a B —
MHOJKUHA IiJINX AIIbHUKIB umcsaa 6. S3anuiriTh MHOMKMHIN:

1) AUB; 2) ANB; 3) A\B; 4) B\A.

Hexait A i B — pmesaxi muoxxuau. [loBeniTh yKasaHi piBHOCTI Ta mpo-
imrocTpyiiTe ix 3a momomoroio Kpyrie Eitnepa — Benna:

1) AUB=BUA — nepecmasnuii 3axon 01sa 00°€OHAHNHA,;

2) A(N\B=B(1A — nepecmashuil 3akxon 015 nepepisy.

B opniii muo)kuni 40 pisHumx eaemeHTiB, a B immrisi — 30. CkinbKu
eJleMeHTiB MOJKe OyTH B iX:

1) mepepisi; 2) o6’eqHaHHI?

Hexait A, B,C — peaki mHoXuHU. [oBemiTh yKasaHi piBHOCTI Ta

IpoidrocTpyiiTe iX 3a momomorowo KpyriB Eiinepa — Benna:

1) (AUB)UC=A4U(BUC) — cnoayunuii saxon dns 06’ ednannus,
2) (ANB)NC=AN(BNC) — cnoayunuii 3axon 014 nepepisy;

3) AN(BUC)=(ANB)U(ANC);
4) AU(BNC)=(AUB)N(AUC);
5) AUB=ANB
6) ANB=AUB

— po3nodinbHi 3aKOHU;

‘ — 3axonu 0e Mopzaha.

JoBemiTh PpIBHOCTI Ta IIPOiIMIOCTPYHTe IX 3a [AOIOMOIOI0 KpPYTiB
Eitnepa — Benna:

1) A\B=A\(ANB); 2) AN(B\C)=(ANB)\(ANC).
3anuuriTh MHOMKMHY BCiX NpaBUILHUX IPO0iB %, ne acA, beB
i A={2;3;4;6}, B={1;3;4;5;6}.

AxKi TpunudpoBi uncaa MOYKHA 3aIllKMcaTH, SKImo: A= {3; 1; 2} — MHO-
KuHa Iudp AJd IOo3HAUEHHS IXHiIX COTEeHb; B={2; 8} — MHOKUHAa
nudp A Io3HAUEHHA IXHIiX mecATKiB; C ={5; 7} — MHOXUHa [udp
IJIs TMOo3HAUYeHHs IXHiX oguHUIb? CKIIBKU TAKMX UYHCEJI ONEPIKUMO?
Cupo0OyiiTe chopMyII0BAaTH 3arajibHe IPaBUJIO MiAPaxXyHKY KiJIbKOCTi
TAKUX YUCelI, AKIO0 MHOKHUHA A micTurs m enementis (0¢ A), MHO-
KuHa B — n ejnemMmeHTiB, MHOKuHa C — k ejIeMeHTiB.

BuaBiTb cBOlO KOMMETEeHTHIiCcTb

KoxHuil yuenp y KJjaci BUBUae aHIJIIHCBKY ab00 (hpaHI[y3bKY MOBY.
AmnrmificbKy MOBY BuUBYaiOTh 25 ocib, ¢panmyssky — 27, a oduasi
moBu — 18. CkinbKu yuHIB y KJaci?
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1.2. YucnoBi MHOXUHU. MHOXWHa AINCHUX 4Yucen

Tabaumnsa 2

1. Y4cnoBi MHOXMUHMU

HiiicHi uncaa R

Yucaa, AKi MOKHA DONATH Y BUIVISIAL HECKIHUEHHOTO HECATKOBOTO APOOY

[

PamionaapHi uncia @

MosxHa nmomaTm 'y BI/II‘JIH,I[i HECKOPOTHOTI'O

m .

npody —, me m — Iiijie, n — HaTypajbHe
ymeo.

3anucyoTh Yy BUTJIAAI HECKiHUEHHOTO IIepio-
OUYHOTO JIeCATKOBOTO P00y

(é=0,333...=0,(3))

Ippamionaapui unciaa
He mosxHA mogaTu y BUTWIALL HECKOPOTHOTO
Ipooy n , e m — IIijle, n — HaTypaJbHe
YHUCJIO. "
3anucyiTh y BUTJIALI HECKiHUEHHOTO Helepio-
OIUYHOTO JIeCATKOBOTO APOOY

(V2 =1,4142135..))

I

(wimi momaTHi)

V mikinsHOMY Kypci maTeMaTu-
KU HaTypaJibHe YKUCJIO0 — OCHOB-
He HeO3HAuYyBaHe IOHSTTS

IMimi yucma Z A po6orBi uncia
BruawouaioTh HaTypaJbHI umcia, Yucsa, cKJIafeHi 3 I[iJoro yumcja 4acToK
yuca, iM IPOTUIIEKHI, . 2 . . .~

omuHuIli (— — sBuUUaHUi apibd;
Ta yucgo 0 5 123
1,23 — pmecarkosBuii api6: 1,23=—)
100
|
[ | |
HarypaapHi unciaa N Yucao 0 Mimi Bix’emHui ymncaa

Taxe uucio, 110 6yaAb-IKe
YKCJI0 IPU OOAABaHHI 10
HBOTO He 3MiHIOETHCS

(a+0=0+a=a)

Yucaa, MpOTHIEKHI HATy-
paJbHUM

2. Moaynb AincHOro 4Yucna Ta MOro BAACTUBOCTI

O3naueHHI

Modynem 000amnozo wucna Ha3NBAETHCS
came Iie 4HCJI0; Modynem 6i0°€EMHO20 LuUC-
1@ HA3WMBAECTHCA YHUCIO, MOMY IPOTHIIEK-
He; MO0YNb HYNA TOPIBHIOE HYJIIIO.

aupua >0,
|a|=10mpua=0,
—anpua<0

T'eomeTpuyHMI 3MiCT MOTYJIs

b 0 a
B O A x
|a|=0A, |b|=0B, |a-b|=AB.

Ha koopaunaTtHiii npamiii modynrs — 1e BigcTaHb
BiJ MOYATKY KOOPAMHAT 0 TOYKH, IO 300paKye
JTaHe YHCJIO.

Modyav pisrnuuyi deox uwucen a i b — uye gidcmanb
Mine moukamu a i b Ha KoopduHamHiil npamiil
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BaactuBocti Mmomyiisa

1. |a|>0 Modynv 6ydv-aK020 wucaa — He6id’ eMHe YUCLO
2. |-al|=|a] Modyni npomuiexcHux wucesn pi6Hi

Beuyuna 4ucna He nepesulye 6eSUudUHl 1020
3 a<|a , TOOTO —|a|<a<|a| peeutihy

Mooyas

la]l=0b la|=0b
>

4. Tlpu b>0 |a|<be -b<a<b la]>b l""d’ l'“' b
5. Tpu b>0 |a|>be a<-b abo a>b W

-b 0 b a

Mody.ae 0o6ymry dopiernioe 006ymry modynié MHOMNiC-

=2}
ry

S
-

Q
=

HUKIL8
a |a| Modyav dpoby OopieHnioe m0JYni0 HucenrbHUKA, nodi-
7. > =ﬁ (b#0) JeHOMY HA MOO0Yab 3HAMEHHUKA (AKUWO0 3HAMEHHUK
He 00piBHI0E HYLIO )
8 |a" |=|a| , a|2—a2, a|2k=a2k
9. |a+b|<|al+|b],

|a1 tay+...ta, |<|a1 |+|a2 |+...+|an | Modyav cymu He nepesuuiye cymu modynie 000aHkKie

10. [|a|-|b||<|atb|<|a|+|b]

MOACHEHHA 1 OBI'PYHTYBAHHA

0 YucnoBi MHOXUHMU

-\ B Tabn. 2 po3rnsHyTO YUCNOBI MHOXWHM, Bi-

U) OOMi 3 Kypcy MatemMatiku 5—9 knacis. binbul
AETasibHY XapaKkTepuCTUKy LX MHOXWH Hase- a6o |a|={a npu a=>0,

[OeHO B IHTepHeT-NIATPUMLI NIgPYYHVIKA. —a npu a<O0.

a upu a>0,

abo |a|={—a npu a<0,

3a moTpedbu Mu OyaeMO KOPHUCTYBATHUCS

Mopgynb piMAcHOro yMcna Ta Moro . i
6yI[I:'HRI/IM 13 IIMX 3aIllrClB O3HAYEHHA MOAY-

BJ1IaCTMBOCTi

as. jaa Toro 1mo0 3HAWTH |a , 32 O3HAYEH-

Har'a/:[aeMo O3HaAYeHHA MOOYyJd. . .
HAM HeOﬁXlﬂHO 3HATHU 3HAK YMCJIa d 1 BUKO-

O3HayeHHA. Modynem pOZaTHOTO YHCIA pucraTtu BignoBinuy dopmysny. Hanpukian,
Ha3MBA€ETHCI caMe Ile YHCJI0, MOIYyJIeM

Bi’€MHOr0 uMcCIa — 4YMCJO, HOMY NPOTH- 5]=5, [-8[=-(-8)=3,

JIeKHe; MOAYJIb HYJIS JTOPiBHIOE HYJIIO. |\/§—2 | = —(\/§—2)= 2—\/§ .

e ————— |

Ile o3HaueHHA MOKHA KOPOTKO 3alIMCATH
IeKiTbKoMa crocobamu: T'eomempuunuil 3micm modyasn

a upu a>0, Ha xoopguHaTHiNl NpaMili MOxyJab 4Hc-

|a | ={0 mpu a=0, a6o |a | :{ Jla — Ie BiZcTaHp BiJ IMOYATKY KOOPIHU-

—a npu a<0, HAT 10 TOYKH, L0 300paKye e YUCJIO.

a npu a =0,
—a upu a<0,
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Hiticuo, akmo a>0 (puc. 1.2.1), To Bix-
CTaHb OA=a=|a

. Axmo b<0, To BigcTaub

OB=-b=|b]|.
b 0 a
B 0 A X
Puc. 1.2.1

I3 reomeTpUYHOTO 3MiCTy MOZYJIA BUILIN-
Ba€ TaKa BJIACTHUBICTb.

Moodynv pisnuuyi 06ox wucen a i b — ue
6idcmand mij moukamu a i b Ha Koopdu-
Hamuill npamii.

i 3 i poBegeHHAM MOXHAa O03HaWMOMUTKCH,
U 3BEPHYBWMWCH [0 IHTEPHET-NIATPUMKM nig-
PYYHMKA.

BukopuCTOBYIOUM O3HAUEHHS MOIYJS Ta
MOr0 TeOMEeTPUYHUN 3MiCT, MOYKHaA OOI'PYHTY-
BaTH BJIACTUBOCTI MOAYJISA, HaBeaeHi B TabJ. 2.

Hampuknan, ypaxoByoouu, IO |a| — 1e
BimcraHsb Big Touku a o Touku O (puc. 1.2.2),
a BijgcTaHbh MOJKEe BHpPaKaATHCA TiJIbKU
HEeBi’€MHUM UYHCJIOM, OJEePIKYEMO:

la|>0,
TOOTO MOOYJNb 6Ydb-AK020 YUCLA € Hegid’em-
HUM YUCJLOM.

VYpaxoByrouu, 110 TOYKU @ i —a pPo3TAaIIIo-
BaHi Ha ogHAaKOBill Bimcraui Big Touxkm O,
OJIePIKYEMO: \—a\:\a , Ile O3Havae, IO JMO-
Oyl nPOMUNEHCHUX YUCe PiBHI.

&

U

[HLWi BNACTMBOCTI MOAYNS, 3a3HayeHi B Tabs. 2,
0bOrpyHTOBYIOTHCS aHanoriyHo. ObrpyHTyMTe X
CaMOCTIMHO, BWKOPWCTOBYIOYM IHTEPHeT-MiA-
TPUMKY NigPYYHMKA.

NMPUKNIAAN PO3B’A3YBAHHA 3ABJAHDb

HoBexnits, 1m0 cyma, pisHUIS, TOOYTOK, HATYPAJbHUN CTEIiHb i yacT-

Mpukrad 1

Ka (AKII0 JiIPHUK He NOPiBHIOE HYJII0) ABOX PAI[iOHAJBHHUX UYHCEJ]

3aBKIN € PAI[iOHAJIBHUM YMCJIOM.

Mpukaad 2

Hanpurnazn, ockigbKu dmciia

HoBeniTs, 1110 A Oyab-IKOT0 HATYPAJHHOTO YHCJIA 11 YUCJI0 i abo
HaTypaJibHe, a00 ippanioHajbHe.

3 i +/10 He € HaTypaJbHUMU YUCIAMU

(1<\/§<2, 3<+10 <4), 10 \/5 i v10 — ippamionanpHi uncia.

<\ I3 po3B’sizaHHSIMK Npuknagis 1, 2 MOXHa 03HAaMOMUTUCS, 3BEPHYBLUMUCL [0 iH-
UJ TepHET-MATPUMKM NigpydHMKa. CNpobymnTe po3B’aA3aTu iX CaMOCTIMHO.

Mpukrad 3*

Posp’azanuga

P Ilpunycrtumo, 10 9UCIO0 J3+5=r — pario-
maiabHe. Toxmi \/g :r—\/§ . ITigHicmu obuaBi uac-
TUHYU OCTAHHBOI PIBHOCTI 1O KBajapara, MAaeMo:

5=r2_2rJ3 +3. Beizcm 2rJ3 =r’—2. Omxe,

\/—: r2-2

2r
pamioHanbHe YMCJa0 (OCKiMIBKM 3a MIPUIYIIEH-
HAM 7 — pallioHaJibHe YHCJ0), a JiBa — ippaitio-
"HasbHe. Omep:KaHa CyIllepeuHicTh O3HAUAaE, 10 Ha-

. Ase paBa vactuHa 1iei piBHOCTI —

Ile IpUIYINEHHA HempaBwiIbHe i wmeao 3 +/5
ippamionanbre. <l

Hosexnits, 1mo cyma \/§ +\/g — YwucJIo ippamioHaibHe.

KomenTap

A moBemeHHsS TBEPAKEeHHS 3amauvi MOMKHA
BUKOPHUCTATA METOJ BiJ CYIPOTHUBHOTO —
MIPUIIYCTUTH, 1[0 3aJaHe UYKCJIO € PaIiOHAb-
HUM, i OTpUMAaTH CYHepPeuyHiCTh i3 SKUMOCH
BizoMmuM (aKTOM, HAIPUKJIAL i3 THUM, IO
V38 — ippaljioHanbHe UYMCI0. AHAII3yHOuUMn
oJeps;KaHi BUpasu, BUKOPUCTAEMO Pe3yabTaT
mpukgany 1l: SKIIo YKCI0 7 palioHadbHe, TO
2 . ..
ypeaa r°—2 i 2r Ta ix yacTka Tex OyAyTh

paiioHaJIbHUMU.
3asHauuMoO, II[0 3HAMEHHUK OTPHMAHOI'0

Ipooy 2r:2(\/§+\/3)¢0 .
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Mpukrad 4

Posp’a3zanna
» 2x+5=7 a6o 2x+5=-T;
2x=2 abo 2x=-12;

x=1 abo x=-6.

Bidnogiov: 1; —6. <

Po3sp’azanna
|22~ (-5)|=7;
=7 +7

Yy

-12 -5 2 x
Puc. 1.2.3

2x=2 abo 2x=-12;
x=1 abo x=-6.

Bionosiov: 1; —6. <

Mpukrad S
Po3sB’a3zannga
> 6<x2-5x<6, ‘5"\6
—bx>=—

x2-5x+6

{x2—5x—6< {(x+1)(x 6)<0,
>

{—1<x<6,

x<2 abo x=>3.

6;

(x-2)(x-3)>0.

Poasp’asyioun 11i mepiBuocti (puc. 1.2.4), oTrpumyemo:

. . *
Po3B’sikiTh piBHAHHA | 2x+5 | =7

I cmoci6o
Komenrap

3amame piBHuﬂHHﬂ Ma€ BUTJIAM |t|=7 (y maHoMy BUIIaQAKY
t=2x+5). Horo 3pyuyHo po3B’s3yBaTH, BUKOPUCTOBYIOUH I'€0-
MEeTPAYHUN 3MiCT MOZLYJIA: |2x+5| — Ile BifcTaHb Bif TOUKH
0 mo Touxku 2x+5. Aue Bizcranp 7 Moxke OyTH BimkjageHa Bif
0 ax mpaBopyY (OZEep:KyeMO YUCJO 7), Tak i JiBopydY (omepry-
emo uwmcyo —7). Orixe, piBHiCTB |2x+5|=7 MOYKJIMBA TOZI
i Tinexu Tomi, Komm 2x+5=7 abo 2x+5=-7.

IT cmoci6
Komenrap

Buxogdauu 3 reoMeTpuYHOTO 3MiCTy MOIYJId, |a—b| — Big-
CTaHb MiK TOuKaMu a i b Ha KOOpAWHATHIN mpaMiii. 3anuiie-
MO 3aZaHe pPIBHAHHS Y BUIVIAIL |2x—(—5)|=7.HH piBHicTH
o3Hauae, 10 BifICTaHL Biff TOUKM 2X IO TOYKM —H mopiBHIOE 7.
Ha sBigcrami 7 Big Toukm —5 poarammoBaHi Toukm 2 i —12
(puc. 1.2.3). Otxe, 3aaHa PiBHICTL BUKOHYETHCA TOAL i Tijib-
KU Toxi, Komu 2x=2 ab6o 2x=-12, To6ro sajmaHe piBHAHHA
piBHOCUJIbHE CYKYIIHOCTI ITMX PiBHAHB.

PosB’s:kiTh HepiBHiCTH |x2 —5x|<

Komenrap

3amama HeEpiBHICTL Mae€ BUTJIAL |t|<6
(y maHomy BuUmanky t= x2-b5x ), i 1i mosxHa
po3B’A3yBaTU, BUKOPUCTOBYIOUU TeoMe-
TpUYHUHN 3MmicT mMonynsa. Buxopsauu 3 reo-
t| — 1Ie Bifg-
craHb Big Touku 0 mo Touxku t. Ha Bimcrani

METPUYHOTO 3MiCTy MOAYJIA,

6 Bixm O posramoBaHi yucia 6 i —6.
Toni HepiBHiCTH |t|< 6 3amOBOJBHAIOTH yCi

x Ti @ TiABKM Ti TOUKM, AKi MicTATBCA y IIPO-

MIXKY [—6;6] , TooTo —-6<¢<6. ua

2 3

Puc.1.2.4

Omxe, —1<x
Bidnogiov: [—1; 2]U[3; 6] . <

*

<2 abo 3<x<6.

x poO3B’A3yBaHHS OJepPKaHol MOoABiiHOI HepiB-

HOCTI i1 3PY4YHO 3aMiHUTH Bl,E[l'IOBlI[HOIO cHu-
CTeMOIO HeplBHOCTEI/I.

PosB’aA3yBaHHA PiBHAHD 1 HEPiBHOCTEMH, 1110 MiCTATL 3HAK MOAYJIA, PO3TJIAHYTO TAKOXK B § 8.
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3anumaHHg

1.2.1.
Bnpabu

1.2.2*.

1.2.3%,

1.2.4.

1.2.5.

1.2.6.

IlosacHiTh, AKi uMcaa BXOAATH OO0 MHOMKHUH I[iJINX, PAaIliOHAJIBHUX
i miticuux umcen. HaBenith mpuiraagu. 300pas3iTh BiAMOBiAHI TOUKM
Ha KOOPAWHATHIN IPIMii.

IloscHiTh, YMM BiAPIBHAIOTHCA 3aIlMCH PAIliOHAJBHOTO Ta ippailrio-
HAJbHOI'O YUCEJ Y BUTJIAAI HECKIiHUEHHOI'0 JIecsTKOBOrO APoOy.

IToscHiTh, AK MOPiBHIOIOTH AilicHi umcJa.

HatiTe o3HaUeHHA MOZAYJS MiMCHOTO YmcJa.
1) CdopmynroiiTe BJIACTUBOCTI MOIYJISA.

2*)OOTpyHTYHTE BJIACTHUBOCTI MOAYJA MHilicHOTO uwmcjaa. Bukopu-
cTalTe BiANOBiAHWII MaTepiaj, HAaBeJeHWI B iHTEPHET-IiATPUMILL
OigpyYHUKA.

ITosacHiTH, YoMy 3aJaHe gilicHe YMCJIO He MOXKe OyTH pallioHAJIbLHUIM:
1) 1+2; 3) V10 ; 5) 2-5 .
2) V3 -5; 4) \7+3;

HoBexmits, mo cyma, pisHuUIlA, MOOYTOK iYacTKa paIiOHAJIBHOTO Ta
ippalioHaJbHOTO YKCeJ 3aB:KIU € YKUCJIOM ippalioHaJbHUM (ZOOYTOK
iyacTKa TiNBKM y BUNAAKY, KOJU 3aJlaHe pallioHAJbHE YMCJIO He [10-
pPiBHIOE HYJIIO).

HoBenmiTh, 110 3amaHe MifiCHE YUCJIO € ippalioHAJIbHUM:
D V2+y8; 2 B+V2; 3) VT-V8; 4 JT-42.

Kopucryouuchk reoMeTpUYHUM 3MiCTOM MOJYJIA, 300pas3iTh HA KOOP-
IVHATHIN TPAMili MHOMKWHY YKCe], AKi 3aJ0BOJBHAIOTH HEPiBHICTh:

1°) |x|<2; 3) |x-3|<0,5;

2°) |x|>5; 4) |x+1]<0,3.
Po3B’s:kiTh piBHAHHS:

1) [3x+1|=4; 3%) ||x-1]-2|=1;
2) |4x-2|=6; 4%) ||2x+3|-5|=3.
Po3sB’s:KiTh HEpPiBHICTD:

1) |2x-7|<1; 3%) ||2x-1]+3|>5;
2) |8x+5|>7; 4%) ||4x+7|-11|<4.

@ BuABiTL CBOIO KOMMETEHTHICTb

1.2.7.

fAKi sHaueHHs cyioBa «MOAYJb» BaMm Bimomi? fIk, Ha Bally AYMKY,
BOHHM IIOB’sI3aHi 3 MATEeMATHUUYHUM IIOHATTAM <«MOAYJIb»? 3HAUMITH
y mepesxki IaTepHeT iH(opmMallito 3 miei Temu, o6rosopits ii 3 Apysa-
MU ¥ moapyramu.




DOYHKLI

2.1. MNoHaATTa yncnoBoi ¢yHKUii. HannpocTiwi BnactusBocTi
YMCNoBuX PYHKLIN

Tabaumnsa 3
1. MoHATTA YMCcnoBOiI (PYHKUiT

Yucnoeoto pynryieo 3 obrnacmio 6usnaienna D HasuBa-
€THCS 3aJIEIKHICTh, NPU FAKIH KOKHOMY YHCIYy X i3 MHO-
skuHN D (06JslacTi BU3HAUEHHSI) CTABUTHCA Y BiAIOBiTHiCTH
€IMHE YHCIO Y.

3anucyooTh II0 BiAMIOBigHIiCTH TaK: Y= f(x) .
ITo3Hauenns i mepmiHu:

x Yy D(f) — 00JacTh BU3HAUEHHH;

E (f) — obJyiacTh 3HAUYEHbB;

X — aprymeHT (Hesajie;KHa 3MiHHA);

y — OQyHKIiA (3akexkHA 3MiHHA);

f — dysKOisg;

f (xo) — sHaueHHA QYHKNII f y Touni x,

2. padik dyHKuiT

Y M I'pagikom ¢yukuyii f Ha3MBAETHCSI MHOKMHA BCiX TOYOK
f(x) KOOPAWHATHOI ILIOINMHU 3 KOOPAMHATAMU (x; f(x)), e
mepIria KoopauHaTa X «IIpobirae» BCIO 00JaCTh BU3HAUEHHSA
/ dyHKIII, a gpyra KoopAauHaTa — Iie BiANIOBifHe 3HaUeHHA
/ 0 x X dyuruii f y Toumi x
3. 3pocTtatoui M cnagHi ¢yHKUii
y /c\]*
Q)/ ®dynkuis f(x) spocraroua Ha mMHOMxHHI P:
f(x2) AKIIO Xy > X, TO f(x2)>f(x1) nadg Beix xe P,
TOOTO GiNBIITOMY 3HAUEHHIO apryMeHTa BiAmoBimae GinabIie
f(xq) 3HaueHHA (QYHKIIT
(mpu 36iyblleHHI apryMeHTa BingmoBimHi Toukm rpadika
«OigHiMaTHCA»)
0 xq x4 x
<
W\ Yy
\ . .
vﬂi ®yukuia f(x) cnmagna ma MHOMuHI P:
f(xy) AKMO Xy > %y, To f(x,)<f(x,) Ana Beix xeP,
TOOTO GiNBIIIOMY 3HAUEHHIO apryMeHTa BifmoBimae MeHIIe
f(xy) 3HaueHHA (QYHKIiI
(mpu 36inmplieHHI apryMmeHTa BinmoBimui Toukm rpadika
«OTYCKAIOTHCA»)

x1 x93 NO x
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4. MNapHi 1 HenapHi yHKUiT

®dyukuia f(x) mapma: f(-x)=7(x) muasa Bcix x 3 obnacri

I'padix mapuoi dyHKLil cuMeTpuuHUii BigHOCHO oci Oy

®dyukuia f(x) menapna: f(—x)=—f(x) mus Beix x 3 o6xna-

I'padix Henmapuoi (hyHKIiI cMMeTPpUYHUI BiTHOCHO IOYAT-

y
y=x°
M, f [ur
BU3HAUYEHHA.
—-X 0 x x

Y 1

y=—

X

M

f(x) _
—-X CT1 BU3HAUYEHHAA.
0 «x x
M, —f (x)

Ky KoopauHaT — TO4YKu O

MOACHEHHA 1 OBI'PYHTYBAHHH

0 MoHatTa dyHKUiT

Iz momaTrTamM QyHKIII Bu o3HalioMuincsa
B Kypci anre6pu. Haramaemo, 110 3a.geixc-
Hicmb 3MIiHHOL Y 6i0 3MIHHOL X HA3UBAEMbCA
PYHKYiEI0, AKWO KONHOMY 3HAUEHHIO X 8i0-
nosidac e0uHe 3HA4eHHA Y.

—_— 1]

OyHKUiA— Bim gaTum.
function — BUKOHAHHSA, 341MICHEeHHS.

Y rypci anrebpu i mouaTkiB aHaaidy mMu
OyZeMo KOpPHUCTYBaTUCA TaKUM O3HAUYEHHAM
9YUCJI0BOI (PYHKITIT.

OsHauyeHHA. Hucnosorw QyHEKYiEO 3 00-
nacmio eu3naviennsa D HasuBaeThcd 3a-
JeKHICTh, IPU AKiNl KOKHOMY YHCIY X i3
MHOKHMHU D craBUThCA Yy BigmoBigHicTh
€IVHe YNCJIO0 Y.

DyHKIII] MO3HAYAIOTH JaTUHCHKUMU (iHO-
Ii rpenbKuMm) OykBamMu. PosrisHeMo mo-
BinpHY (yHKIit0 f. Hucio y, ke BixmoBiznae
yucay x (Ha pUCYHKY mo m. 1 Ta6ua. 3 e mo-
Ka3aHO CTPiJIKOIO), HA3UBAIOTH 3HAUEHHAM
dynryii f y moyyi x i mosrauaoTs f(x).

O6nracmv eusHavennHa QYHKYii f — 1e
MHOJKHMHA BCiX TUX 3HAUeHb, AKUX MOKe Ha-
6yBaTy apryMeHT X. i I03HAYAIOTH D(f).

Ob6nacmbv 3Havenv QyHKYil f — e MHO-
JKMHA, AKA CKJIAZaeThca 3 yeix umecen f(x),
e X HAJeKUTHh 00JacTi BM3HAUeHHA. i mo-
smauaots E(f).

Hartiuacrinie ¢pyHKIIiI0O 3a/1al0Th 3a AOIO-
Moror (opmynu. KO HeMae NOTAaTKOBUX
o0MesKeHb, TO 001acmi0 6U3HAYEHHA (PYHK-
yii, 3a0anol YopMYn0I0, B6AHCAIOMb MHOHCUHY
6Cix 3HAYeHb 3MIHHOL, NPU AKUX Ui QOpMYLaA
Mae 3micm.

Hampuknaan, axkimo GyHKIIiS 3agaHa op-
MYJIOI0 Y= Jx +1, To ii o6macTs BUBHAYEHHS
x>0, To6ro D(y)=[0;+c), a obsacts 3Ha-
yeHb y>1, TOOTO E(y)=[1;+<x>) .

Imoni dyuKIisa morke 3amaBaTucA pisHU!-
Mz (opMyJiaMH Ha PidHUX MHOMKMHAX 3HAa-
yeHb aprymenTa. Hanpukian,

x mpu x =0,
y=|x|:{_x opu x<0.

DYHKITII0O MOKHA 3aJaTU He TIJIbKHW 3a
Iomomorom (GopmMyau, a i 3a JOMOMOTOI0 Ta-
oauiri, rpadika Y1 CJIOBECHOTO OIMHUCY.
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y
4
3 y=1f(x)
1
-1 o1 2 38 «x
Puc. 2.1.1

Hanpuraan, sa puc. 2.1.1 rpagiuno 3a-
maso dyHKIi0 y=7(x) 3 061acTIO BU3HAUEH-
ma  D(f)=[-13]
E(f)=[1;4].

’ O3HaveHHA. Haubinvwum (HalimenHuwum)
snavennam gyuxyii f(x) na muoxcuni M,
Ha AKiU YA QYHKYia 3a0ana, HA3UBAETHCA
sHavenns ¢yukunii f(x) y meaxiit Touni X
MHOKMHN M, aKImo Hi B AKiM iHmmii Toumi
MHOSKUHH (PyHKI[isg He Ma€ Oiabmioro (MeH-
IIIOr0) 3HAYEHHS.

i MHOXKUHOIO 3HaUYeHb

TobTo misa Bcix x€ M BHUKOHYETHCSA He-
piBHicTs f(x)< f(xo) (BigmoBizHO flx)=> f(xo)
IS HAWMEHIIIOTO 3HAYEeHHS).

Tuoxi me samucyioTh Tak: maxf(x)=f (xo)
(BixmoBigmzO mzvizn flx)=f (x0 )).

Hanpuxaan, puaa pysxoii y= f(x), rpa-
diuno samamoi Ha npomixkky [-1;3] Ha
puc. 2.1.1, HaliMeHIIIle 3HaUeHHSA JOpiBHIOE 1,
a Haunbimbie — 4.

To6To max f(x)=4; minf(x)=1.
[-13] [-1:3]

y
19 y:[x]
11
—2 1
01 2 3 «x
| E— -1
R

y=|x|

Puc. 2.1.2

0 Fpadik PyHKuiT

Haramaemo osHauenHs rpadika GpyHKITii.

OzHaueHnHs. T'pagikom @ynryii y=f(x)‘
HA3WBAETHCI MHOKMHA BCiX TOYOK KOOP-
OUHATHOI TMJOIIMHM 3 KOOPAMHATAMM
(x; f(x)), Jie mepuia KooOpauHaTa X «IIpooi-
rae» BCIO 00JIacTh BH3HAYEHHS (PYHKIIIi,
a aApyra KoopamHara — IIe BigImoBigHe
3HauyeHHA (GyHKUii f y Toumi x.

Ha pucynkax mo m. 4 tabs. 3 HaBeneHO
rpadiky QyHKIIN y:x2 Ta y=l , a Ha
puc. 2.1.2 — rpadik dyHKIi] xy=|x|.

Hagsenemo Takox rpadik QyHKIL y = [x],
me [x] — mosmauenmma uyinoi wacmunu umc-

Ja x, ToOTO HaMOiaBIIIOro Iijloro umeiaa, AKe
He mepeBuinye x (puc. 2.1.3). O6gacTts Bu-
3HaUeHHA Iiel QyHKITIT D(y)zR — MHOMXU-
Ha Bcix pmificHUX dYucesi, a 00JacTh 3HAUEHD
E(y)zZ — MHOKWHA BCiX IIiTuX 4ducel.

Ha puc. 2.1.4 masemeno rpagix ¢GpyHKIii
y=1x}, ne {x} — mosmauenna Apo606oi ua-
cmunu ducia x (3a o3HaYeHHAM {x)=x—[x]).

1 y=1x}

S/

-2 -1 |01 2 3 «x

Puc. 2.1.4
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A b

3BepTatodncs Ao di3nKK, XiMii, eKOHOMIKK, Me-
OVLUMHW, MOXEMO 3HaUTU 3pa3ku rpadikiB yHK-
uivi. Hanpuknag:

® rpadik A, Lo Bifnobpaxye AnHaMIKy Kypcy [o-
napa — 3aexHicTb BapToCTi R gonapa y rpyBHAX Bif
vacy t;

U,

® parMeHT Kapaiorpamm b — 3anexHicTb pi3-
HWUi noTeHuianis U Ha nNoBepxHi WKipy nalieHTa Big
vacy t;

® BONbT-aMMepHa xapakTepuctuka B giopa —
3aNeXHICTb HaNpyru B4 UM CTPYMY;

® 3anexHictb [ PO34MHHOCTI TBEPAMX PEYOBUH
BiO TemMnepatypu.

.~ CborofHi ons nobynoBu rpadikis yce YacTiwe
U) BMKOPWCTOBYIOTH CrelianibHe MnporpamMHe 3a-
Oe3neveHHs. Mpadikn mMoxHa byayeati 3a go-
nomoroto nporpamMm GeoGebra, Graph, Advanced
Grapher, Gran Toulo.
Yn He HaMMpoCTIWMM NS KOPUCTYBaYiB € cep-
Bic Google. 3a Moro LONOMOrold MOXHa, 30Kpema,
OynyBatn rpadiku QyHKLIA, 3agaHVX aHaniTUYHO.
Ons uboro B psfok nowyky Tpeba BBecTn opmyny,
SKOIO 3afaHo (yHKUilo, Hanpuknag 1+sqr(x)/2,
i HAaTWUCHYTW knaBsiwy «Enter». (Haragaemo, wWo 3anuc
opMyn BiAOYBa€eTbCA MEBHUM YMHOM, MPO LEe Bam
BIJOMO 3 ypOKiB iH(bOpMaTMKKL.) Y pe3ynbTaTi oTpu-

MaeMo rpadik QyHKLIT y=1+§ (AVB. PUCYHOK).

0 3pocTatodi Ta cnagHi PyHkKuii

BamxnauBuMu xapakTepucTUKaMu (PyHK-
i € IX 3pOCTAaHHA Ta CIaJaHHA.

OsHaueHHa. Pymknmia f(x) HazuBaerhca
3pocmaiwor0 Ha MHOMCUHLI P, aKkmo 06iixb-
IOMY 3HAYEHHIO apryMeHTa i3 Li€i MHOKH-
HHU BigmoBimae Oinbure 3HaueHHs (PYHKILIT.

(=2 B o]
S o o

50
40
30

10

0 10 20 30 40 50 60 70 80 90 100
Temmneparypa, C°

r

Posunnnicts y r #a 100 r posunrruka (Hy0)

Mpadik pyHkuii  1+sqrt(x)/2

x: 3.53951231 y: 1.94067958

(i

TobTo nya OyAb-AKUX [BOX 3HAUEHb X,
i x5 i3 MHOXuHEH P: akmo x,>x;, TO
f(xz)> 1 (7).

Hamnpuknan, pysriia f (x)=2x 3pocTaro-
ya (Ha Bcili ob6sacTi BMBHAUEeHHSA, TOOTO Ha
MHOKUHiI R), OCKIIbKM HAKIIO X, >X;, TO
2x4 > 2, TOOTO f(%5)>1 ().



/
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BigmoBigui Touku rpadika 3pocratouoi GYHKINI mpu 30iab-
IIeHHi apryMeHTa «IigHimMamTbea» (puc. 2.1.5).

Ha puc. 2.1.6 maBemeHo rpagik s3pocraiouoi (yHKIIiI y=3c3 .
IliticHo, pu X, >x; MaeMo x5 >x7 , To6T0 f(%5)>f(%;).

OsHaueHHs. ®ymknmia f(x) HasmBaeThCa cnaduomo Ha
MHOYMCUHI P, K10 OiJbIIOMY 3HAYEHHIO aprymMeHTa 3 i€l
MHOKVWHH BiJIIIOBiJa€ MeHIIe 3HAUEHHA (PYHKIIIi.

Tobro pua OyAb—AKUX ABOX 3HA4YeHb X; 1 X, i3 MHOMH-
HE P: axmo x, > x;, 10 f(x,)<f(x).

Hanpukaazn, ¢yakmia f (x)=-2x cnamma (ua Bciii ob6aacTi
BU3HAUEHHs, TOOTO Ha MHOKUHL R), OCKIIBKU AKINO X, > X, TO
—2x49 <—2x, , TOOTO f(x2)<f(x1) . Bigmosigui Touku rpadika
cragHol (PYyHKIII npu 30iJbIIeHHI apryMeHTa «OIYCKAIOTHCS»
(puc. 2.1.7).

Posrnanaroun rpadik GpyHKITii y=x2 (puc. 2.1.8), 6auumo,
110 Ha BCiii o0sacTi BusHaueHHA I PYHKIIA He € Hi 3pocTaro-
Y010, Hi CIagHoI0. AJjie MOKHA BUIIJINTH IPOMIMKKM 00JacTi Bu-
3HaAUEeHHsd, e Iid (PYHKIlid 3pocrae i me cmagmae. Tak, Ha mpo-
MIiKKY [O;+oo) (PYHKITiA y=x2 3pocTae, a Ha IIPOMIKKY (—oo; 0]
cmajgae.

3a3HaunMoO, M0 IJA 3POCTAUNX i CIagHUX (PYHKIiNT BUKO-
HYIOTBCSI BJIACTHUBOCTi, 00epHEHI 0 TBEPAKeHb, II[0 MiCTAThCSA
B O3HAUECHHAX.

Arxwo pyuryia apocmae, mo 6intvbuLomy 3HAYLEeHHIO QYHKYIL
6idnogidac Oinvule 3HAYEHHA apzYymeHma.

Arxwo gpynryia cnadae, mo 6invwomy 3HaALeHHIO QYHKYIL
6i0nosidae meHue 3HALEHHA APy MeHMma.

® OOIPYHTYEMO IIEPINy i3 IIUX BJIACTUBOCTEH METOIOM Bif
cymnporuBHoro. Hexait ¢yuruia f(x) spocrae i f(x2)>f(x1) .
IIpunycrumo, Io apryMeHT X, He OLIbINWil 3a apryMeHT X,
TOOTO X4 < X; . I3 IIbOTO IPUNIYIIIEHHSA OAEPKYEMO: AKINO Xy S Xy
i f(x) spocrae, TO f(x2)<f(x1) , IO CyIepeYyuTh YMOBi
f(x2)> f(xl) . OTixe, Hallle IPUITYIIIEHHSA HeIIPaBUJbHE i, SKIIO
f(x2)>f(x1) , TO Xy >X;, III0 i mOTPiGHO GyJI0 JOBECTH.

Amnajioriuno MOKHA OOI'PYHTYBATH i APYry Biaactusicte., O

Hampuknan, aximo x%>8, 10610 x%>22, 10O, YPaxoByIOUHN
spocrauHa GyHKmI f(x)= x® , OIEPIKYEMO X >2.

o MapHi # HenapHi yHKUii
Posrisaemo pyHKILii, o6acTi BUBHAUEHHS IKUX CUMETPUY-
Hi BiZIHOCHO IIOYATKY KOOPAMHAT, TOOTO Pa30M i3 KOMKHUM UIC-
JIOM X MicTaATh i ymeno —x. g Takmux (GyHKIIA BU3HAYEHO TO-
HATTA TaPHOCTI I HETTapPHOCTI.

O3Ha4yeHHA. DYHKLiA [ HA3UBAETHCA NAPHOI0, KO I OyIb-
akoro x 3 ii o6acri BusHavenns f(—x)=f(x).

1 (x9)
f(xq)

0xy x4

Puc. 2.1.5

X

f(xg) y=x

f(xy)

Puc. 2.1.6

A\Y

X

f(xq)

f(xg)

x; x5 NO

Puc. 2.1.7

f (%)

X

X

Puc. 2.1.8
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y Hanpuriaz, GyHKmia y=x2 (ro6ro Qynrmia f(x)=x?) map-
Ha, ockinmpkn f(—x)= (—x)2 =x2= flx).
f(x) M fIxkmo ¢yurnia f(x) mapma, To mo ii rpadika pasom i3 KO-

HOIO TOUKOI0 M i3 KoopaAuHaATaAMU (x; y)=(x; f(x)) BXOJUTDH TAKOXK
i rouka M, i3 koopamHatamu (—x; y) = (—x; f (-x)) = (—x; f (x)).
Toukm M 1 M; poswmimieni cumerpmuHO BigHOCHO oCi Oy
(puc. 2.1.9), Tomy i rpacgik mapHoi (pyHKIii po3MinieHui cume-
-x 0 x X TpUYHO BigHOCHO oci Oy.

Puc. 2.1.9 Hanpuraaz, rpadik mapHOl QyHKITIT y=x2 (muB. puc. 2.1.8)
cUMeTpUYHUI BigHOCHO oci Oy.

O3Ha4veHHA. DYHKILiA [ HA3UBAETHCA HENAPHOI0, IKUIO NI OyIb-
AKoro x 3 ii o6aacri BusHauenna f(—x)=—f(x).

1 1
Hanpuxiag, Gysknia y=— (Tobro pyukmia f(x)=—) memap-
X X

—x Ha, ockimbkm f(-x)=—= - —f(x).

dAxmo gyukmia f(x) memapua, To mo ii rpadika pasom i3 Kox-
HOIO TOuKol0 M i3 KoopamHaTaMU (x; y)=(x; f(x)) BXOJUTDH TAKOK
M, —f (%) i Touka M, i3 xkoopgunaramu (—x; y) = (-x; —f (x)). Touku M i M,
po3MiIeHi cuMeTpUYHO BifHOCHO mouaTKy KoopauHat (puc. 2.1.10),
Puc. 2.1.10 ToMmy ¥ rpadik HemapHOl (DYHKIIIi po3MilleHWH CMMETPUYHO Bif-
HOCHO IMOYATKY KOOPIAUHAT.

. . 1 ..
Hanpurian, rpadik Henapuol yHKII] y=— (zZuB. n. 4 Ttabi. 3) CHMeTPUYHUH BiJTHOCHO IO~
YaTKy KOOpAMHAT, TOOTO BigHOCHO Touku O.

NMPUKNIAAN PO3B’A3YBAHHA 3ABAAHb

3HaiaiTh 06J1aCTh BU3HAUEHHSA (PYHKILI:

Mpukaad 1
g 1) y=x"+x; 2) y=——: 3) y=vx+5.
X +Xx
Posp’a3anHA Komenrap

1) > O6MmeskeHb A 3HAXOIKEHHA 3HaueHb OCKiIbKM Bci (PyHKIII 3agaHo (popMyaaMu, TO

BUpAasy 24 x HeMae, oTe, D(y)=R . < ixHi 06J1ac'r'i BI/I.?HaquHH — 1e MHO?i?I/IHI/I'BCiX
3HAUYeHb 3MiHHOI X, IPU AKUX Mae 3MiCT Bifmo-
BigHa (Qopmyrna, ToO6TO BUpa3, SAKUUA CTOITH

2) » OGsacTs BusHaUeHHs QYHKNII y= 5
x"+x

2 .
3amaHa oOMeskeHHAM X~ +x#0, ockijgbku
3HAMEHHUK [po0y He MOKe [IOPiBHIOBATH

y mpasiit yactuni dopmynan y= flx).

YV kypci anrebpum sycTpivasucs TiJIbKU ABa 00-

MedxceHHs, AKi HeoOXigHO BpaxoByBaTu nid uac

3HAX00MEeHHs 00aacmi BUSHAUEHHS: A

1) arxwo supas 3anucarno y uzaadi 0pody —,
mo snamennHux B#0 ; B

Hya. 3’ACyeMo0, KOJH x2+x=0. Maemo:
x(x+1)=0, axkmo x=0 a6o x=-1. Toxi
o0JlacTh BU3HAUEHHS MOJKHA 3aJaTu obme-
skeanamu x#0, x#-—1 abo sammcaru Tak:
D(y)z(—oo;—l)U(—l; O)U(O; +oo)_ 4 2) axwo 3anuc eupasy micmumv KEadpamHuil

kopiny VA, mo nidkopenesuii Bupas A >0 .
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Y Bcix iHmMENX BUOagKax, AKi BaM JOBOAUJIOCS
posriAzaTi, 00JacTi0 BUSHAUEHHA BUPa3y Oyiu
Bei gificHi umesna .

3) P OGsacth BUsHAUEeHHS QYHKINI y=+X+5
3amana oomexeHHaam x+5=0, rodéro x > -5,
OCKIiJIbKM IIiT 3HAKOM KBAJpPAaTHOTO KOPEHSA
HOBUHEH CTOATH HeBimgemuuii Bupas. Orixe,

D(y)z[—5;+°<>). <
ﬂpuKAaa 2% 3HaiiTe obsacTh 3HaAUeHb (YHKII y= x2-3.

Posp’a3anua KomenTap

P Crxnagaemo piBEaaEa x° —3=a.  IlodHaumMo 3HAUYEHHS 3aJaHOI (PYHKIIL f(x) (TobTO

2
. . 2 2 . o

Bono piBHOCHIbHE piBHAHHIO X =a+3, ' x°—3)uepes aiz’acyemo, IJid AKUX 4 MOKHA 3HANTH

sAKe Ma€ Po3B’A3KHU, AKIo a+32>0, To0- | BigmoBigHe 3HaueHHs x (TOOTO Take 3HAUEHHS X, IIPHU

To Ipu @ > —3 . Vi mi unena i cKIAAYTh | gromy smauenns f(x)=a).
001acTh 3HAUEHb (PYHKITii. Toni Bei unesa a, OJId AKUX icHye xo4ya 6 OAMH KOPiHB

Omoxe, 06iacTh 3HaUYeHL 3amaHol QyHK- pieasuaa f(x)=a, yBifigyre g0 o6xacTi sHaueHBb
i E(f)z[_3;+°°) (ro6ro y=>-3). < dyuknii f(x). MHoKMHA BCix Takux a i ckiage o6-
JlacTh 3HA4YeHb (PpyHKMIII f (x).

Kopucro mam’artatu, mo o6racms 3nawens @ynxyii y=f(x) s6izaemvea
3 MHOXMCUROIO MuUX 3HAwenb a, npu axux pienanna f(x)=a mae posé’asku.

HoBenits, 1mo mpu k#0 o6iacTio 3HaYeHb JiHIHHOI QYHKIIT
y=kx+b € MHOXHMHaA BCix milicHHMX 4mceJ.

Mpukrad 3*

Posp’s13anHa KomenTap

» Sxmo kx+b=a (me k#0), To poss’szox IlosHaummo sHauveHHs saganoi Gymkmii f(x)
a-b 6 (trobTto kx+b) uepes a i 3’scyemo, mJas SKUX a
ICHYE AA OVABL™ | \osma sHaiiTy BiATIOBiHE 3HAUEHHS X TaKe, IO

IbOTO PIBHAHHA X =

skoro a€ R (k#0 3a ymoBom0). flx)=a.
TakuM YMHOM, 3HAUEeHHAM 3amaHol (QyHKII  MHoXHWHA BCiX TaKMX 3HAUeHDb a4 i Oyme cKJama-

Moxke Oyt OyAb—sike [ifiCHe 4MCIIO, OTXe, II 1y o6nacTs sHAUEHDb (PYHKILII flx).
o6macts smavens E(f)=R. <

HoBenits, mio ainilina pysknia y=kx+b npu k>0 e 3pocraiouoro,

Mpukrad 4*
P ampu k<0 — cmagHOIO.

Komenrap
Bagana Qyurnis f(x)=kx+b Gyme spocraio- OCTAHHBLOI HEPIBHOCTI [JOCTATHLO B3HAWTH 3HAK
4010, SIKINO 3 HEPIBHOCTI X, >X; BUILINBATHME pisEnmi f (xg)—f (xl) Amnajoriugo o6IpyHTOBY-
HepiBHIiCTE f(x2)> f(xl) , a Ius  JOBeleHHS IOTh i cnajaHHa QYHKIIL.

* Hapaui B Kypci anrebpu i mouarkiB anamisy 10 KJjacy My pO3rAZaTHMeMO HOBI BUpasu 3 00-

MesKeHHAMU: tga, ctga, arcsina, arccosa, ¥Ya , a* (me o — Hemise umcio).
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Posp’si3anHA
» Hexait x, > xy, ToAi x,— x;> 0. Posruanemo pisuumio f(xy)—f(x;)=Fkx,+b—(kx,+b)=
= k(x5 —x,). Ockimbku Xy —x; >0, 1o nmpu k>0 maemo f(xz)—f(x1)>0 , OTIKe, f(x2)>f(x1) —
(yurmia spocrae. Ilpu k<0 maemo f(x2 ) —f(x1 ) <0, omxe, f(x2 ) < f(xl) — (Qysrnia comagae. <

OOT'pyHTOBYIOUM 3pOCTAaHHS abo cmamaHHa (QYHKII, KOPUCHO maM’ aTaTu, I1o
0na dogedenns HepieHocmi f(x2)>f(x1) qu f(x2)<f(x1) docmamHbo 3Hallmu
3HaK pisHuUYi f(x2)—f(x1) .

Mpukaad S* Hosenirs, mro:

1) cyma ABOX 3poCTalOUYMX HAa MHOKHHI P (DyHKIIili 3aB:KIU € 3pO-
cTauo0 (PYHKI[I€I0 HA Iili MHOMKHUHI;

2) cymMa ABOX CHaJHUX HA MHOKHUHI P (QyHKIili 3aBKIU € CIIATHOIO
(dyHEKIi€I0 HA i MHOSKWHI.

Po3p’a3anua Komenrap
1) » Hexait QpyHKIii flx) i glx) e 3pOCTAalOUUMU Ha g noBeeHHSA 3POCTAHHA CyMU
onHif i Tift camiit MHOkuHI P. SIKIMO Xy >X;, TO IBOX 3pocraounx (yurmiit f(x)
f (x2)>f (xl) i g(x2)>g(x1). TMonaoun IOUIEHHO i g(x) mocrarHpo moBecTH, 1O Ha
OCTaHH1 HEPIBHOCT1, OAEPIKYEMO MHOKUHLI P 3 HepiBHOCTI Xy > X
f(x2)+g(x2)> f(x1)+ g(xl) . BUILJINBAaE HEPiBHICTH

Ile it osHauae, mo cyma dyuarmiii f(x) i g(x) e apo- f(x2)+g(x2)>f(x1)+g(x1).

crarouoio pyHKIicio Ha MHOXKUHL P. <

2) P Hexaii QpysEmii f (x) i g(x) € CIagHUMH Ha Amnajoriumo ajsa gOBegeHHS TOTO, IO
muoxxkuHi P. Tozxi 3 HepiBHOCTI X4 >Xx; MaeMo: cyMa ABOX CHaAHUX (DYHKIIIH € crmajn-
f(x2)< f(xl) i g(x2) < g(xl) . Iicna mouseHHOrO 10O- HOI0 (DYHKIII€I0, JOCTATHBO TOBECTH:
IaBaHHS OCTAHHIX HepiBHOCTEeH Ofep:KyeMo: AKIO Xy > Xy, TO
f(x2)+g(x2)<f(x1)+g(x1) , a Ie il o3HAUae, IO f(x2)+g(x2)<f(x1)+g(x1) .

cyma QyHKIiA f (x) i g(x) e cnagro0O (GyHKIli€EI0 HaA
muOXKHUH]L P. <

HoBeniTs, 110 3pocrarouya ado cmagHa (PYHKIisT HAOyBa€ KOKHOIO

Mpukrad 6 : ” - :
CBOT'0 3HAYEHHA TiJbKH B OOHIiH TouIlli ii 00JacTi BU3HAUEHHI.
KomenTap
HoBenemo 11e TBEPAMKEHHS METOAOM BiJ Cympo- YeHHSA NPUHAWNMHI y JBOX TOUYKaX), i omep:KaTu
TUBHOTO. [[JI IIbOTO JOCTATHHO IIPUIIYCTUTH, II[0 cymepeuHicts. Ile osmauaTmme, IO HAaIlle IPU-
BUKOHYETHCA TMPOTUICKHE TBEPMKEeHHA ((PYyHK- MyIeHHs HelpaBuUJbHE, a IPAaBUJILHUM € 3aja-
Misa MosKe HaOyBaTU OLHOTO If TOTO CaMOTO 3HAa- He TBEPAKEHHI.
Posp’azanna
» Hexait pyrroia | (x) € 3POCTaIOUOoIo i IIpunyctumo, mo Xx; # X, .

fxy)=F(x5). @ Armo x; #Xy, TO a6o Xx; >Xy, abo XxX; <X,.
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VpaxoBytoun 3pocranHa Qymrmii f(x), y Bu-
magKy X;>X, MaeMo f(x1)>f(x2), o CcyIe-
peuuTsh piBHOCTI (1).

Y Bumagkry x; <X, MaeMo f(x1)<f(x2), 110
TakKoXK  cymepeunThb piBHOCTI (1). OTiXKe,
Hallle NPUIYIIeHHA HelpaBUJIbHEe 1 piBHICTH

f(x1)=f(x2) MOKJINBA TiMIBKKM TIpU X; =X,.
TobTo B3pocraioua QYHKIiA HaAOyBae KOIKHOTO
CBOI'0 3HAUEHHA TLJIBKU B OAHINM Toumi ii oOJa-
CTi BU3HAUCHH.
Amnajyoriuao KOBOAUTHCA TBEPAKEHHA i AJIs criaj-
HOi ymKmii. <

HocnigiTs, un € 3amana GyHKIIS TapHOIO, HemapHoio abo Hi mapHoIo,
np ukAad 7 Hi HemapHOIO:
1
1) y= ; 2) y=x4; 3) y=x3+x.
x+1
Posp’a3annsa KomenTap

1) » O6GusacTh BusHaueHHsS (PYHKILII yzi: x #—1, TobTo BoHa He , Haa mociimkeHHa QyHKIII
x+1 y=f(x) Ha MIapHIiCTL 4n
HeIlapHiCTh HOCTATHBLO, IIO—
mepiie, yIeBHUTHUCS, IO
obJjiacTh BU3HAUEHHSA Ifiel
GyHKII cuMeTpUUYHA Bif-
HOocHO Touku O (pasom i3
KOKHOI0 TOYKOIO X Mi-
CTUTh i TOUKY —X), i, mIO—
Opyre, MOPiBHATU 3HAUYEH-

aa f(-x) i f(x).

cuMmerpuuHa BigHocHo Touku O (Touxka x =1 BxoguTh H0 obJacTi
BU3HAUEHHs, a X =—1 He BXOoAuTh — auB. puc. 2.1.11).

—0 : 3 4
-1 (0] 1 x
Puc. 2.1.11
Omxe, 3amaHa PYHKIiA He Mo)Ke OyTH Hi mapHOIO, Hi HemapHOM. <
2) P O6iacTh BusHAYEHHA (PyHKIIT y=x4: D(y)zR, TOOTO BOHA
cuMeTpuyHa BigHOCHO Touku O.
4 .
fl—x)=(-x)"=f(x), orxe, pyuruia napua. <l
3) P O6nacrs BusHAUYeHHA (QYHKIIiI y=x3+x: D(y)zR , OTIKe,
BOHA cuUMeTpuuYHA BigHOocHO Touku O.

fl—x)= (—x)3 +(—x)=—x®—x= —(x3 + x) =—f(x), orme, PyHK-
mis memapua. <|

1. CdopmyimoiiTe o3HaueHHs uucaoBOi (GyHKIii. HaBenits mpuxaagu

3anumaHHs TAKUX YHKILIHA.
2. Ha mpukiajax IOSCHITH, IO Take 00JACTh BU3HAUEHHA (PYyHKIIiI, 00-
JacThb 3HAUeHb (PYHKI[iI, HalbinbIne i HaliMeHIle 3HAUEHHA (PYHKITiI

Ha MHOKUHI M. fIKki oOMekeHHS HEOOXioTHO BpaxyBaTH, 1100 3HANTU

obJiacTh BU3HAUEHHS (PYHKINiT y:_x ? 3maigiTe ii obJiacTh BU3HA-
YeHHS. x
. IITo nHasuBaeTbca rpadikom QyHKIIL y=1 (x) ? HaBexiTh mpurIamu.
fArxa pyukria HasuBaeTbcA 3pocTrarpuoo? HasemiTs mpuxiamu.
fAxa ¢yuria masuBaeTbea cnamguoo? HaBexmiTh mpuraagu.

o Ul A W

. $lxa @yHKIig HasuBaeThca napHo? HaBenmits mpukiaagu. Ik poswmi-
meHo rpadixk mapuoi GyukKIil Ha KoopauHaTHiN miuomuui? HaBeniTh
IPUKJIATN.

7. S$Ixa QpyHKIia HasmBaeThca HemapHoio? HaBeniTe mpukaazu. Ik pos-

miteHo rpadgik HemapHoi GYHKIII Ha KoopamHaTHii miomwuui? Ha-

BEeJIiTh IIPUKJIALU.
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Bnpabu

2.1.1°,

2.1.2.

2.1.3°.

3HalgiTh 3HAUEHHA (PYHKII B YKasaHUX TOUYKAaX:

1) f(ac)=x+l y Toukax 2; —1; 3;a (a#0);
X

2) g(x)=x2—3 y Toukax 0; 1; —2; b;

3) (p(x)=\/x+1 ytoukax 0; 3; —1;m (m>0).

3HaiigiTe 06JacTh BU3HAUEHHA (PYHKINI, 3agaHoi ¢hopMyJIoo:

2
1°) y=2x+3; 5) y=vx2-1; 9%y y= X9,

x-8

8RR
no

|

K

2°) y=vJx+3; 6) y=vxZ+1; 10%) y=

+1

3°) y= ! ; ) y=vx-1+J5—-x; 11%) yzi;

x+1 |x|—2
9 y=—"— g) y= Y5 12%) y=a? +x+1 .
X + X

Hna Qyukmiii, axi samamo rpadiramu (puc. 2.1.12), yrakiTh 006-
JacTh BU3HAUEHHdA, 00JIaCTh 3HAUEHL, HAMOLJIbIINe i HallMeHIIe 3HAa-
UYeHHS Ha BCill o0JsacTi BU3HAUEHHSA, IPOMiKKM 3POCTaHHA i criamgaH-
HA Ta 3HaUYeHHA KOXKHOI PyHKIII mpu x=1.

. AL

‘3\7/23Y6x s \/456x
-2 -2

-3 .3
a B
Yy Yy
4 4
3 3 /\
2 \/
1 1
-3-2-1101234 5 6 x —4-3-2-1101234 5 x
-2 _9
_3 _3
0 r

Puc. 2.1.12
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2.1.4.

2.1.5.

2.1.6*.

2.1.7.

2.1.8*%

2.1.9*%.

2.1.10%.

2.1.11%

2.1.12.

2.1.13.

&

2.1.14.

3HaligiTe 06JacTh 3HaUeHb (GYHKIIII, 3amamol opMyJI0i0:
1) f(x)=5; 3) f(x)=x"; 5%) y=-3x+1;
2) f(x)=x; 1) f(x)=vx ; 6%) y=x"-5;

O6rpyuryiiTe, 110 3ajaHa (PYHKIIiS € 3pocTarouoro (Ha il obJacti Bu-
3HAYEHHA):

1) y=38x; 2) y=x+5; 3%) y=x°; 4%) y==x".
HoBexmiTs, 110 Ha 3ajaHOMY IPOMIMKKY (GDYHKI[isI 3pocTae:

2 1
1) y=——, ne x>0; 2) y=——, ne x<0.

X X

O6rpyuTyiiTe, 1m0 3agaHa QyHKIA € cmagHoio (Ha ii obaacTi BusHa-
YeHHS):

1) y=-8x;  2) y=-x-1; 3% y=-x; 4% y=-2.
HoBemiTs, 110 Ha 3aJjaHOMY MPOMIKKY (ZYHKI[is cramae:

3 5
1) y=—, me x<0; 2) y=—, ne x>0.

X X

HoBenmiTh, m1o0 (GyHKIIiA y=x2 Ha IIPOMiXKKY [0;+oo) 3pocTae, a Ha
IIPOMIXKKY (—oo;O] crajsae.

Kopucrymouncs TBepI:KeHHAMU, JOBeIeHUMHU Yy IpUKJIani 5 go m. 2.1,
BH3HAUTE, UM € 3aJaHa (PYHKIis 3pocTarodoio abo CIagHOIO.
1) y=x*+x; 2) y=—x-x°; 3) y=x+\/;; 4) y=—x3—x5.

Kopucryrouncs TBepI:KeHHAMY, JOBEJeHUMU Yy HpuKJIani 6 mo m. 2.1:
1) oOr'pyHTYIHTE, IO PiBHAHHSA 22 +x=10 mae eIUHUN KOpiHb X =2;

2) migGepiTh KOpiHb piBHAHHA X +x=6 imoBemiTsh, 10 iHIMUX KO-
PeHiB Ie PiBHAHHA HE MAe€.

O6r'pyuTyiiTe, 110 3agana (QYHKIiA € IapHOIo:

1) y=x°; 8) y=va+1;
1
2) y=?+1; 4) y=J|x|+x* .

O6rpyuTyiiTe, 10 3aJaHa (PYHKI[is € HEIapHOIO:

; 4) y=x3—x.

1
1) y=x°; 2) y=-—;  3) y=x|x
X

BuaBiTb CBOO KOMMETEHTHIiCTb

MennunnMyu mpaniBHUKaMM BCTAHOBJIEHO, IO AWUTUHA BIiKOM a po-
KiB (@<18) mnsa HOPMAJIBHOTO PO3BUTKY ITOBUHHA CIATH IIPOTATOM
t rox Ha 100y, e t BU3HAUAETHCA 3a (DOPMYJIOIO ¢ = 16-2. 3HaUIITEL
£(16), t(15), t(14). 2



§ 2. OyHKLIT

2.2. MoGypoBa rpacgikiB ¢pyHKLIN 32 JOMNOMOrol0 reoMeTpUYHnX
nepeTBopeHb BigoMux rpadikiB ¢pyHKLiIN

Tabauma 4
MepeTsopeHHs rpadika PyHKuii v =f(x)
dopmyaa
No AT HOCTI IIpukmaanx IlepeTBOpeHHA
1
t=—f(x) Cumerpia BimmocHo oci Ox
2
y=1(-x) Cuwmerpia BigHOCHO oci Oy
3
ITapanenbue mepeHeceHHA rpadika
y=F(x-a)

yuruii y=f (x) ysmoesx oci Ox
Ha a OJUHUIb

Y
q)

NS

/'&*

d ~ ITapanenbHe mepeHeceHHA rpadika
y=f(x)+c 573 /)7 dyuknii y=7£(x) ysmosx oci Oy

4 //* Ha ¢ OOUHUILH

Q/ ”
-1




Po3gin 1. @yHKLii, MHOFOYIEHW, PIBHAHHSA | HEPIBHOCTI

®dopmyna
No BAITEKHOCTI IMpukmnanx ITepeTBOpeHHA
5 y
o
&
i “r;? Poarar abo ctuck rpadika QyHKITIT
y=kf(x) (>0) ~ y=1(x) ysmosx oci Oy (mpu k>1
2 Q/f postar, npu 0<k<1 cruck)
-1 0 1 X
6 Y y= \2x —Jx
PosTar abo cruck rpadika dyHKIil
y= f(OLx) (oc > 0) //y—z By y= f(x) y3moB:k oci Ox (upu
o>1 cruck, npu 0<o <1 poarar)
0 2 4 X
7
Bumie Bim oci Ox (i Ha camiit oci)
() rpadix @yErmii y=f(x) — Ges
y_| flx | 3MiHu, HUMKYe Big oci Ox — cume-
Tpisg BigmHOCHO Ooci Ox
8

IIpaBopyu Bim oci Oy (i Ha cawmii

0
y=1( x| = /é-
y=2x—

oci) rpadixk ¢ysruii y=f (x) —
0e3 3MiHM i Ta cama uyacTuHAa TI'pa-
dika — cumetpis BimHOCHO oci Oy

NMNOACHEHHA M OBI'PYHTYBAHHSA

Posrisuaemo cmocobu moOymoBu rpadikis
(GYHKIIA 3a OTOMOT0I0 T€OMETPUYHUX IIepe-
TBOpPEHb BigomMux rpadikiB GyHKIiA.

Mo6yaoBa rpacgika dyHKuUil y=—f(x)
ITopiBHsAEMO rpadiku QyHKIIN y=x2 Ta

y=—x2 (nuB. mepiuii pagok tabua. 4). Oue-
BUAHO, IO rpadik QyHKII y=—x2 MOKHA

ozep:kaTtu 3 rpadika QpyHKIil y=x2 cumMme-
TPUYHUM BifoOpakeHHAM HWOT0 BiJJHOCHO
oci Ox. Ilorkasxkemo, 110 rpa@ik QyHKILiI
y=—f(x) saBxau mMoxHa ofepskaru 3 rpadi-
ka dysKuii y=f(x) #oro cumeTpmuHHM Bi-
mobpaskeHHAM BigmHocHO oci Ox.

HificHo, 3a o3HaueHHAM Trpadik QyHKII
y=f (x) CKJIQIA€ThCA 3 ycix TouoK M Koop-
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y=rf(x) ¥
M
1 (x)
0 xv x
y=—1(x)
Puec. 2.2.1

OIWHATHOI IJIOIIWHU, AKi MaOTh KOOPAWHATHI
(x; y)=(x;f(x)) . Tomi rpadix dyuKIii
y=-f (x) crkunamaernbes 3 ycix Touor K KOOp-
OIWHATHOI IJIOIIUHU, AKi MalOTh KOOPAWHATHI
(x5 9)=(x;—F(x))-

Touknu M(x;f(x)) i K(x;—f(x)) posmi-
IIeHi Ha KOOPAWHATHINM MJIOIIMHI CUMeTpUU-
HO BimmocHO oci Ox (puc. 2.2.1). Omixe, KO-
Ha Touka K rpadika pysrmoii y=—f (x) omep-
JKYEThCA CUMETPUYHUM BimoOparkeHHAM Bin-
HocHO oci Ox meskoi Touku M rpadika pyHK-

mii y=7(x). Tomy 2pagix pyuruii y=—f(x)

moxucna odepicamu 3 zpadira GYHKYIL
y=f(x) tiozo cumempuunum 6ido6paicen-
Ham 6i0HOCHO oci Ox.

I1a BiAcCTUBiICTH MO3BOJAE JETKO OOIPYH-
TyBaTu n10o0yRoBYy rpadika QyHKII y = | fx) |
Maewmo:

f(x) mpu f(x)>0
_ _ |(rpacdix He smimroeTbCs);
y=|f(x)|= S (x) mom £(x) <0
(cumerpis BisHOCHO OCi Ox).

Orixe, epagix pynkryii y=|f(x)| modce
6ymu nobydoeanuli makx: wacmuna zpagira
pynxuyii y=f(x), axa nemumo suwe 6id
oci Ox (i Ha camil oci), 3aruutaemovca 6e3
3MIHU, @ MA YACMUHA, AKA LeH UMb HUNCHE
610 oci Ox, 6idobpajxcyemvcs cuMempPuUiHo
610HOCHO Yi€T oci.

Hanpuxknan, B Taba. 4 (choMuii psAmOK)
3ob6paxxeHo rpadik GyHKmii y= | 2x—1/|, moby-
JOBAHWH i3 BUKOPUCTAHHAM I[HOTO IIPABHMJIA.

AmnajyioriuHo OOTPYHTOBYIOTHCA iHIII Treo-
MeTpUYHi ImepeTBOopeHHA rpadika GYyHKII
y=f (x), naBemeni B Ta6u. 4 (quB. iHTEpHET-
TiATPUMKY ITiAPYIHUKA).

NMPUKJIAAN PO3B’A3YBAHHA 3ABJAHb

nPMK/\aa 1 ITo6ynyiiTe rpadixk QyHKIIT y= 3
x4+
Po3p’sa3anHa KomenTap
> Y . 1
Mu mosxemo nmobynysatu rpadik GyHKIT y= flx)=—.
x
. . 1
3 Toni rpadik Gyurmii y= i3 =f(x+3)= f(x —(—3)) MOJKHA
- x+
1 N| olepsKaTU IapajieIbHUM I[epeHeceHHAM rpadika (GyHKIii
- x+3 y=f(x) y3moB:k oci Ox Ha —3 oguHUIL (TOOTO BJIiBO).
<
ITpuKAaa 2% IToGynayiiTe rpadixk GyHKITIT y=\/4—|x| .

Komenrap

CkJamemMo IIJIaH MMOCJIiTOBHOI moOymoBu rpadika BeleHUMHU B Ta0n. 4, MTiAKOpeHeBUH Bupas
sdaganoi @yukmnii. (Iasa Toro 1mob mMoskHA GyJIO

o dyurnii sanumemo Tak: y= —(|x|—4) J)
CKOPHCTATHUCA IIepeTBOPEeHHAMU rpadikis, Ha-
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. Mu moskemo moOyayBaTu rpadik QyHKILiI
y=fx)=x .

. ITorim mosxkHa moOymyBatu rpadik QyHKIII
y=g(x)=+-x =f(-x) (cumerpia rpadira
dyuruii f(x) BizHOCHO ocCi Oy).

. ITlicta mworo moskHa moOymyBaTu Trpadik

dyurmii y=¢(x)=y-(x-4) =g(x-4) (ma-

g(x) y3moB:k oci Ox Ha 4 ONWHWUILL).

. ITorim y:xe mo:xkua moOyamyBaTu rpadik 3a-

mauoi QyHROii Y= —(| x|—4) = (p(| x |)=
= 4—| x| (mpaBopyu Big oci Oy BigmoBigHa

yactTuHa rpadirka GyHKII y= (p(x) 3aJm-
maeTbcsa 6e3 3MiHM, i Ta cama yacTuHA Bigo-

pajesbHe IepeHeceHHSA rpadika (yHKIiI OpaskyeTbCAa CUMETPUUYHO BimHOCHO oci Oy).

Po3sB’azanna

P 3anumremo piBHAHHA 3a7aHOl QYHKINI Tak: y=,/4—| x| =.[—(| x|—4) .

ITocaigoBHO OyayeMo rpadirm:

Yy
Yy
3. y=+/-(x-4) EjD%
< J %
4. y= —(|x|—4) <
-4 lo 4 x

1. Ha npuxiagax HOACHITH, SK MoKHa 3Tpadika QyHKID y=f (x)

3anumaHHs omep:kaTu rpadik QyHKINI:

1) y=—1(x); 5) y=kf(x), ne k>0;
2) y=rf(-x); 6) y=f(ox), e 00>0;
3) y=r(x—a); 7 y=|f)];
4) y=f(x)+c; 8) y=f(|x|).

2%, O6rpyHTy#Te reoMeTPHUYHi IIepeTBOPEHHS, 3a JOIOMOTIOK SAKHX i3
rpadika pyurIii yzf(x) MOJKHA ofep:KaTu rpa)iku BKasaHUX BU-
e (PyHKITii.
Y saBmaHHax 2.2.1-2.2.7 mobyayiiTe rpadiku GyHKIiIH Ta PiBHAHB.

n
Brpatu 2.2.1. 1) y=|x-5]; 2) y=|x|-5; 3) y=||x|-5|; 4% |y|=x-5.

2.2.2. 19 y=x2-9; 2) y=|x®-9]; 3) y=|x?|-9; 4% |y|=x®-09.

2.2.3. 1° y=(x+1)7%; 3) y=(x+1)°-3;

2) y=(x[+1)"; 1) y=|x+1)?-3].
1 1 1
2.2.4. 1°) y=——; 2) y= ;0 3) y= ; 4% = -
)Y x+2 )Y ‘x+2 )y |x|+2 ) |y| x+2
2.2.5. 10) y:_i; 20) y:3—3; 3) y:_i; 4) yz_i_
: x x-1 x|
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2.2.6. 1°) y=vx-3; 3) y=\[x|-3; 5%) y=||[x] -3
2°) y=+/x -3 4) y=|Jx -3|; 6%) |y|=x—3 .
2.2.7. 1°) y=—Jx; 2°) y=—Jx+4; 3) y=—\/|7; 4) y=—Jx-1.

.
b

2.2.8. ®dymknmia y=f(x) sagana Ha mpomix-

Ky [0;14], ii rpadgik 3o0pakeHUI Ha y
puc. 2.2.2. IlobyayiiTe rpadik ¢GpyHK- 4
1ii abo piBHAHHA: 1112
1) y=—f(x); 6%) y=f(2x); o 10 )1 8 : i4 x
1
2) y=1(-x); ) y=—1x);
1 Puc. 2.2.2
3) y=|rx); 8+) y=f(5x);
1) y=1(x|); 9%) |y|=F(x); i
2
5%) y=2f(x); 109) |y|=r(«l). :
-14 -6 0o x
2.2.9. Buxonaiite zaBmamHa BupaBu 2.2.8 4
mia  QysHRmii y=f (x), samamoi =Ha
MIPOMIKKY [—14; 0], rpadik AKoi 30- Puc. 2.2.3
OpaskeHo Ha puc. 2.2.3.
2.3. ObGepHeHa ¢yHKLinA
Tabaumna 5
1. NMoHATTA 06epHEeHOT YHKLiT
Axmo dysKUia y= f(x) Ha0yBa€ KOKHOTO CBOTO 3HAUYEHHS B €IU- f
Hii Toumi i1 oOsacTi BU3HAUEHHSA, TO MOKHA 3amdaTH (QYHKILiI0 /_\
y= g(x), dAKa Ha3UBA€TbCA 00epHeHol0 00 QYHKYil Y= flx): ) b
IS KOYKHOTO aeD(f), axmo f(a)=b, 1o g(b)=a.
\_/

E(f)=D(¢); D(f)=E(g).

dynryii f(x) i g(x) esaemno obepreni g

2. BnactuBocTi 06epHeHOT (pyHKUiT

D
/S\k %
yh ’
N N
D V M(a; b) 1) I'padixu mpamoi Ta obepHeHOI (MYHKIIiHI cume-
A g&@ TpUuHi BifHOCHO mpAMOi Y =X
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2) Axmo pyurmia f (x) 3pocrae (cmajae) Ha Je-
AKOMY IPOMIiKKY, TO BOHA Ma€ o0epHeHYy (PYHK-
ifo HA IIbOMY IIPOMIiXKKY, SKa 3POCTAaE, SKIIO
f(x) spocrae, i cnagae, armo f(x) cmazae

3. MpaKTU4HMIM cnoci6 3HaxogKeHHA dopMyamn GyHKLiT,

o6epHeHoi fo dyHKuii v =f(x)

Anaropurm

1. 3’acyBatu, uun Oyge bynknia y=Ff (x)
000pPOTHOI0 HA BCiii 00JacCTi BU3BHAUYECHHT:
IJs IIbOTO JOCTATHHO 3’sICyBATH, UM MA€E
PiBHAHHA y=f(x) €IUHUN KOpiHb Bix-
HOCHO 3MiHHOI X.

Aximo Hi, TO BUAIINTH (AKIIO MOKJIUBO)
NPOMIiKOK, Jde icHye oOepHeHa (PYHKIisa
(HampuKJIam, I1e MOKe OyTU MPOMiKOK, Ie
byuRIiA y=f(x) 3poctae abo cmajae).
I3 piBHoCTi Yy = f(x) Bupasurn x wepes y.
B omep:xaniit (popmyi BBEeCTH TpaaMILiii-
Hi MO3HAUEHHA — apryMeHT MMO3HAYUTH
yepes3 x, a (PyHKIif0o — uepes Y.

Ilpuknan

3HalgiTh PyHKIIiI0, 00epHEeHY A0 PYHKIiI
y=2x+4.

P I3 pismocti y=2x+4 MOMKHA OJHO3HAYUHO BU-
1
pasuTH X uepes y: X = Ey—2 .

IIa ¢popmyna 3amae obepHeHy DYHKIIiIIO, ajie B Hilt
apryMeHT NO3HAYeHO uepes Yy, a (PyHKIil0 — ue-
pes x.

ITosHaumMo B ofep:KaHil (opMyJi aprymMeHT ue-
pes x, a GyHKIIilo — uYepes Y.

1
Maemo QyHKIIO Y= Ex —2, obepHeHy 10 (PYHK-
mii y=2x+4. <

NOACHEHHA 1 OBI'PYHTYBAHHA

0 MoHATTA 06epHeHOoiT (pyHKUiT

Bimomo, 1110 3ajeKHICTDL IIAXY Biml yacy
I Tijna, AKe PYXaeThCA PiBHOMIPHO 3 IIO-
CTiliHOIO IIBUJKICTIO V,, BHpa)kaeTbca (op-
Myn0l0 s=vyt . I3 miei Qopmynu moxkHa

3HAWTH O0epHEHY 3aJjJeKHicTb — uacy Bif
. S .
npogeHoro ImaAxy: t=—. DOyHKIiO
1Y
s 0
t(s)=— mHasuBaTL 06epHeHOI 00 PYHKUYIL

v
s(t):v:))t. 3a3HAYNMO, 1[0 B PO3IVIAHYTOMY
OpuKJIagi KOKHOMY 3HAUEHHIO ¢ (t>0) Big-
OBiae equHe 3HAYEHHA S i, HABIAKM, KOXK-
HOMY 3HAUEHHIO $ (320) BimmoBimae enmue
3HaQUeHHA t.

PosrismemMo mpoliedypy OAepiKaHHSA
obepHeHOl (GYHKIiI B 3arajJlbHOMY BUTJISAMII.

Hexait pyuknia f(x) HabyBae KOKHOTO
CBOI'O 3HAUEHHA B €QUHiN TouIli 11 obsacTi Bu-
sHaueHHA (Taka (YHKIiA HA3MBAETHCHA

obopomnoro). Toxi 1A KoskHOrO uncaa y, =b
(3 obuacTi sHauens pyukmii f(x)) icuye exu-
He 3HAUYeHHA Xy =a TakKe, IO f(a)zb. Pos-
rusgHeMo HOBY dyHKIi0 g(x), axa KoxxHOMY
yucay b 3 o6aacri sHauens Gpyurnii f(x) cra-
BUTH ¥ BiamoBizuicTs uncio a, To6ro g(b)=a
O KOKHOTO b 3 obOsacTi 3HaueHb (QPYHK-
mii f(x). V upomy Bunazky ¢yurumiz g(x)
HasWBaeThcsA oOepHeHO0 0 (QyHKmii f(x),
a pyernia f(x) — oGepHeHOIO 10 (YHK-
mii g(x).

@)

OOGrpyHTYyMTE CaMOCTIMHO BRACTMBOCTI 0bep-
HeHol dyHKLji, HaBedeHi B n. 2 Tabn. 5, BW-
KOPWCTOBYIOYM BiAMOBIAHNA PUCYHOK B Tabnun-
Ui Ta IHTepHET-NIATPUMKY NIAPYYHMKA.

I3 Kypcy reoMeTpii BaM BiIOMO NMOHATTS «obep-
HeHa Teopema». CnpolynTe NPOBECTM aHano-
rilo MiX MOHATTAMWU «obepHeHa dyHKLis»
i «obepHeHa Teopema».

&
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MpaKTUYHMM cnocib 3HAXOAXKEHHSA
dopMym yHKLii, ob6epHeHoT a0
dyHKUiT y=f(x)

Iz mpomenypu ogmepskaHHsS o6epHeHOI
(byHKIiI BUILINBAE, 1[0 JJIA OTPUMAHHSA 00ep-
HeHOI 3aJIeKHOCTI (aKa i Oyzme 3agaBaTu obep-
HeHy (PYHKIIi0) HeoOXiTHO 3HATH, AK 3HAUEH-
HS X BUPaKaeThcAd uepes 3HaueHHs y. Lle-
MOJKHA 3pO0UTU, PO3B’A3aBIIN PiBHAHHIA
yzf(x) BimHocHO 3MmiHHOI x. fIKIIo 3amaHa
dyuKIiaga o6opoTHa, TO PIBHAHHA MaTHMe

€IVHUN PO3B’SI30K AJd BCix y 3 obJsiacTi 3HA-
vyenb QyHKIIl f(x) i Mu omep:kuMO hopMyIy
x:g(y) , dAKa B3amae o0epHEHY QYHKIIifO.
Arne B it popMyJri apryMeHT IIO3HAUEHO ue-
pe3 Yy, a QyHKIIif0o — uepe3 x. SIKIo momi-
HATU II03HAUYEHHA Ha TpPaauIiiiHi, TO omep-
JKMMO 3amuc QyHKINii, o0epHeHOI A0 QYHKIII
y=F(x).

IIi mipkyBaHHa pasoM i3 BigmoBigHUM
aJITOPUTMOM HaBeAeHO B TabJ. b i peanisosa-
HO B IIPUKJIaJlaX, HaBeJEHUX HUIKUE.

NMPUKNAAN PO3B’A3YBAHHA 3ABAAHb

Mpukaad 1

Po3B’a3zanna

P I3 piBHOCTI y=x2 npu y >0 ogep:ryeMo
x=%,/y . Toxi ipu y>0 ogHOomMy 3HaueH-
HIO J BigmoBimarors nBa 3HaueHHA X. OTiKe,
Ha BCiii ob0sacTi BU3HAUEHHS xe(—oo;+oo)

byuKIig y=x2 He € 000pOTHOM i ;s Hel
HEeMOKJINBO 3HAHTU o0epHeHY QyHKIi0. <

Mpukrad 2

Po3p’a3aHHda

3HalgiTe QyHKIiI0, obepHEeHY 40 MYHKIHI y=x".

2

Komenrap

O6sacTs 3HaueHb 3amanol Gyukuii: y=>0. Ane npu
y>0 3 piBmocTi y=x2 He MOXXHa OJHO3HAYHO BU-
pasutu x uepes3 y. Hampurian, mpu y=4 ogep-
skyemo x =12 . Yepes 1ie MU He MOYKEMO 3HAUECHHIO
y=4 1[OoCTaBUTH Yy BiANOBigHICTH €qUHE YNCIIO,
106 mooyayBaTu obepHeHYy (PYHKILifo.

3HangiTeh PyHKIIiI0, 00epHeHy O0 (PyHKIIiL y=x2 apu x=0.

KomenTap

P I3 pisHOCTI y=x2 npu y=>0 oxmep-  O6macts sHauenb s3amanoi ¢yuirmii: y=0. IIpu x>0

JKYEMO xzi\/; . YpaxoByiouwm, 110 3a ' 3amaHa (QyHKI[id y=:Jc2
x>0 Boma mae obepHeHy QyHKIi0. ToMy Ha IbOMY

ymoBow x>0, maemo x=./y .

3pocTaE, OTMKe, Ha IMPOMIMKKY

HpOMi}KKy MMH 3MOKEeMO OOAHO3HAYHO pOSB’HSaTI/I piB'

ITosHaumMoO aprymMeHT uepes X, a QyHK-
Iito — uepes Y i ogepKumMo, 110 PyHK-
1mieio, obepHeHOI0 M0 (QYHKITIT y=x2 s
saKa samama Tinpkm npu x>0, Oyzme

byHKIig y=\/;. <

_— ]

3ayBaxkeHHa. ¥V nmpukrigagax 1i 2 mu GpakTUIHO PO3-

HAHHA X2 =y: mpu x>0 Maemo x=\/;.

IIa dopmysna 3amae obepHeHY (PYHKIIil0, aje B Hiil ap-
TYMEHT IIO3HAYeHO uepe3 Y, a MYHKIiI0o — uepesd x. 3a-
MiHIOIOUM IIO3HAUEHHS Ha TPAgHWIliliHi, OJep:KyeMo KiH-
IeBUH pes3yJbTar.

rasagaemMo pisHi QyHKIl (BOHM MaloTh pisHi oOjsacTi BuU-
3HAUEeHHs), Xoua B 000X BUHOALKaX Iii GyHKIII 3amaoTbecs
onHielo I Tiero camoio popmysoro. K Bigomo, rpadikom
PyHKITIL y=x2
GyHKIT y=x2 npu x>0 (mpukgan 2) € TiAbKM TpaBa
BiTka Iiel mapaboau (puc. 2.3.1).

(npukJiyan 1) e mapabosa, a rpadikom

Puc. 2.3.1
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1. Ba axoi ymoBu nna sagamoi Qymkmii y=f(x) Moskna moGymyBatu
3anumaHHg obepHeHYy (PpyHKIiIO?
2. TloacuiTh mobynoBy rpadika obepHeHOi (DYyHKIII Ha mpuKIagi PyHK-
mii y=f(x), axa sagana ta6x. I. Bagaiire pyukmio y=g(x), o6ep-
HeHy o QyHKIII y=f (x), sa momomororo TaGa. II.

Tabaumsa 1 Ta6aumsa 11
x 0 2 4 6 x
f(x) 1 3 5 7 g(x)

3. $Ix posmimeno rpadiku mpamoi i o6epHeHOI (GYHKIIiH, AKIIO IX IIO-
OymoBaHO B ofiHi# cucTeMi KoopauHaT? IIpoistocTpyiiTe Ha IPUKJIATI.

4. O6rpyuTyiiTe B3acMHe poaMimeHHA rpadikiB mpamoi iobepHeHOi
(GYHKIIIH.

5. Yu icmye dynknisa, obeprena g0 GyHKIii y= x2, ne x<0 ? IlosacHiTh
Ie, CIMpPAaUYNCh Ha BiAMOBigHI BaacTuBocTi obepHeHol pyHKINiI. K-
1o obepHeHa (PYHKIIiA icHye, 3amaiiTe ii (hopMys0I0 BULY y:g(x) .

2.3.1. Banumits dopmyry, axa sagae pyukmio y=g(x), obepHeny mo

BnpaBu 3afaHoi. YKaxiTh 00/acTh BU3HAUYeHHA i00/acTh 3HAUYeHb (QYHK-
mii g(x): 5 )
1°) y=8x—6; 2°) y=-3x-6; 3) y=—3; 4) y=——; 5) y=+x.
X X

2.3.2. Ha omHOMY pHCYHKY H0OyZmyiiTe rpadik manoi (GpyHKIHI Ta QyHKII,
o0epHeHOol [0 maHOoi:
1 1
1°) y=2x; 2°) y=x-2; 3) y=——; 4%) y=—__7; 5%) y=vJx+1.
X X —
2.3.3. 3maiigite GyHKIiO, 00epHEHY [0 AAaHOI Ha 3aJaHOMY IIPOMiXKKY,
i mobyayiiTe Ha OGHOMY PUCYHKY rpadikm gaHol QyHKILI Ta PyHKIT,
obepHeHOl 10 Hei:

2

1
1) yzzx opu x=>0; 3) y=(x—2)2 nopu x=>2;

2) y:ixz mpu x<0; 4) y=x%-2 npu x<0.

@ BuAaBiTL CBOIO KOMMNETEHTHICTb

2.3.4. BapricTe mOI3AKM BTaKCi BKJIIOUAE OIUIATY IOJAHHA AaBTOMOGLIA
25 rpH Ta BapTiCcTh MpPOIifeHol BigcTaHi B posMipi 5 TpH 3a KOKHUI
KismomeTp.

1) Ckuanite (yHKIIiTO, AKa BU3HAYA€E€ BapTiCTh MOI3JKM B TaKci 3a-
JIe:KHO BiJ mpoiifeHol Bimcrawmi.

2) 3HalgiTh BapTicTh HMOIBAKM, SKIIO Iacaskup mpoixas 30 KM.
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Tabaumsa 6

1. O6nactb AonycTMMMx 3HaveHb (O/13) piBHAHb i HepiBHOCTeM

O6nacmio donycmumux 3nHa4vensv (abo 006-
JacTI0O BHU3HAYEHHsd) piBHAHHA (a0o0 HepiB-
HOCTi) HAa3WBAIOTh CIILJIBHY 00JIaCTh BU3HA-
YeHHA O BCix (QYHKILiH, [0 CTOATH y JiBiit
i mpasiii yactTuHax piBHAHHA (a0o0 HepiB-
HOCTi)

Ina piBusauaa Vx+2 =x (mepiBHOCTE
NJx+2<x a6o Vx+2 >x) OI3: x+2>0, Tob6TO
X >—2, OCKiIbKM 06JIaCTh BU3HAYEHHS (PYHKI[II
f(x)=vx+2 Busmauaerbca ymoBoo x+2>0,

a obiacTio BusHaueHHs QyHKuii g(x)=x € mMHO-
JKUHA BCixX MificHUX uYmcel

2. PiBHAHHA-HacNigKM (=)

OpieaTHup

AKmo KOKHUN KOPiHb NHepHIoro pPiBHAHHA
€ KOpeHeM JIpPyroro, To Apyre piBHAHHSA Ha-
3UBAIOTh HACAI0KOM TEepPIIOTo.

AKLWO 3 NPaBUIbHOCTI NepLloi PiBHOCTI BU-
NAVBAE MNPABUMbHICT KOXHOT HaCTymnHoT,
OfEPXKYEMO PIBHSAHHSA-HACIOKN.

escccccccce
eecccccccce

IIpu uyvomy moMCAUBA NOABA CMOPOHHIX KO-
penis. ToMmy Ipu BUKOPHUCTAHHI PiBHAHBL-HA-
CHigKiB mepeBipka omep:kaHNX KOPEHiB Imij-
CTAHOBKOI0 B IOYATKOBE PIBHAHHA € CKJa-
JIOBOIO PO3B’SI3yBaHHI

ITpuraanx

Poss’sokiTh piBHAHHA VJVX+2 =Xx.

Po3g’sa3aHHA

P IlizHecemMo OOMABI YACTMHU PIBHAHHS 10 KBaj-
para:

(\/x+2)2 =x2; x+2=x2; x2—x—2:0;

x1:2, x2:_1.

ITepeBipka.
Xx=2 — KOpiHb;
x=-1 — cropoHHi#l KOpiHb.

Bidnogiov: 2. <

3. PiBHOCM/IbHiI piBHAHHA i HepiBHOCTI (<)

O3naueHHg

JABa piBHaHHA (HepiBHOCTI) HA3MBAIOTHCA
piéHOCUnbHUMU HA 0eAKill MHOMNCUHI, AKILO
Ha il MHOKMHI BOHM MAalOTh OOHi i Ti cami
PO3B’A3KHU.

To06TO KOMCHUIL PO38’ 30K Nepulozo PiBHAHHS
(HepieHocmi ) € po36’a3kom Opyzoezo, i, Haéna-
KU, KOXCHUIL P036° 30K Opyz020 € p038°A3KOM
neputozo (cXeMu TaKOro pPos3B’s3yBaHHS PiB-
HAHb 1 HepiBHocTell HaBemeHo B mi. 4 i 6
miei Tabsnuii Ta B iHTepHeT-HiATPUMILL ITif-
PYYHUKA)

Haiinpocrinri Teopemu

1. fAxmo 3 oxgHiel yacTuHU PiBHAHHA (HEPiBHOCTI)
ImepeHecTH B IPYry AOKAHKHM 3 IPOTHIEKHUM
3HAKOM, O/IepP;KMMO PiBHAHHS (HepiBHiCTH), PiB-
HOCWJIbHE 3aJaHOMy (HAa Oyab-aKiili MHOSKHMHI).

2. dxuo o0uaBi YaCTMHU PIBHAHHA MOMHOMKHUTHU
a0o0 momiIMTH Ha OJHE i Te caMe 4YMCJIO, AKe
He mopiBHIOE HYdI0 (a00 Ha OgHY H Ty camy
(pyHKIIiI0, [0 BU3HAUYEHA i He JOPiBHIOE HYJIIO
Ha O/I3 3amaHOro piBHSIHHA), OJEPKUMO PiB-
HAHHS, piBHOCHJBbHe 3amaHomy (Ha O/13 3ama-
HOTO0)
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4. Cxema noOwWwyKy nJiaHy po3B’A3yBaHHA PiBHAHb

| Posp’asyBanna piBHAHB |

- ——

3a JIOIIOMOTOI0 3a JOIIOMOTOI0
PiBHAHBb-HACIITKIB PiBHOCHMJIBHUX IEPETBOPEHb
l IlepeTBOpEHHSA, II0 TaPAHTYIOTH VYpaxyBanua O3 moyaTKoBOTO
: 30epesKeHHs MMPaBUJILHOI piBHOCTI PiBHAHHA

IlepeBipka KOpeHiB miicTaHOBKOIO @ Sbepexcenns na OJ[3 npasuabHOL pis-
PeB1b P A lT HOCTi IIpM IPAMHUX i 3BOPOTHUX IIepe-

B IIOYATKOBE PiBHAHHS
@ TBOPEHHSAX

\J
| 3aCTOCYBaHHAM BJIACTHUBOCTEH (yHKIii

@ — MOYaTKOBe DPiBHAHH;

@ — PpiBHAHHS, OJlep:KaHe B Pe3yJIbTAaTi IIepeTBOPEHHS MOUYaTKOBOTO;

l,T — CHUMBOJIiUHe 300pa’KeHHA HAIPAMKY BUKOHAHHUX II€PETBOPEHb
5. 3aMiHa 3MiHHMX
OpienTup ITpuraanx

AKWo [0 piBHAHHSA (HepiBHOCTI
abo TOTOXHOCTI) 3MiHHa BXOLWUTb
B OfIHOMY 1 TOMY CaMOMy BUIs-
O, TO 3py4HO BIAMNOBIAHWI BMPa3
3i 3MIHHOK MO3HAYUTU OAHI€I0
BykBOlO (HOBOIO 3MiHHOIO)

®00000000000000000000000000000000000000

. . 4 2
Poss’sokiTe piBHanEa x~° —3x°—-4=0.
Poss’szanna

2
» Bawmima: x2=¢ (Toxi xt=(x2) =42 ).
t2-3t-4=0; t,=-1, t,=4.
1. IIpu t=-1 maemo x2=-1 KOpeHiB HeMmae.

eecccccccccscccscccce
eeccccsccccccccsccss e

2. IIpu t=4 maemo x2=4, Tomli x=42.
Bidnosgidv: +2. <

6. CxeMa nowyKy nJaHy po3B’A3yBaHHA HepiBHOCTEM

| Po3B’sa3yBaHHs HepiBHOCTEI |

- T

3a OIIOMOTOI0 PiBHOCUJIBHHX II€PeTBOPEHb 3a IOIIOMOT'0OI0 METOXy iHTepBaJiB ( flx)2 O)
Vpaxysanua O3 mouaTkoBoi 1. 3matitu OI3.
HepiBHOCTL 2. Buaiitu myx @yskmii: f(x)=0.

- 3. Ilosnaunru mHyni Ha OJI3 i sHaliTH 3HAK
36epesxenna Ha O[3 mpaBuibHOI

HepiBHOCTI Ipu IpPAMUX
i 3BBOPOTHUX IIePETBOPEHHAX

S

dyuruii f(x) y KoxHOMY IpPOMiKKY, Ha
aki OI13 po36uBaeThLCA HYJIAMMU.

4. 3amucaTy BiAmOBiAL, YpaxoBYyIOUM 3HAK 3a-
IaHol HepiBHOCTI.

«—
-

— II0YaTKOBa HEPiBHICTb;

OO

— HepiBHiCTH, OfepsKaHa B pe3yJbTaTi MepPeTBOPEHHS MOYATKOBOI;

l,T — cuMBOJIiUHe 300pa'KeHHs BUKOHAHUX IIePEeTBOPeHb (i3 BKAs3iBKOIO I[OJI0 HAIPAMKY iX BHU-
KOHAHHSA)
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7. MeTop iHTepBanie (po3B’asyBaHHA HepiBHocTel Buay f(x)=0)

IInan Ilpuraan
2
-1
1. 3mnaiitu O13. Posps’s:xiTh HepiBHiCTH x_z >0.
2. 3mnaiitu HyIi QyHKIIT: Pose’azanna (x+3)
f(x)=0. x® -1

3. Hospauntn nyxi Ha O3 P Hexait f(x)= (z+3)°
i sHaiitn smak f(x) y xomx-

2
HOMY IpPOMikKY, Ha aki O3 1. O13: (x+3)" 20 , OToKe, X#—3.

po30uBaETHLCA HYJIAMHU. 2. Hyni ¢ymkmii: f(x)=0.

4. 3anucatu Bigmomixe, ypa- +2.1 )
XOBYIOUHM 3HAK 3a/aHOI He- =05 x"-1=0; x;,=-1, x,=1 (8Bxozare go O/13).
piBHOCTI (2KW0 p036'a3yemMO (x+3)

Hecmpozy HepiéHicmb, MmO
8ci HYai QyHKuYil caid exaio- | 3. O
yumu 0o 6i0nogioi). -3 -1 1 x

Bidnogidv: (—o;—3)U(=8;-1]U[1;+). <

8. Teopemu npo piBHOCM/IbHICTb HepiBHOCTEM

1. ko oOMABI YaCTMHU HEPiBHOCTI MOMHOMKHU- |, 2. SIKII0 00MABI YaCTUHU HEPiIBHOCTI MOMHOMKU-

T a60 MOTIJINTH HA OHE i Te came JOJaTHE Ti a60 MOJITUTH HA OJHE ¥ Te came Bix eMHe
yucgo (abo Ha 00HY UL my camy QyHKyiro, yucgo (abo Ha 00HY UL my camy QyHKyiro,
wo eusHaveHa i dodamua Ha OJ]3 3adanoi wo eu3HaueHa i 8id’emna Ha O[3 3adanoi
HepigHOcmMi), He 3MIHIOIOUM 3HAK HEPiBHO- HepigHocmi) i 3MIHUTH 3HAK HEPiBHOCTI Ha
CTi, OIePsKUMO HepiBHiCTH, PIBHOCUIBHY 3a- NPOTUIEIKHUI, OJep:KuMO HepPiBHiCTh, piB-
maniii (Ha O3 3amaHol) HOCMJBHY 3amaHiil (Ha O3 3amaHoi)

NMOACHEHHA M OBI'PYHTYBAHHSA

MeTop iHTepBaniB 2) armo rpadik 6e3 po3pUBy NePeXOIUTh i3
Po3B’a3yBaHHS HepiBHOCTeil MeTOZOM iH- HIDRHBOI MIBITOMMAY Y Bepxiio (abo Ha-
TepBaJiB CIMPAEThCA HA BJIACTHBOCTI (PyHK- BaKu), ane ToAi Tpadix meperuHae
i, mos’sA3aHi 3i 3MiHOIO 3HAKIB (QYyHKIII. Bick Ox (AK y BUnagKy QyHKIil y =2x -2,
IToacruMoO 1i BIACTMBOCTi, BUKOPUCTOBYIOUN puc. 3.1, 0). Ha oci Ox sHaueHHA QYHK-
rpadikm BimomMmx Ham (PYHKIIf, HAaIpUKJIIa[ uii popisuiooTs Hyio. (Haragaemo, 1o

3HAUEHHSA apryMeHTa, IPU AKUX (PyHK-

1 .
yZ; 1 y=2x-2 (puc. 3.1). I[is IIepeTBOPIOETHCA HA HYJIb, HA3WBA-

Posraagaroun ni rpagiku, momiuaemo, I0Tb HYyLAMU d)ymfuu.) OT’.RUe’ 6ym:-.ﬂlca
1m0 (PyHKIIigA MOKe 3MiHUTU CBifi 3HAK TiJIb- (yHEILin MOMe 3MIHUTH CBilf 3HAK TiNb-
KU y TBOX BUMATKAX: KM B HyJaX a0o0 B TOUKaX, /ie pPO3pHBa-
1) saxmo rpadik pospusBaeTbca (AK y BUIAL- erbca rpagixk ¢Qysknmii (y rax sBaHUX

1 31 moukax po3pusy cpymcuii*).
Ky QymEmi - (puc. 3.1, a) — rpa Touku, y AKUX PO3PUBAETbCA rpadik
¢ix pospuBaeThca B Toumi 0, i 3HaK dyurmii f(x), Mu BUOKpeMJIIOEMO, K IIpa-

¢yHKIiI 3MiHIOETHCA B TouIi 0); BUJIO, KOJIM 3HAXOAUMO 00JIaCTh BU3HAUEHHS

* JokJamHiIme Ie MOHATTS Oyae PO3IJISHYTO B PO3Aiai 5.
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Y

Puc. 3.1

- 1
miel dyuknii. Haopukaan, akmo f(x)=—,
X
TO ii o0s1acTh BusHaueHHda x =0, i came B TOU-

mi 0 rpadix ¢yHKIii pospmBaeThbca (ZUB.
puc. 3.1, a). K10 X Ha AKOMYCh ITPOMIiKKY

3HaK (yHKIil 3minuTuca He mMoxke (I Tomy
el 3HAK MOJYKHA BU3HAYUTU B OyIAb-AKil
TOYIIi 3 I[OTO IIPOMIKKY).

Ilnau i opukaan po3B’sI3yBaHHSA HEPiBHO-

cTeli METOJOM iHTepBaJIiB HaBeIeHO B m. 7
Tabi. 6.

obJiacTi BusHaueHHsa rpaixk GpyHKIIl He pos-
puBaeThcsa i PYHKIiA He HOPiBHIOE HYJIIO, TO
32 HaBEACHUM Bmt.le BHCHOFROM BOI?% He Mo- -\ [leTanbHe NOSICHEHHS 1 OOrPYHTYBaHHS MeTO-
Keé B IIbOMY IIPOMIKKY 3MIHUTH CBIU 3HAK . UJ [liB pO3B'A3yBaHHSA PiBHsSHb | HepiBHOCTEN Ta
Orxe, AKIMO mosHauMTH HYyIi QyHKNil Ha Ii [0AATKOBI MPUKNAAM iX PO3B'A3yBaHHA Pi3HU-
obJacTi BU3HAUEHHS, TO 00JIaCTh BU3HAYEHHS MW MEeToAaMU HaBe[eHi B iIHTepHeT-NiATPUML]
po3i6’eThcsa HA TMPOMIKKU, ycepeAuHi AKUX nigpyYHMKa.

1. TlosAcHITH 3MiCT IOHATDL: «KODiHb PiBHAHHSA», «PO3B’A30K HEPiBHOCTI»,
«pO3B’A3aTU PiBHAHHS YU HEPiBHICTb», «00JaCTh JOIYCTUMUX 3HAUEHD

3anumaHHs ; ) : i A . .
plBHHHHﬁ aun HeplBHOCTl», <<p1BHOCI/I.TIBH1 plBHHHHH uun HeplBHOCTb).

2. ChdopmyaoiiTe BijoMi BaM TeopeMH PO PiBHOCHJILHICTH DPiBHAHD
i piBHOCUABHiCTE HepiBHOcTe#. IlpoimtocTpyiiTe iX HA HPUKJIaLax.

3. CdopmymoiiTe maaH po3B’sA3yBaHHA HePiBHOCTEH MeTOZOM iHTepBa-
aiB. IIpoinmfocTpyliTe BUKOPUCTAHHA IIHOTO IIJIAHY Ha ITPUKJIAI.

4. TloscHiTh Ha IpUKJIafaxX, SK MOKHA BUKOHYBATH PiBHOCHJIBLHI Ilepe-
TBOPEHHSA PiBHAHDb 1 HEPIBHOCTEHN y TMX BUIIaJKaX, AKi HE ONMCYIOThH-
cA BiloMMMHU TeopeMaMu PO PiBHOCUJIBHICTS.

5. [aiiTe osHaueHHsA PiBHAHHA-HACTIAKY 3ajaHoro piBHAHHA. IlogcHITEH
Ha TPUKJIai, K MOKHA PO3B’A3yBaTH PiBHIHHS 3a JOIMOMOTOI0 PiB-
HAHBL-HACJJIIKiB.

BuABiTb CBOIO KOMMNETEHTHICTb

6. Jlobepits BnacHi mpukraazu o Tabaumni «[IpUYMHKM TOSABM CTOPOHHIX
KOPEeHIiB i BTpaTu KOPEeHiB Il uac po3B’sI3yBaHHA PiBHAHBL» (AUB. iH-
TEePHET-TiATPUMKY ImigpyuHuka). IIoAcHiITH, AK Yy KOKHOMY BUHAIKY
oJlep:KaTH IpaBUJIbHE (UM IOBHE) PO3B’A3YBaHHA DiBHAHHAI.

*

VY posgini 5 Mmu yrourumo (GopMyar0BaHHS Ii€l BJIACTHUBOCTI (TaK 3BaAaHUX HelepepBHUX (MYHKIiH).
Ina Beix BimomMux BaMm QYHKIIN (MiHIAHMX, KBaAPAaTUUYHUX, CTEIEHEBUX, NPOOOBO-PAIliOHAIBHUX)
IId BJIACTUBICTL Mae Miciie.
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Bnpabu

3.1.

3.2°.

3.3

3.4°.

3.5,

3.6.

3’dacyiiTe, uu € Apyre PiBHAHHA HACJIiAKOM IIePIIOro, 4 € Iii piB-
HAHHA PiBHOCUJIBHMMK. BiamoBigb oOIpPyHTYyIITE.
1) 2x®-8x-9=0 i x*-4x-4,5=0;
x® -4 . 2

2) 2—=0 i x“-4=0.

x°-5x+6
OOTpyHTY#iTEe PiBHOCUJIBHICTh PiBHAHD:
1) 5x—-8=T7-3x i 5x+3x=7+8;

2) (2x-1)(x2+5)=x(x%+5) i 2x-1=x.

3HaigiTe obsacts gonyctumux 3HaueHb (O/13) piBHAHHA:

1) x—5_2x—3=0; ;”.J;=3x_6;
x+2 x x-1
2) 2x+1  x ~0; 1) /x2+ _x-5 0.
3 x®+1 x+4

O6rpyuTyiiTe, IO 3aJaHi PiBHAHHS He € PiBHOCUJIbLHUMI:

1) x%+ =9+ i x2=9;

x+3 x+3

2) (26-1)(x2-5)=x(x2-5) i 2x-1=x.

IloscHiTh, SKi mepeTBOpeHHs OyJI0 BUKOPHCTAHO MiJl Uac IIEPEeXOony
BiJl mepIoro piBHAHHSA OO0 APYrOro i UM MOKYTH BOHU HPUBOLUTU IO
HOPYINEeHHS PiBHOCUJILHOCTI:

1) 3x+1,1=6,8-2x i 3x+2x=6,8-1,1;
x“-81

+3x%2-1=0 i x-9+3x%2-1=0;
x+9

2)

3) +x=3 i 5+x(8x-1)=3(8x-1);

3x-1

4) Vx?2-1=x-21i x2-1=x%-4x+4.

Busnaurte, un € piBHOCMJbHUMU 3anaHi piBHAHHA Ha O3 mepimoro
3 HUX:

1
1) b—x=x+7 i b—-x+ =x+T7+ ;
x—3 x—3
gy 1272% _ X5 4 49 9x-x-5;
x—2 x—2

3) 6-x=10 i 6-—x+Jx —Jx =10;

4) (x2+2x-3)(x%2+6)=5(x2+6) i x2+2x-3=5;

2
5) x®—1=6x-1 i ~—L1-6x71
X X
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3.7.

3.8.

3.9.

3.10.

3.11°,

3.12%,

3.13°.

3.14.

Po3p’sokiTh piBHAHHA 1 BKaXKiTh, AKe IEePETBOPEHHS MOIJIO IIPUBECTH 0
TOPYIIIeHHA PiBHOCUJILHOCTI:

8 bH5H-x 8+3x 7 1 6 x—4
) —=——= —x; 3) —= _ :
x 2 x x+3 3-x x2-9 3+x
2
-2 4— 2— 1 - 1
2) £+(x ) +8:( x)( x); 4 Lx 6 _ 1.
4 x x x-2 3x2-12 2-x

Po3p’sikiTh piBHAHHA 3a JOMOMOTOIO0 PiBHAHB-HACHIAKIB i BKayKiTh, AKe
IEPETBOPEHHA MOTJIO IPUBECTU IO IOPYIIEHHS PiBHOCUJIBHOCTI:

1) 8x++Jx—-2=6x-1+Jx-2; 3) Vv3-2x =1-x;
2) V2x+5 =x+1; 4) V5+x% =x-4.

Busuaute ymoBy, 3a AKOI € piBHOCUJIbHUMU DPiBHAHHA:

1) f(x)3=g(x) i P = g(x)-(20-3);

2) flx)+Jx =g(x)+x i flx)=g(x).

3’sAcyiiTe, UM MOKe BigOyTHCs BTpaTa KOPeHiB abo IMosiBa CTOPOHHIX KO-
PeHiB, AKIIIO:

1) piBHAHHA (x2 + 7) f(x)=4x2 +28 saminutu pisaaram f(x)=4

2) piBuasra (x—1)-f(x)=(x-1)-g(x) saminuru piBramram f(x)=g(x);

3) piBHAHHA flx) = glx) saminnTu piBEaEEaM f(x)=g(x);
x+3 x+3
f(x)

4) piBHAHHA =0 saminuTu piBHaEHAM f(x)=0.

3x°+5
Posp’sokiTs mepiBHocTi 3.11-3.12 gBoma crmocobamm: 3a JOIIOMOIOI0 PiB-
HOCWJIbHUX IIEPETBOPEHb 1 METOAOM iHTepBaJIiB.

2_ 2_ 2
1) x—4>0; 2) 2 1 : x-25 ; 4) _xTH2
x*—3x-4 x+2 x-3 (x+5)(x-4) x®-2x-8
1) x4—5x2+4<0; 3) ﬂ>x3;
X
2) 9x1-10x2+1>0; 4) (x® +4x2-5)(x® +4x+3)<105.

3HaigiTh 00aCTh BU3HAUEHHA (PYHKILII:

x-4 2x—x%-1 6 2 _7x+12
1) y=,/ — 5 2) y=,/2— ; 8) y=,5-x-—; 4) y= /xz—x
x° -4 x°+3x+2 x x°-2x-3

BuaBiTb cBOlO KOMMETEeHTHiCcTb

ITepeGyBatoun 3a KODPIZOHOM, BU MOKET€ KOPUCTYBATHCS IIOCAYTaMU OIHO-
ro 3 ABOX MOOiLJIBLHUX omeparopiB. Ilepmumii mpomonye cmiauyBatu 10 rpH
3a IepINy XBUJIWHY i 2 I'PH 3a KOXKHY HACTYIIHY XBUJIWHY PO3MOB, a APY-
ruii — 7 TpH 3a Ieplry XBUJIMHY i 3 I'DH 3a KOXKHY HACTYIHY XBUJIUHY.
3a IpOoMo3UIiAMI KOKHOTO oIepaTopa CKJIALITh (PYHKI[II, SKi BupaKamoTh
BapTicTh PO3MOBU 3aJjieKHO Bif ii TpmBasiocti. [lo6yayiiTe B ogHi#l cucTemi
KoopAaumHAaT rpadiku o60x (PyHKIIil, BBasKAaOUM, III0 TPUBAJIICTh PO3MOBHU He
nepeBuinlye 6 xB. KUl BUCHOBOK MOKHA 3POOMTU CTOCOBHO OOITiJILHOCTI
BUKOPUCTAaHHS TOCJYT KOYKHOI'O oreparopa?



3ACTOCYBAHHSA BJIACTUBOCTEN ®YHKLIN
OO PO3B'A3YBAHHSA PIBHAHb

Tabaumna 7

1. CKiH4yeHHa O/3
OpienTup IIpukaan

: Akwo obnactb  JONyCTUMMX * Va2 —1+x=1+v2-2x2 .
i 3HadeHb (%}JS) piBHFIHI)-lﬂ (He- ¢ > o3 x2-1>0, o £2>1
. piBHOCTI abo cuctemu) ckna- - :

: P o : 2-2x2>0 |x?<1
: [aETbCA 3i CKIHYeHHOro Ymcna - '
© 3Ha4yeHb, TO [ONA  PO3BA3Y- : ITepesipka.

BaHHA [OCTaTHbO nepeBipn- ¢ x=1 — Kopiub (\/6+1=1+\/6; 1=1),
; TV BCI Ll SHaeHHA P x=-1 —mee KOpeHeM (x/6—1¢1+\/0_).

Bionogiov: 1. <
2. OuiHKa 3HayeHb NiBOT Ta NpaBOi YaCTUH PiBHAHHA

o xl=1loxtl.

OpienTup ITpukman

f(x)=a, 1-x? =1+ | x| .

flx)=g(x) | & {g(x)za
flx)>a > f(x)=1-x%2<1,

glx)= 1+J|x| >1 (ockinbku 1/|x| =0).

: flkwo notpibHo po3s’A3aTV  PiBHAHHA BKAy -  OTske, 3amaHe DiBHAHHA PiBHOCHJIbHE

gx)<a

flx)=g(x) i 3'scysanocs, wo f(x)>a,:  cuCTeMi piBHAHD
: g(x)<a,70 piBHicTb MiX NiBOK | NpaBoK YacTu- : 1-x%2=1, o
: HamMM MOXJMBa Togi M Tinbku Togi, konm f(x) : 1+ x| :1@36_ .
|1 8(x) oaouacio popenooTe @ ...} Bidnosiow: 0. <
2
i)+ (x)+...+f,(x)=0 | & f,(x)=0, Jx-2 +|x2_2x|+ (x2-4) =o0.
£,(x)>0, R(x)=0, | p r(x)=Jx-2>0, f, (x)=| x? —2x|>0,
........... \
f,(x)>0, f, (x)=0. fy(x)=(x2-4)">0.

Omxe, 3amaHe PiBHAHHS PiBHOCHUJIbHE CHCTE-
fn(x)>0 \/x—2 =0,

Mi piBHAHB | x%—2x | =0,

: . : . . 2
¢ CymMa KifIbKOX HeBIO'EMHUX (PYHKUIM  OOPIBHIOE ¢ (x2_4) =0.

¢ HyMo TOAi W TiNbKW TOAi, KONW BCi dyHKUiT oa- : .
. . ¢ . I3 mepiroro piBHAHHS ofepP:KyeMoO X =2, 110
{ HO4aCHO LOPIBHIOIOTH HYIIO

S eeciecsccaciacsecsncsncssssiesesscsscsscsscsscsscsccscess | BANOBOJBHAE I PEINTYy PIBHAHL CHCTEMIH.
Bidnosgiov: 2. <
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3. BuMKOpMCTaHHA 3poCTaHHA i cnagaHHA YHKUiM

Cxema po3B’si3yBaHHSI PiBHAHHS

1. ITio6upaemo o0ur abo Oekilvbka KOPEHi8 PIBHAHHA.
2. Tosodumo, w0 iHWUX KOpeHi8 ye DiBHsAHHA He Mae (BUKOPUCTOBYIOUM TEOpPeMU PO KOpeHi
piBHAHHA a00 ONMiHKY JiBOI i mpaBoi YacTUH PiBHAHH)

TeopeMu mpo KopeHi PiBHAHHS

Yy ~ 1. Axmo B piBaanni f(x)=a ¢ysruia f(x) spocrae (cnapae)
s\@ / HA IeTKOMY IIPOMIiKKY, TO Ile PiBHAHHA MOKe MATH He OiabI
Qf/ Hi’K OUH KOPiHb HA IOMY IPOMIiKKY.
=a
Y a ITpuxnad

ITpurknad

PiBuanusa \/;+2x3 =3 Mae enuHNN Kopiup x =1 (\/I+2~13 =3,

0670 3=38), ockimpku Qyukmia f(x)=+x +2x3 3pocTae Ha
BCii obOsacti BusHauenusa x>0

2. Axmpo B piBuaani f(x)=g(x) dyreuia f(x) spocrae Ha ne-

0
y
N / AKOMY TPOMiKKY, a pynkmia g(x) cmagae Ha mpomy camomy
/ Q/)/ npoMikKy (a0 HaBmaKm), TO Ile¢ PiBHIAHHI MOKe MaTHU He
OiBII Hi’K OWH KOPiHB HA IIbOMY HMPOMIiKKY.
a

Pismanua Vx +x° =3—x mae eIuHUN KOpiHb x =1 (\/I+ 13=3-1,
To6T0 2=2), ockimpru f(x)= \/; +x? 3pocTae Ha Bciit obsacTi

pusHaueHHa (x=>0), a g(x)=83-x cnagae (ma mHOxuHI R,
a omke, i mpu x=>0)

MOACHEHHA 1 OBI'PYHTYBAHHA

CkiHyeHHa 043

Haranmaemo, 1m0 B pasi, Koau 3agaHO PiB-
uanaa f(x)=g(x), cninery 0O61acTs BH3HA-
YeHHS OJIA (PYHKITIN f(x) i g(x) Has3nuBaiOTh
obracmio Odonycmumux 3HAYEHb IIHOTO PiB-
HAHHA. 3PO3yMijo, II[0 KOXKHUUA KOPiHb 3aja-
HOrO PiBHAHHSA BXOOUTH SAK OO0 00JIaCTi BU3HA-
yeHHA (QYHKITIL f(x), Tax i mo obsacri BusHa-
uyenHsa ¢yukuii g(x). Omxe, KoxcHUiL KOpiHb
Ppi6HAHHA 0006'23K080 6x00umv do O[3 uyvozo
piensanus. Ile no3Bossie B AesIKUX BUMNAIKaX,
anajisytoun OJ[3, omep:;kaTum PO3B’ABKU PiB-
HSIHHS.

Hanpukiman, AKImo 3amgaHO pPiBHAHHA
Vx—2 ++4-2x =3x-6, To itoro OI13 moxxHAa
3amucaT 3a JOIIOMOTIOI0 CHCTEeMH HePiBHO-
x—220,

cren {4—2x >0.

PosB’s3youn I[I0 CHUCTEMY, OIEPKYEMO:

x=>2,
{x<2, To6T0 x=2. OTiRKe, OII3 BamaHOTO
PiBHAHHS CKJAaJAa€TbCsS JUINE 3 OJHOTO 3HA-
yeHHA X=2. AJle AKIIO TiIbKU OJIsI OJHOTO
yurcJia IOTpiOHO 3’sdAcyBaTH, UM € BOHO Kope-
HeM 3aJaHOT0 PiBHAHHS, TO AJIA IIHOTO [O-
CTAaTHBO IIiICTABUTU Ile 3HAUEHHS B PiB-
HAHHA. ¥ pe3yJjbTaTi Ofep:KyeEMO IIPABUIBHY
yucaoBy piBuicts (0=0). OTike, x=2 — Ko-
PiHb IIbOTO PiBHAHHS, IHINUX KOPeHiB OyTu
He MOJKe, OCKiJIbKM BCi KOpeHi piBHAHHS PO3-
ramoBaHi B #ioro OJ/I3, a TamM Hemae iHITHX
3HaUYeHb, KpiMm x=2.

PosrnanyTuit npukIan 03BOJSIE BUIIIN-
T OPi€eHTUP, HaBedeHuu y m. 1 Tada. 7.



§ 4. 3acTocyBaHHA BNAaCTMBOCTEN (DYHKLiIM OO PO3B'A3yBaHHSA PIBHAHD

- ] @ 3 0bOrpyHTYBaHHAM IHWNX OPIEHTUPIB

3aCTOCYBaHHSA BNAaCTUBOCTEN YHKLIN

3ayBarKeHHA. ¥ TOMY BHIIAAKY, KOJU U) 0719 PO3B’'A3yBaHHSA piﬂBHﬂHb i loaaTKo-
O3 — mopoKHsS MHOKHUHA (HE MiCTUTB KO- BUMW NPUKNaaaMi IX: BUKOPUCTaHHS
HOT'O 4mCJja), MU MOKEMO OApasy JaTH BiAmo- MOXHa O3HaMOMUTUCA, 3BEPHYBLINCE

Bifb, IO 3aJjaHe PiBHAHHSA He Ma€ KOPEHiB. AO IHTEPHET-NIATONMKI TIAPYHHMKA.
CnpobyunTte NpoBecTn Take ObOrpyHTY-

BAHHSA CAMOCTINHO.

NMPUKNAA PO3B’A3YBAHHA 3AB/JAHDb

Jx +23 = Jy +1°,

MpukAad PosB’s:KiTh cucTeMy PiBHAHD
p x% +3y? =36.
Po3B’a3anHa Komenrap
x>0 Imoxi BiacTuBoCTi (GYHKIIINH yaaeThbCcs
» OI13: {y> 0’ BUKODHUCTATH MiJ uac po3B’sA3yBaHHS

CUCTEeM piBHAHB. SIKIIO mOMiTUTH, IO
B JIiBi#l 1 mpaBiii wyacTMHaX IIEPIIOro
PiBHAHHSA 3aJaHOI CUCTEMU CTOATH 3HA-
yeHHA onxHiel i Tiel K QyHKII, gxa
mamoi cucremm, sike mae surian f(x)=f(y), pisHo- ' ¢ 3pOCTAIOUO0I0 (AK CyMa JBOX 3DPOCTAIO-
cuibHe piBHAHHIO X =y . Orike, Ha O/13 sajama cucre- | .o QyHERIii), TO pigHicmb f(x)zf(y)
X=Y, ons  3pocmawuol QYHKUIL MoKHCIUBA
x? +3y® =36. modi i minvku modi, Koau XxX=Yy,
OCKiNbKU 00HAKOBUX 3HAUEHb 3POCMAI0-
wa QYHKUiA Modce Habysamu mMIiLbKU
npu o0Homy 3HaueHHi apzymenma. (3a-
YBajKMMO, II[0 TaKa caMa BJIACTUBICTb
Bionosidv: (3;3), <] MaTuMe Micie i Jia cuamgHol QyHKII.)

Posrasaemo dysKIio f (t)=\/? +13. Ha cBoiit o6acri
BU3HAYECHHS (t = O) A QYHKIIA € 3pocTapdoio (AK cyMa
IBoX 3pocrarouux (GyHKIi). Tomxi meprre piBHAHHA 3a-

Ma piBHAHB PiBHOCHUJIbHA CHCTEMi {

IligcraBnaroun X =Yy y Apyre PiBHAHHSA CUCTEMU, Mae-

MO 4!/2 =36; y2 =9; y=213. Ypaxosymwouu, mo ua 013
y=>0, omepxyemo y=3. Togi x=y=3.

3ayBaxeHHA. Ilixg yac po3B’sA3yBaHHA 3aBIaHb MOKe OYTH BUKOPUCTAHO TaKe
TBepAKeHHA: aKwo Qynruis f(x) e spocmaruor (abo cnadnoi ) Ha neewiii MHO-
scuni, mo na yiit mroxcuni f(a)=7(p)e o=p.

1. IloacuiTe Ha IpuKJgagax, dK MOMHA BUKOpPpHUCTaATHU BJIACTUBOCTI

3anumaHHg GYHKIIA 10 po3B’sI3yBaHHS PiBHAHB.
2*. O6rpyHTyiHTe IPaBUJIBHICTE OPi€HTHDIB AJIA PO3B’A3YyBAHHS PiBHAHD
i3 BUKOpPHCTAaHHAM BJIACTUBOCTeN (DYHKIIiil, AKi HaBemeHo B TabJ. 7.

Posp’skiTe piBHaHHA 4.1-4.4, BUKOPUCTOBYIOUM BJIACTHUBOCTI BiAIo-
By\pa&( BiZHUX (QYHKITilA.

4.1°, 1) Jx—-2+x2=V8—4dx +x+2;
2) 2x+Vx2-9 =x2+18-2x2 -3;
3) V1-x2 +\1+8x +\4x?+y2 -2y -3 =v/x* -1 -2y +3.




Po3gin 1. @yHKLii, MHOFOYIEHW, PIBHAHHSA | HEPIBHOCTI

4.2. 1°) Ja+x? =2-x%; 3%) x®4 = =1-2x—x?;
x

2°) 1+|x%+3x[=1-x2 ; 4% 2x+\/;_x=2—|2x—1|.
4.3. 1) |x®-Tx+12|+|x®-9]+|6-2x|=0;

2) |x+2|+|y—5|+|2x%-8|=0;

3) JI-y +Vx2-9 +Vx2-3x =0;

4) M+M+m=0;

5) x®+y® +5=4x+2y;

6) 3x%+y%+22°2=4y—6x-122-25.
4.4. 1) Jx-2+Jx-6=2; 4) Jﬁm:%;

2) x+Vx +2°=3; 5) mﬂ—\/ﬁz%;

3) 2Jx+1+Jx+9=5-x;  6) 2x++/x =10-x .
4.5%. Po3p’sxiTh cucTeMy piBHAHB:

1) {x+x5 :y+y5,

3) Jx®-y®=y°-x°,
x*+3y=10;

2 +y?=1;

2) {x/;—x= -y -y,

x® +y3 =-16;

4:) {@‘\/@Zx—y,

3x?2 —y2 =8.

BuABiTL CBOIO KOMNETEHTHICTb
Posrasubre rpadik (puc. 4.1), 110 iT0CTPpye BUPOOHUIITBO €JI€KTPO-
emeprii B Ykpaiui (mapzg. xBrrox).

1) 3Bmaiizite obracTs
Bupo6HUIITBO esleKTpoeHeprii

BU3HAUEHHS (PYHKIIiI, IO
300paskeHa Ha rpadiky.

300

B YKpaiHi, mupg kBr-rox

. . 7y
2) §Ika kinbKicTh 275 \
eJeKTpoeHeprii BupoObiAIaca 250 '\
B Ykpaiui B 1995 p.? 225 \
3) V axuii me pik BupOOLIAIOCT 200 \/ T
CTiIBKM 2K eJIeKTpOeHeprii, 175 Nregememens T
ak y 1995 p.? 150
4) Yu Oyau poKU, KOJIU 125
eJIeKTPOoeHeprii BUPOOIAIOCS 0 0O N WD DN WO 0D N
. VNN OO OOO =
MEHIIIe H1)K DO OO OO OO0 O
Y = = == QTN AN AN AN AN AN N
150 muapa. xkBr-rox?
Puc. 4.1

5)

YV dKi poKu eJeKTpoeHeprii
BUPOOJIAIOCA OibIlle HixK
200 mapa. kBrrog?



FPA®IKN PIBHAIHb | HEPIBHOCTE 13 ABOMA 3MIHHUMMU

Tabuumna 8

1. Fpadikn piBHAHb i HepiBHOCTeM 3 ABOMA 3MiHHMMM

OsHauveHHA. I'pagirom piénanna (HepiéHocmi) 3 déoma 3MIHHUMU X i i HA3HUBAETHCA
MHOKHMHA BCiX TOYOK KOOPAMHATHOI ILIOIWHHU 3 KOOpAMHATamMu (x;y), /e mapa 4mcel
(x; y) € PO3B’SI3KOM BiAIIOBigHOTO piBHAHHA (HepiBHOCTI).

I'padikn nesxkux piBHAHB i HepiBHOCTeH

YT y=rw . Y
yy‘ ! x>a x<a ﬁ

y<f(x) ®
0 x 0 a x 0 |a X

IleperBOpeHHS ITpuraanx
3)? 2)’=R? R=1
F(x-a;y-b)=0 y (x-38)"+(y—-2)"=R", R=

ITapanenvue nepeHecenHsa rpadira piBHAHHA
F(x;y)=0 na serxmop ri(a;b)

F(|x|;y)=0

Yacruna rpadika piBHgHHA F (x; y)=0 npa-
sopyu 6i0 oci Oy (i Ha camiit oci) 3anuwaemo-
ca 6e3 3MiHU, i ysa cama wacmuHa 8i0obpaxcy-
emoucsa cumempuyHo 8i0HocHo oci Oy




Po3gin 1. @yHKLii, MHOFOYIEHW, PIBHAHHSA | HEPIBHOCTI

F(x;

yl)=0

Yacruna rpadika piBHAHHA F(x; y):O suwe
8id oci Ox (i Ha camiit oci) sanruwaemovcs 6e3
3MiHU, i UYa cama YacmuHa 8i0o0paxcyemuvcs
cumempuiHo 8i0HocHO oci Ox

’ ly[=1-«"

VN
N2

y=1-x

0 \ x

Yy
1
1/

.\ [etanbHa iHbopMaLia npo rpadiky piBHAHbL | HEPIBHOCTEN 3 ABOMA 3MiHHUMM

&

Ta reoMeTpUYHi NepeTBOPeHH: rpadika PIBHAHHA F(x;y)zO, a TakoX OOrpyH-

TYBaHHSA BiAMOBIAHWX BNacTMBOCTENM | AOAATKOBI MPWKMIAAM PO3B'A3yBaHHA 3a-
BLAHb HaBefeHi B iIHTEPHET-NIATPUMLI MiAPYYHMKA.

NMPUKNIAA PO3B’A3YBAHHA 3ABJAHb

Mpuxaad

IlokaKiTh MmMTPUXOBKOIO Ha KOOPAWHATHINA ILJIO-
ITWHI MHOKUWHY TOYOK, KOOPAMHATH AKUX 3a]0-

x%+y<0,
x—-y<2.

BOJIbHSIOTH CHUCTEMY HepiBHOCTEH

Po3B’a3zanna

P Bamama cucrema piBHOCHJILHA CHCTeMi He-

. . <—x2
pierocreit {YS7% >
y>x—2.
300pasumo Ha puc. 5.1 MITPUXOBKOI rpadiku
HepiBHOCTEN cucTemMu (Ieprioi — BePTUKAIb-
HOIO, IPYroi — TOPM30HTAJIbHOIO):
yN y=x-2,
0 7
4
1IN\ 2 x
\/
/ 7/
/ _
1 2
"4
7 y:—xz
7
Puc. 5.1

Toxi MHOMKMHA TOYOK, KOOPAWHATH AKUX 3a-
IOBOJILHAIOTH CUCTEMY, Oyae Takoio (puc. 5.2):

y /
Ty=x-2
0 oY
L2 x
’
4
7T-2
7
4 yz—x2
Vs

Puc. 5.2 <

Komenrap

Ilepenuinemo 3amaHy cucteMy HepiBHOCTeH Tak,
06 HaMm OyJio 3pyuHO 300paskaTu rpadiku sama-
HUX HepiBHocTell (TOOTO 3amuIeMo HepiBHOCTI
y Burmagi y>f(x) a6o y<f(x)). Muoxumowo

TOYOK, KOOPJAMHATH SKUX 3aJ0BOJbHAIOTHL HEPiB-

HicTs Y < —x? , € 00’efHAaHHA Tmapabosm Yy =—x?2

i TOYOK KOOPAMHATHOI IJIOIWHU, IKi PO3TAIIoBa-
Hi HMKUYe Bix 1miei mapaboau (Ha puc. 5.1 11a MHO-
JKMHA IT03HAueHa BEPTUKAJILHOIO IIITPUXOBKOIO).
MHoX1MHa TOYOK, KOOPAWHATH AKUX 3aJ0BOJIbHA-
I0Th HEPiBHICTHL Y >x—2, CKJIAJAETHCA 3 TOUYOK
KOOPAWHATHOI TJIOIWHU, AKi PO3TaIIOBaHi BUIIE
Big mpamoi y=x-2 (Ha PUCYHKY I MHOKWUHA
To3HAUeHa TOPU30HTAJIbHOIO IITPUXOBKOIO).

Cucremy HepiBHOCTeII 3aJ0BOJILHAITH KOOPAWHA-
T THUX 1 TIJIBKM TUX TOUOK, SIKi HaJexaThb Iie-
PEeTHHY MHOXXHMH TOUOK, IO 3aAI0OTHCA KOYKHOIO
3 HepiBHOCTell 3ajaHOl cucTeMu (HA PUCYHKY Iie-
PeTuHy MHOMKUH BiIOBimae Ta 00JacThb, e IITPU-
XOBKU HAKJIAJUCH OJHA HA ONHY).

3ayBasKMMO, II[0 B MOAIOHMX 3aBHAHHAX MOKHA
He BUKOHYBaTU IIPOMiKHUX PUCYHKIB, a Bigpasy
HITPUXYBATA IIYKAaHY MHOKUHY TOUYOK KOOPAM-
HaTHOI IUTOIUHU (BuIe Big npsamol y=x-—2
i HM:Kue Big mapaboJiu yz—x2 pasoMm i3 Tiero
YaCTUHOIO Iapadoiiu, AKa JeKUTh BUILE BiJ mps-
Mol — pwuc. 5.2).



§ 5. 'padikum piBHAHb Ta HEPIBHOCTEW 3 ABOMA 3MIHHUMM

3anumaHHg

Bnpabu

4=,

5.1.

5.2.

5.3.

5.4.

5.5.

IITo masuBaeThcA rpadikom piBHAHHA 3 ABoma 3mimHumu? Illo Ha-
3uBaeThcA rpadikom HepiBHOCTi 3 ABoMa 3mimnumu? HasexmiTh mpu-
KJIaIu.

Ak, sualoun rpadix Gyrkmii y=f(x), mobygyBaTu rpadik HepiBHO-
cti y>f (x) Ta mepiBHOCTI y< f(x)? HasexiTs OPUKJIaLU.

Ak, suatoun rpadixk piBHAHHA F(x; y)= 0, mosxkHa moOyayBaTu rpadik
pPiBHAHHA F(x—a;y—b)zO Ta PiBHAHB F(| x ;y)=0 i F(x,| y|)=0 ?
Hasenite mpukaamu.

OOTpyHTy#iTe TpaBuUja TEOMETPUUHUX IIepeTBOpPeHb rpadika pis-
HAHHS F(x; y)=0 IJad ojep:kaHHA rpadikiB TaKuxX pPiBHAHB:
F(x—a;y-b)=0, F(|x|;y)=0, F(x;|y|)=0.

IloscHiT, Ha mpuUKJIami, AK MOKHA 3HAWTH Ha KOOPAWHATHIN ILJIO-
IUHI MHOKUHY TOYOK, KOOPAWHATU SAKUX 3aJ0BOJBHSAIOTH CUCTEMY
HepiBHOCTeH i3 ABOMAa 3MiHHUMMU.

Ilo6ynmyiiTe eckis rpadixka QyHKILII:

1) y=x+—;  2) y=x-—; 8) y=attl; 4) y=xP-.
X X X X

IToGyayiiTe rpadixk piBHAHHA:

1) |y|=x—2; 3) |x|=—y2; 5) |x|—|y|=2.

2) |y|=x2—x; 4) |x|+|y|=2;

ITo6ynytiTe rpad)ik HepiBHOCTI:

1) y>x2-3; 3) x2+y?<25;

2) y<%; 4) (x-2°+(y+3)*>4.

IToxkaxiTh IITPUXOBKOIO Ha KOOPAMHATHIN IJIOIMIUHI MHOMKWHY TO-
YOK, KOODAMHATU AKUX 3a/I0BOJIbHAIOTH CUCTEeMYy HepPiBHOCTeM:

1) Jx2+y?<4, 3) Jy<s-«2,
y>x; y<-x

2) jx%+y?>09, 4) [y<b5-x,
x% +y? < 25; y=>x,

y<2x+4.

Ilob6ynyiiTe rpadik piBHAHHS:

1) |x-y|-|x+y|=y+3; 3) [3x+yl|+|x-y|=4.

2) |x-2y|+|2x-y|=2-y;

Brasiseka. [luB. po3B’si3yBaHHA aHAJOTIUYHOTO 3aBIaHHA B iHTEepHET-
OiATPUMIIL OiAPpyYHUKA.

BMABiTb CBOIO KOMMETEHTHICTb

Posp’skiTe BupaBu 5.2—5.5 3 BUKOPUCTAHHSAM KOMII IOTEPHOI IIPO-
rpamu.




IIix yac po3B’A3yBaHHSA MaTeMaTUYHUX
3aBaHb 1IHKOJIM BUHUKAa€E moTpebda OOIPYHTY-
BaTH, IO IIeBHA BJACTUBICTb BUKOHYETHCH
JJIS TOBIJIBHOTO HATYypPaJbHOTO UHUCIa 7.

IlepeBipuTu 3amaHy BJIACTUBICTH MAJIA
KOXXHOTO HaTypPaJbHOTO YKCJIa MU He MO’Ke-
MoO: ix KijgbpKicTh HecKiHuenHa. [loBOoguTHCA
MipKyBaTu TakK:

1) & MoKy IepeBipuTH, IO IS BJIACTUBICTH
BUKOHYEThCA TIpu n=1;

2) d MOXKY IIOKasaTH, IIM0 I KOXKHOTO Ha-
CTYIHOTO 3HAUEHHS 71 BOHA TeX BUKOHY-
€ThCs, OTIKEe, BJIACTUBICTL Oylge BUKOHY-
BaTHUCh IJIA KOKHOTO HACTYITHOTO YmCJa
HOYMHAOYM 3 OLUMHMIII, TOOTO AJIS BCixX
HaTypaJIbHUX YUCEJI.

Takuit cnoci6 MipKyBaHb IIPU AOBEIEeHHI
MaTeMaTUUYHUX TBEPAKEHb HA3WBAETHCA Me-
modom mamemamuyrol indykyii. Bin e on-
HUM 3 YHiBepCaJbHUX METO/iB TOBEeIeHHA Ma-

Cxema moBegeHHA
TBEPKeHb 3a JOIMOMOTIOI0
MeTOAy MaTeMaTHYHOL
iHTYyRIiT

1. Ilepesipsemo, uu BUKOHY-
€TbCA [aHe TBEPIKEHHA
npu n=1 (imoxi mnouwuna-
I0Th 3 N=Dp).

METOA, MATEMATUYHOI IHAYKUII

TeMaTUYHUX TBEePIKeHb, Y AKUX MiCTATbHCSA

CJI0Ba «IJd MOBLIBHOrO HATYPAJBLHOTO m»

(MoKJIMBO, He cPopMyaboBaHi sBHO). [loBe-

IeHHs 34 IOIIOMOTOI0 IILOTO METOLY 3aBiKIHN

CKJIQa€ThCA 3 OBOX eTalliB:

1) nouamox iHOykuyil: TIePeBiPAIOTH, YU BU-
KOHYEThCS PO3TJISAyBaHe TBEPIKEHHS
npu n=1;

2) indyxkmuseHuil nepexid: [OBOLATH, IO KO-
JU 3aJaHe TBePAKEHHS BHUKOHYETHCS
Ias k, TO BOHO BUKOHYEThCS i g k+1.

Taxum umHOM, mouaBinu 3 n=1, Mu Ha
OCHOBi [MOBeJeHOr'0 IHAYKTHUBHOTO IIEPEXOLY
OJIEPIKYEMO CIIPaBEIJINBICTh CPOPMYIHLOBAHO-
ro TBepIKeHHa miag n=2, 3, ..., TOOTO mJs
O0yAb-IKOT0 HATYPAJIBHOTO 7.

Ha mpaxTumi meit MmeTo]; 3pyYHO BUKOPU-
CTOBYBaTH 3a CXEMOIO, HaBeJeHOI0 B Tabj. 9.

Ta6aumnsa 9

IIpuxnang

HoBeniTh, 110 /I HOBIJIBHOTO HATYPaJbHOTO N

1~2+2-3+...+n(n+1)=%n(n+1)(n+2).

P Jlns 3pydHOCTi 3amKCcy IO3HAUUMO

S,=1-2+2-83+...+n(n+1).

1. IIpu n=1 piBHiCTL BUKOHYETLCA:

1-2=%-1-2-3, To0OTO 2 = 2.

2. Ilpunyckaemo, 10 3amaHe

TBEPIYKEHHA CIIpaBeIINBe
npu n=~k, ge k=1 (apy-
ruit Bapiant — npu n<k).

2. Ilpunyckaemo, I1I0 3aJaHa PiBHICTH € IMPaBUJIBHOIO
npu n=~k, ne k=21, To6TO

Sk=1-2+2-3+...+k(k+1)=ék(k+1)(k+2). (1)

3. Hlosodumo (cumparounch Ha , 3. [JoBememo, 110 3aJaHa PiBHICTH BUKOHYEThCA i mpu 7L = k+1,

MIPUIIYI[eHHs) CIpPaBeaIn-
BiCTh HAIIIOTO TBEPIKEHHS
iopu n=k+1.

TOOTO IOBEIEMO, IO
Sy, =1-2+2-8+...+k(E+1)+

+(k+1)(k+2)=%(k+1)(k+2)(k+3).



§ 6. MeTof MaTeMaTU4HOT IHYKLIT

Vpaxosytoun, mo S,,; =S, +(k+1)(E+2), i migcrasasioun

S, 8 piBHOCTI (1), omep:xyeMoO:
Skﬂ=%k(k+1)(k+2)+(k+1)(k+2)=é(k+1)(k+2)(k+3),

110 ¥ moTpi6bHO OYyJI0 MOBECTH.
4. Pobumo sucHosok, 1o gane ' 4. Or:ke, 3aJaHa pPiBHICTb IpaBUJIbHA OJA OyAb—AKOTO HATY-
TBEPAKEHHSA  CIIPpaBeIINBe panbHOro n. <|
a5 OyAb—AKOro HaTypaJib-
HOro uwmcyaa n (masa OyIab—
AKOTO N=>p)

i MNpuknagn BUKOPUCTAHHA MeTOAY MaTeMaTUYHOI IHOYKLUIT AN pO3B’'A3yBaHHS 3a-
U BLaHb Ha JOBeAEHHS HepiBHOCTEM Ta MOAINbHOCTI LiNMX YACeN HaBeLEHO B iH-
TepHeT-NATPUMUI NIAPYYHMKA.

Bukomnaiite 3aBganaa 6.1-6.12 3a 710I0MOT0I0 METOAY MaTeMaTHUUHOL

Bnpabu 6 YRR . . . _
A §+ 53 +...+ i = 1 Ipu Beix HaTypaabHUX n. JoBemiTsh.
6.2. i+ 1 +...+ 1 - , e neN . JloBemiTs.
15 59 (4n-3)4n+1) 4n+1
6 3 13 3 3 3 _ nz(n+1)2 .
3. +2°+3°+...+n —T, ne neN . [loBenmiTh.
6.4. IoseniTs: 1-2.3+2-3.4+...+n(n+1)(n+2)=in(n+1)(n+2)(n+3),
ne neN. 4

6.5. IMo6yTox 1-2-3-...-n mosHauaeThcA n! (YUTAEThCA: «n (DaKTOpia»).
Iosexith, mo 1-1!1+2-2!+...+n-n!=(n+1)!-1, e neN.
6.6. Iosexits, mo 4" >7n-5, axkmo neN .
6.7. IHosexnits, mo 2" >n®, axmo n>10, neN .
.8. Iloexirts, 1m0 mpu 6yZb-AKOMY HATYPAJIbHOMY 7 3HAUEHHS BUPA3Y:
6.8 i 6
1) 9" -8n-1 ginursca ma 16; 2) 5" +2.3" -3 pimmrTeca Ha 8.
6.9. IosexiTs, mo 3HaUeHHS Bupasy 7" +38" —2 ginuThcsa Ha 8 mpu 6yab-
AKOMY HATyPaJIbLHOMY 7.
6.10. IosexiTs, mo sHaueHHs BUpasy 2572 —7n+41 ginurscs Ha 49 mpu
6yIb-AKOMY HATyPAJBHOMY 7.
6.11. Iosexirs, mo xou a, =2, a,=8, a,,,=4a,,,;-3a,, T0 a,=3"-1,

ne neN.

\0 BuABiITb CBOIO KOMMNETEHTHICTb

6.12. 3a Temmeparypm 0 °C meraneBa peiika Mae mOBxKuHY [j=25 M,
a IPOMiKOK MiXK cycigHiMu pelikamMu mopiBHioe 12 MM. YHaCIIZOK
3POCTAaHHS TeMIIepPaTypu Bil0yBa€ThCs TEILIOBE PO3IIUPEHHS PERKH,
Ipu IILOMY II JOBXKMHA 3MIHIOETHCS 34 3aKOHOM l(t)=l0(1+(xt), Ie
0c=1,2-10_5 ocl — Koe(iI[ieHT TeImJIoBOTO POBIINPEHHS, [ — TeM-
neparypa (y rpagycax Ilenbcia). 3a saKoi TeMIlepaTypu IPOMiKOK
MisKk pelikamu 3HuKHe? BinmoBigs Bupasits y rpamycax Ilenbcis.




PoarisgaemMo omHOUYJIeH i MHOro4jIeH, AKi
3aJIeKaTh TiJIbKU Bim omHiel 3MiHHOI, HaIIpu-
KJaI Big sMiHHOI x.

3a o3HAUEHHAM OJHOUYJIEHA UmcJa i OyKBU
(v HaIroMy BUIIaIKY OfHA OYKBA — X) Y HbOMY
HOB’s3aHi TIILKYU ABOMA OiAMH — MHOYKEHHSIM
i migHEecCeHHAM OO0 HATYyPaJbHOTO CcTeleHd. SIK-
10 B IILOMY OIHOUYJIeHI MOOYTOK yCiX umceJ
s3amnucaru Iepen OyKBOIO, a JOOYTOK ycix cre-
HeHiB OYKBU 3alucaTH SK I[N HEeBix eMHUI
cTemiup 1iel OyKBU (TOOTO 3aIlrcaTy ONHOUJIEH
Yy CTaHOapTHOMY BUTJIAMi), TO OZEPKUMO BU-

pas Buagy ax" , e a — JgedKe YMCJIO.

O3HayeHHA. QO0HoOuneHom 6i0 OOHIETL
3MIiHHOI X HAa3MBACThCA BMpPa3 BUAY ax’,
e a — JedKe YHCJ0, n — IfijJe HeBix eMmHe
YU CJIO.

fArxmo a#0, To MOKa3BHUK CTemeHA n
3MiHHOI X Ha3WBAETHCA CMmeneHem 00HOUJe-
na. Hanpuraanm, 25x% — ogHOwIEH mOCTOrO

2

2
cTemneHd, Ex — OIHOUYJIEH APYTOro crele-

Hs. SIKIO ogHOUJIEH € YyncaoM (AKe He ZopiB-

HIOE HYJII0), TO HOT0 CTeIliHb BBaKalOTh PiB-

HUM HYJII0. /Ias o0HOuseHa, akull 3a0anuil

yucaom 0, noHamms cmeneHs He 03HAYLAIOMb

(ocKinbKU 0=0'x=0~x2=0'x3...).
MigrotymTe MiHi-gonoBigb 3a Temot «[uBo-
BUXHE 4mcno 0. IcTopis Ta BUKOPUCTAHHS
B PI3HMX rany3sax 3HaHb».

3a O3HaueHHSAM MHOTOUJIeH Bim ommiel
3MiHHOI X — IIe cyMa ONHOUJIeHIB Bin omHiel
3MiHHOI X.
O3HavyeHHA. Mmnozounenom 6i0 O00HIEL
3MiHHOT X HAa3UBAETHCA BUPaA3 BULY
flx)=a,x"+a, x" " +.. . +ax®+
+a;x+ag,

ne xoedinientn a, , a,_;, ..., @, — AedKi
ymuea.

MHOTOYJIEHW BIA, OAHIEI 3MIHHOI TA Ali HAQ HUMIA

7.1. O3Ha4YeHHAA MHOrO4JIeHiB Bif, OAHi€T 3MIHHOT Ta TX TOTOXXHA PiBHICTb

SIkmo a, #0, To meil MHOTOUJIeH Ha3UBa-
IOTh MHO2Z0YJIEHOM N-20 CMeneHs Bin 3MiH-
Hol x. Ilpm mpomy uneH a,x” HasuUBaIOThH
cmapwum wnenom muozounena f(x), ducio

a, — KOepiuyieHmoM npu cmapulomy 4JeHi,
a wieH a, — 6inbHum unenom. Hanpuxian,
5x% —2x+1 — MHOrOwWIeH TPEeTbOT'0 CTEeIleHs,

y AKOro BifbHUI ujeH AopiBHIOE 1, a Koedi-
Ii€EHT TPHW CTaApIIOMYy YJeHi TOpiBHIOE 5.

O3HayeHHA. JIBa MHOroOYJeHH Ha3UBa-
IOTHCS TOTOKHO PiBHMMHU, AKIIO BOHU HAa-
OyBalOTh PiBHUX 3HAYeHb IIPH BCiX 3Ha-
YEeHHSIX 3MiHHOI.

Teopema 1. Ogmpounenu ax", me a#0,
ta bx™, ne b#0, € momoxino pienumu
TOodi i TibKM TOxi, KoL a=b i n=m.

OpgnousieH ax" TOTOMKHO IOPIBHIOE Hy-
Jro Tomi i TinebKM TOomi, Koau a=0.

® J[osedenHs. OcCKimbKU PiBHICTH OXHO-
unenis ax” =bx™ (1)
BUKOHYETHCS MIPU BCiX 3HAUEHHAX X (3a yMoO-
BOIO IIi OJHOUWJIEHW € TOTOYKHO PiBHUMU), TO,
migcTaBasgOUYn B 1[I0 PiBHicTE x =1, oTpumye-
Mo a=b. CKopouyooun 0o0MABI YacTHHU PiB-
HocTi (1) Ha a (me a#0 3a ymoBOWO), omep-
skyemo x" =x". IIpu x=2 3 miei piBHOCTI
maemo: 2" =2". Ockinpru 2"=2.2....-2,
—e—
n pasis
a 2™=2.2....-2, ro pisaicts 2" =2" moxu-
-0

m pasiB
Ba Jimire Tomi, Kosu n=m . OTiKe, 3 TOTOXK-
HOl piBHOCTI ax"=bx™ (az20, bz0) orpu-
My€eMO, 10 a=b i n=m.

Axmo Bigomo, mo ax" =0 gua Bcix x, To
npu x=1 ogep:xkyemo a=0. Tomy omHOUJIEH
ax" ToTOoXHO mopiBHIOE HyJo npu a=0 (To-
mi ax"=0-x"=0"). O

* 3HAKOM = I[03HAYEHO TOTOKHY PiBHIiCTH MHOI'OUYJIEHIB.
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Hagani 6yas-axuit ogaouwied sugy 0-x"
saminoBaTumMemo Ha 0.

Teopema 2. SAxmo muorowren f(x) To-
TOKHO JOPiBHIOE HYJI0 (TOOTO HabyBae
HyJBOBUX 3HAUeHbh NMPHU BCiX 3HAUYEH-
HAX X), TO BCi ioro KoegilieHTH TOpiB-
HIOIOTH HYJIIO.
® JlogedenHa. [Ina poBemeHHA BUKO-

PHCTOBYEMO METOJ MaTeMaTWYHOI 1HAYKIIii.
Hexait f(x)=a,x" +an_1x”_1 +...tax+

+ay,=0.

IIpu n=0 maemo f(x)zaO =0, Tomy
ay=0. To6To B IbOMY BHIIJKy TBEPKeH-
HSI TEOPEeMU BUKOHYETBHCSH.

IIpunyctumo, mo mpm n=Fk 1e TBep-
MKeHHSA TAaKOXX BUKOHYETBHCA: AKIIO MHOTO-
4jIeH akxk +ak_1xk_1 +...+ta;x+ay=0, TO

a,=a;, ;=...=a;=a,=0.

HoBenemo, 1110 3ajlaHe TBEPIKEHHSI BUKO-
HyeTbcsa ¥ ipu n=k+1. Hexait
fx)=a, " +a,x"+. +ax+ay=0. (2

OcKinbKkY piBHICTDH (2) BUKOHYETHCS NIPU
BCiX 3HAQUEHHAX X, TO, IIiACTABJISIOUYN B IO
piBHicTs x=0, ogep:kyemo, mo a,=0. Toxi
piBHiCTH (2) mEepeTBOPIOETHCA HA TaKy pPiB-
micts: a,,,x"! +a,x" +...+a,x=0. Bumecemo
X y JiBi#l yacTuHI 1iel piBHOCTI 3a Ay:KKHU Ta
OZIEPIKUMO

x ak+1xk+akxk_1+...+a1)50. 3)

PiBHicTh (3) Mae BUKOHyBaTUCA IIPU BCixX
3HaUeHHAX X. [lJia Toro 11106 BOHA BUKOHYBA-
gaca npu x#0, IOBUHHA BUKOHYBATHUCSA TO-
ToxHICTD @ %" +akxk71 +...+a,=0.

VY niBi#i uvacTuHi 1miel TOTOMKHOCTi CTOITH
MHOT'OUJIEH 31 CTelleHAMM 3MiHHOI Bif x° o
xF. Toxi 3a mpumyIneHHAM iHIYKIII Bei fioro
Koe(ilieHTH [OPIBHIOIOTH HYIIO: G 4 =Q) =
=...=a; =0. Ase Mu 10BesIM TAKOXK, 110 &g =0,
TOMY HaIlle TBEPAKEeHHS BUKOHYETHCA i Ipu

Mpukaad

KBaJpaToM.

P 3amaHuii MHOroO4JeH € MHOTOUYJEHOM YeT-
BEPTOr0 CTeNeHs, TOMY BiH MoOKe OyTH IIOBHUM
KBaJpaToM TiJIbKU MHOTOUJIEHA MPYTOT0 CTele-
Hsa. MHOTOUJIEH APYroTro CTeIeHs Ma€ BUTJIAL

n=k+1. OT:Ke, TBEepI KeHHs TeOpeMH CcIIpa-
BeJINBE AJI1 Oy Ab-AKOr0 I[1JI0I0 HeBiL €MHOrO 1,
TOOTO IJis BCix MHorousgenis. O

O3Ha4yeHHA. MHoro4JIeH, y SKOTO BCi Koe-
(iieHTH TOPiBHIOIOTH HYJII0, HA3UBAETHCA
HYNLbO6UM MHO20UNEHOM, a00 HYNLb-
MHOzO04UNLeHOM, i itoro mo3HauyarTs 0(x)
a6o mpocro 0 (ockimpru 0(x)=0).

Teopema 3. fkmo gBa mHOrowrenu f(x)
i g(x) Torosmmno piemi, To BOHM 36ira-
10ThcAa (To0TO iXHi crTemeHi omHAKOBi
i Koe(ilieHTH IPU OJJHAKOBUX CTEIIeHIX
piBHi).

® J[ogedenns. Hexaii  MHOTOUJIEH

n-1

flx)=a,x"+a, ;x" ' +.. +a,x® +ax+a,,

g(x)=b, x™+b, x™ 1+ .+
+b2x2 +bx+b, . PosriaEemMo MHOTOUYJIEH
f(x)-g(x). Ockinbkum wmuOrounenum f(x)
i g(x) sa yMOBOIO € TOTOKHO PiBHHMH, TO
muorounen f(x)—g(x) ToroxHO mopiB-
Hioe 0. OTke, yci fioro KoedimienTu mopis-
HIOIOTH HYJIIO.

Ane  f(x)-g(x)=(ayg—by)+(a;—by)x+
+(ag—by)x® +....

Toxi ay—b,=0, a;-b; =0, ay—b,=0, ....
3SBigcu ay=by, a;=b;, a,="b,, ... . Ik baun-
MO, SIKIIIO IIPUITYCTUTH, III0 B AKOT'OCH i3 JBOX
3aJaHUX MHOTOUJIEHIB CTemiHb BUINUI, HiiK
y Apyroro MHoOTodJieHa (HampuKJamd, n 0ijib-
mre 3a m), To KoedilieHTH pisHUIL ZOpPiBHIO-
BaTUMYyTh HyJs0. ToMy, mounHaouUn 3 HOMEpa

a MHOTOYJIEH

(m+1), yci xoedinienTn @, Takox HOpiBHIO-
BaTUMyTb Hya0. OT:xe, MHorouwiaeHu f(x)
i g(x) gmificHo MalTh OZHAKOBMII CTEIiHD
i BigmoBigHO piBHI Koe(illieHTHM TpU OJHAKO-
BuX cremeHsx. O

Teopema 3 € OCHOBOIO TaK 3BAHOTO Memo-
0y Hesu3Hauenux roe@iuienmis. Iloraxemo
1oro 3acTOCyBaHHA Ha IPUKJAMII.

Iosenits, mo Bupas (x+2)(x+4)(x+6)(x+8)+16 e moBHUM

ax?+bx+c (a#0). Onep:KyeEMO TOTOMKHICTD:
(x+2)(x+4)(x+6)(x+8)+16=

=(ax? +bx+c)2. (4)
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PoskpuBarwuu ny:KKu B JIiBifi 1 mpaBiit yacTu-
Hax Iiel TOTOXKHOCTI Ta MIpupiBHIOIOYU Koedii-
€HTU NIPU OLHAKOBUX CTEIEHAX X, OJePIKYyeEMO
cucrteMmy piBHocTeii. el eran 3pyuHO OodopM-
JIATU B TAKOMY BUTJIAMI:

x* 1=a?

x% 2+4+6+8=2ab

X’ 2.442.6+2.8+4-6+4.8+6-8=b2 +2ac
x! 2.4.6+2-4-8+2-6-8+4-6-8=2bc

x° 2.4.6.8-416=c?

Bnpabu  7.1.1.

I3 mepioi piBHOCTI ofep:KyeEMO:

a=1 abo a=-1.
SIxkmo a=1, i3 apyroi pisrocti maemo b =10,
a 3 tperboi — c¢=20. A Gaummo, mpm UX
3HAUEeHHAX @, b i ¢ ocraHHi ABiI piBHOCTI Ta-
KOK BUKOHYIOTbCcA. OT:Ke, TOTOKHicTh (5) BU-
kouyerbes nmpu a=1, b=10, ¢=20 (ananoriu-
HO MOKHA TaKox ozepsxkatu a=-—1, b=-10,
c=-20).

Taxum unrom, (x+2)(x+4)(x+6)(x+8)+16=
9 2
=(x2+10x+20) . <

Buatoun, mo MmuHorowrenu f(x) i g(x) TorosxkHo piBHi, 3HAHAITH 3HA-

yeHHA Koeimienris a, b, c, d:
1) f(x)=2x2-(8-a)x+b, g(x)=cx®+2dx%+x+5;
2) fx)=(a+1)x3+2, g(x)=8x2+bx?+(c-1x+d.

7.1.2. Buaiigite Taxi

ypcaa a, b, ¢, 1100

3a/laHa  piBHICTB

(xz—l)a+b(x—2)+c(x+2)=2 BUKOHYyBaJlacsd IpPU OyIb-AKUX 3HAa-

YeHHAX X.

7.1.3. JloBexiTb TOTOHIiCTB:

1) (2= (x+D) (22 —x+1)(x%2+x+1)=2%—1;
2) 1+x* =(1+x\/§+x2)(1—x\/§+x2).
7.1.4. JoseniTs, mo 3amaHuil BUpa3 € HOBHUM KBaApaTOM:
1) (x-1D)(x-2)(x-3)(x-4)+1; 2) (x+a)(x+2a)(x+3a)(x+4a)+a.

7.1.5.

3HauAiTh TaKi a i b, 1106 Tpu OyAb-AKNX 3HAUEHHAX X BUKOHYBaJaCa

piBricts 3x* +4x3 +8x%+3x+2 =(8x2 +ax+1)(x% +x+b).

7.1.6. 3Banumirte anre6paiunuii api6

HUX ApobiB BUIY

5 AK CyMy IBOX aJiredopaiu-
15x° +x-2
b

i .
5x+2

7.2. Aii Hap MHorouyneHamu. [lineHHa MHoroyneHa Ha MHOrou4sieH

3 ocTayelro

JlonaBaHHA 1 MHOMKE€HHA MHOTOUJIEHIB
Bizm omHiel 3MiHHOI BUKOHYIOTH 3a JOIIOMOTOIO
BioMuUX NTpaBUJ JI0JaBaHHSA 1 MHOMEHHS
MHOTOUWJIEHIB. ¥ pes3yJabTaTi BUKOHAHHA il
IomaBaHHA a00 MHOMKEHHSA HaJ MHOTOYJIeHa-
MU Bin omHiel 3MiHHOI 3aBXKIMW OIEPIKYIOTH
MHOTOUYJIeH Bifl Tiei camMol 3MiHHOI.

I3 o3HaueHHA JOOYTKY ABOX MHOTOUJIEHIB
BUILIUBAE, L0 CMAPWiuil yien 000ymry 0680x
MHO204JleHi8 0opieHIoe 000YymMKY Cmapulux
ujleHi6 MHOMCHUKIB, a 6iNbHUll YleH 000ymKy

OJopieHioe 000YymKy BiAbHUX UNEHI6 MHOMHU-
Kig. 3Bimcu omep;KyeMoO, IO cmeniHb 0o06ym-
Ky 080X MHO204JeHi6 0Opi6HIOE cyMmi cmene-
Hi8 MHONMCHUKIB.

ITpu momaBaHHI MHOTOUYJIEHIB OZHOTO CTe-
MeHsd OJEepPKYIOTh MHOTOYJEH TOT0 CaMOTO
CTemeHsd, X04a iHOAI MOYKHA OAep:KaTh MHO-
roujieH MEHIIIOTO CTeIleHsd.

Hanpuxaan, 2x3 —5x? +3x+1-i-(—2x3 +
+5x2 +x+5)=4x+6.
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IIpu momaBaHHiI MHOTOUJIEHIB PiBHUX CTe-
IEeHiB 3aBXKAU OJEP:KYEMO MHOTOUYJIEH, CTe-
MiHb SKOTO JAOPiBHIOE OiJIBIITOMY CTEIEeHIO J0-
ITaHKY.

Hanpuraapn, (3x3 —5x+7)+(x2 +2x +1) =

=3x3+x2-3x+8.

Himenasa MHOTOUYJIeHAa Ha MHOTI'OYJIEH
03HAYAETHCSI AHAJOTIYHO MiJIeHHIO IiJIUX Yu-
cea. Haragaemo, 1mio Imije 4mcjo @ JiIUTHCA
Ha 1ite yncao b (b#0), akmio icHye Take Ii-
Jie 4mcJio ¢, 1mo a=b-q.

O3HauyeHHA. Mmnozounen A(x) dinumvesn
na mnozounen B(x) (me B(x) — menmy-
JBOBUM MHOTOUYJICH), AKIIO iCHYE TaKuu
muorowres Q(x), mo A(x)=B(x) Q(x).

AK i1 pna minux ymces, omnepaisa JiJIeHHSA
MHOTOUYJIeHA Ha MHOIOUJIEH BUKOHYEThCS He
3aBKAIU, TOMY B MHOKHHI MHOTOYJIEHIB yBO-
IATH omepalliio JifleHHs 3 ocmauero.

OsHavyeHHA. Mmnozounen A(x) dinumves
na muozouwnen B(x) (me B(x) — HEHY-
JBOBUN MHOTOYJIEH) 3 ocmayiero, AKIIO0 ic-
Hye Taka mapa mHorouwienis Q(x) i R(x),
mo A(x)=B(x)-Q(x)+R(x), mpuuomy
creminp ocraui R(x) menmuii Bix cremens
mimpanka B(x).

3a3HauMMO, M0 B IIbOMY BUIAIKy MHO-

rouner Q(x) HasuBaeTbCA HENOBHOIO
uacmrorw.
Hanpukiaan, OCKiJAbKU x-bx+2=

=(x2 —5)x+2 , TO IIPHU [OiJIeHHI MHOTOUYJIeHa

x% -5x+2 ma mmOrowren x2-5 OZIEPIKYEMO
HEeMOBHY YaCTKy X i ocrauy 2.

Inoni gminmewmHsa MHOTOUYJIeHA Ha MHOTO-
ujieH, AK 1 giseHHa O6araTtornudpoBUX UHCEI,
3PYYHO BUKOHYBATU «KYTOUKOM», KOPUCTYIO-
YUCh AJTOPUTMOM, SAKHI IIPOiJTIOCTPOBAHO
HUKYe.

Posginumo muorounen A(x)= x* —5x3 + x2 +8x—20 ma mMHOrOWIEH

UPMK/\aa B(x)=x*-2x+3.

> _x4—5x3+x2+8x—20 x2-2x+3
xt —2x3 +3x2 x2-8x-8

_—3x%-2x% +8x-20

—3x% +6x—9x
_—8x%+17x-20
—8x2%+16x—-24
x+4 <

3a BUKODPHUCTAHUM AaJTOPUTMOM: CIOYATKY IIO-
TPiOHO cTapIIuii YjeH AiJIEHOTO MHOiJIUTHA Ha

4
x 2
CTapIINi 4jeH AIIbHUKA [ —5 =X
X

, pesyJabTaT

(x2) IOMHOKUTHY Ha OIIbHUK i OmepsKaHMUM O0-
OyTOK (x4—2x3+3x2) BigHATH Bix mismeHoro.
Ho omep:kaHOi PiBHUIILI 3HOBY 3aCTOCOBYEMO BKa-
3aHi mii 10TH, IIOKM CTEIliHb OTPUMAHOI PisHUILI
He OyJe MeHIIUM BiJ crTemeHsa minbHUKA. [loBe-
IeMo, IO OJepP:;KaHUU pesyJbTaT IiliCHO € pe-
syabpraTom ginenas A(x) ma B(x) 3 ocrauero.

® Jlogedenns. SIKIO ITOBHAUUTHU PE3YJIb-
TaT BUKOHAHHSA TEPIIIOr0 KPOKY aJTrOpUTMYy

uepes f, (x), Apyroro kpoxy — uepes f,(x),

TPETHOTO0 — uepes f (x), To omeparito minen-
Hf, Ky BUKOHAJU BUINE, MOYKHA 3aIllUCaTH
Y BUIVIAIL CUCTEMU PiBHOCTeEIL:

f,(x)=A(x)-x%-B(x); (1)
f (x) =1, (x)—(-8x)- B(x); (2)
fg(x)=f2 (x)_(—S)'B(x). (3)

Homamo mousienHo piBuocti (1), (2), (3) Ta oTpu-
MaeMo

Alx)=(x?-8x-8)B(x)+f(x).  (4)
YpaxoByouH, III0 CTEIiHb f3 (x)=x+4 menmruit
Bin cremens minpHumka B(x)= x2-2x+ 3, mo-
smaunmo f; (x)=R(x) (ocraua), a x*-3x—8=
=Q(x) (memoBma uactka). Toxi 3 piBmoCTi (4)

;

e
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MaeMo: A(x)=B(x)-Q(x)+R(x), TOOTO
xt —5x3 + x2 +8:Jc—20=(x2 —2x+3)(x2 -3x—
—8)+x+4, a me # osHauae, I[0 MU PO3MiJIUIN

A(x) ma B(x) 3 ocrauero. O

OueBUIHO, 10 HaBeleHe OOIPYHTYBAHHS MOXK-
HaA TPOBECTH A OyAb-AKOI IIapu MHOIrodYJIe-

ynkoM. TomMy omucaHuii BUIlle aJTOPUTM H03BO-
Js€ A OOBLIBHUX OiJIEHOT'O Alx) i IiJIbHU-
xa B(x) (me B(x) — HemymnoBHii MHOrOWJIeH)

sHaiTH HemoBHY uacTKy @ (x) Ta ocrauy R(x).
3asHauuMo, III0 Y BUIIAQAKY, KOJU CTeIliHb Ii-

nenoro A(x) wmenmmit Big cremensa minbHU-
ka B(x), BBaskaooTh, IO HEIOBHA dYacTKa

miB A(x) i B(x) y Bunaaky ix mileHHs cTOBI- Q(x)=0, a ocraua R(x)=A(x).

7.2.1. BuxoHaiiTe mijJeHHS MHOTOUYJIeHA HAa MHOTOUJIEH:
1) 3x3-5x%2+2x-8 Ha x-2;

2) x°+1 ma x2+1;

Bnpabu

3) x°+3x%+8x-6 ma x*+2x+3.

7.2.2. BuxonaiiTe JieHHA MHOroUJeHa Ha MHOTOUJEH 3 OCTauelo:
1) 4x* - 2x% +x% —x+1 mHa xZ+x+2;
2) +xt+x3+x2+1 ma x2—x-2.

7.2.3.

IIpy AKuX 3HaueHHAX ai b MHOrOunen A(x) mimuTbca 6es ocraui Ha
mMHOTOUwIeH B(x)?

1) A(x)=x3+ax+b, B(x)=x2+5x+7;
2) A(x)=2x3-5x2+ax+b, B(x)=x2-4;
3) Alx)=x*—x®+x%—ax+b, B(x)=x?-x+2.

BHaliTh HENOBHY YACTKY i ocTauy npu fimeHHi MHorowrena A (x)
Ha MHOTOusIeH B(x) MeTomoM HeBMBHAUEHUX KoedilrieHTiB:

1) A(x)=x3+6x2+11x+6, B(x)=x2-1;
2) A(x)=x®-19x-30, B(x)=x2+1.

7.2.4.

7.3. Teopema be3y. KopeHi mHorouneHa. ®opmynu Bieta
ITa piBHiCTF BUKOHYETHCA TOTOMKHO, TOO-

Posrinsuemo mimenus mMuorouwieHa f(x) :
TO npu OyAb-aKoMy 3HaueHHI x. Ilpu x=a

Ha aBouieH (x—a). OckinpKM cremiHb AiThb-
HUKa JOopiBHIOE 1, TO cTemiHb ocTaui, AKY MU
OlepsKMMO, MOBHUHEH OyTu MeHIIuM Bim 1,
TOOTO B I[IOMY BHIOAIKy OCTaueio Oyne mesdke
yucao R. Omke, AKIO PO3AIINTHA MHOTOUJIEH

maemo: f(a)=R. Omep:xaHuil pesyabTaT Ha-

3UBAIOTh TEOPEMOIO Besy*.

Teopema 1 (Teopema Besy). Ocraua Bixg
minenns mHorounxeHa f(x) Ha mBowIeH
(x—a) mopisrioe f(a) (T06TO 3HAUEHHIO
MHOTOYJIEHA TIPU X =a ).

f(x) ma nBoumen (x-a), To omep:KEMO

fx)=(x-a)-Q(x)+R .

HoBemiTs, 1110 3HAUEHHA BUPA3y x° —8x* +2x% +4x -4 pinurses
6e3 ocraui Ha x—1.

Mpukaad 1

» Ilincrasusmu B f(x)=x5-3x* +2x3 ++4x—4 samicts x suavenns 1, onepxyemo: f(1)=0. Orsxe,
ocraua Bin mimenns f(x) ma (x—1) nopisamoe 0, To6ro f(x) mimurbes ma (x—1) 6e3 ocraui. <

*

Besy Etven (1730-1783) — dpaHIysbKuil MaTeMaTUK, AKUN 3pOOUB 3HAUHUII BHECOK Y PO3BUTOK
Teopii anredbpaiuHMX PiBHAHB.
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O3HayeHHA. Ywmcao O  HA3UBAETHCA
/ ( xopenem muozounena f(x), axmo f(o)=0.

Arxwo muozounen f(x) dinumvca Ha
(x—0), mo o0 — KOpiHb Yb020 MHOZOYUJLEHA.

® [liiicmo, axmo f(x) ginureca Ha

(x-0), 10 flx)=(x-a)-Q(x) i Tomy

fla)=(oo—a)-Q(a)=0. Orsxe, o0 — KOpiHb

muorounena f(x). O
CopaBegiamBe i 3BOPOTHE TBEPAKEHHA.

Bowno € nacaiokom iz meopemu Besy.

Teopema 2. fkmio uuejao O € KOpeHeM
mMHorouwsrena f(x), To meii MHOrOUIeH Hi-
IuThCA Ha nBowreH (x—o) Ge3 ocraui.
® J[osedenus. 3a Teopemoio bBesy

ocraua Bix mimemma f(x) ma (x—o) mgopis-

uioe f(o). Aie 3a ymoBoo o — kopius f(x),

omxe, f(a)=0. O
VzaraibHeHHSIM TeopeMHu 2 € TaKe TBep-

MKEeHHS.

Teopema 3. SIxmo muorowren f(x) mae
MONAaPHO Pi3Hi KopeHi o, Oy, ..., O/, , TO
BiH pginuThca 0e3 ocraui Ha TOOYTOK

(x—ay)(x—0y)....(x—0,).

® JlogedenHa. [Ina poBemeHHA BUKO-
PUCTOBYEMO METOJ MATEeMAaTHUUYHOI i1HIYKIii.

IIpu n=1 TBepAKeHHA NOBEIEHO B TEO-
pewmi 2.

IIpunycrumo, 10 TBEPAMKEHHS CIIpaBej-
auBe npu n==k. Tobro, AKmO 0, Oy, ...,
0, — TIOIAapHO Pi3HI KopeHi MHOro4YJIeHa
f(x), mo Bim I0OYTOK
(x—0y)(x—0y)-...-(x—0). Toxi

flx)=(x—0y)(x—0g) ....(x—0,) Qx). (1)

HoBenemo, III0 TBEPI'KEHHA TEOpeEMU
cupaBeanuse I npu n=~k+1. Hexait o,
Oy, ..., O, Oy — IODAPHO Pi3Hi KopeHi
muorounera f(x). OckisbKu 0,,; — KOpPiHB
f(x), To f((xk+1)=0. Bepyun mo yBaru pis-
HicTh (1), IKa BUKOHYETHCA 3TiAHO 3 HIPUILY-
IMeHHAM 1HIYKITI, OepiKyEMO:

F (01 ) = (Otr =0y ) (Opag =0p ) oo (g =
— 0, ) Q (01 ) =0.
3a yMOBOIO BCi KOpeHi 0O, Og, ..., O,

O, DisHi, TOMy KOJHe 3 UHCeN O, —0,
Olpg—Oly s +uey Oy —Ol, HE TOPIBHIOE HYJIIO.

OimuThcA Ha

Toxi Q(0,;)=0. Omxe, 0,,; — KOPiHb MHO-
rounera Q(x). Ba Teopemoi0 2 MHOTOUJIEH
Q(x) gmimmreca Ha (x-04,),
Q(x)=(x—0,, ) @ (x) i s piBrOCTI (1) Maemo

flx)=(x—0y)(x—0ty)-...-.(x—at,, ) (x—
— Ol ) @ (x).

Ile osnauae, mo f(x) minuTbca HA mOOY-

TOK (x—oy)(x—0tg) ..o (x =00, ) (X =0y ) 5
TOOTO TeopeMa moBemeHa i ipu n=k+1.

Or:xe, TeopeMa CIpPaBeLJINBA IJIA OyIb-
SIKOro HarypaiabHoro n. O

TOOTO

Hacniodox. MHOTOUJIEH CTeNeHd 71 Ma€
He OiJgpllle 71 Pi3HUX KOPEHiB.

® Jlogedenns. IlpumycTmmo, II[0 MHO-
rowieH n-ro cremeHsa Mae (n+1) pisHMX Ko-
peHiB: 04, Oy, ..., O,, O,,. Toxi f(x) mi-
auThCA Ha HOOYTOK (x—04)(x—0y)-...-(x—
—0,,;) — MHOrouseH creners (n+1), axe e
HeMOXKJ1BO. TOMYy MHOTOUJIEH N-TO CTEIeHs
He MOJKe maru Oiibine Hisk n KopeniB. O
Hexaii Temep MHOTOYJIEH 7I-TO CTEIEHS
f(x)=a,x" +a, ;x" " +.. . +ayx® +ax+a,
(an 7&0) Ma€e n Pi3HUX KOPEHIB 0, O, ...,
o, . Toxi meit MHOTOUNEH AinuUTHCA Ge3 ocTa-
ui Ha #0GyTOK (x—04)(Xx—0y)-...-(x—0,).
ITeit 1oOYyTOK € MHOTOYJIEHOM TOTO CaMOTO
n-ro cremensi. OT:Ke, y pesyabrari AiJieHHSA
MOKHA OIEPyKATU TiIbKU MHOTOUYJIEH HYJIbO-
BOTO CTemeHs, TOOTO yucyio. TakuM Y4uHOM,

a,x" +a, X"+, +a,x®+ax+ay=
=b(x—oay)(x—0y)-...-(x—01,). (2)

SAKITO PO3KPUTH OY:KKU B IpaBiii ua-
cTuHi piBHOCTI (2) i mpupiBHATH KoedimieHTH
IIPU CTapIIUX CTEIeHAX, TO OAEPIKUMO, IO
b=a,, TobGTO

n n-1 2 _
a,x +an_1x +...+a2x +a1x+a0—

=a,(x—ay)(x—0y)-...-(x—a,)

3

IlopiBHIOIOUM KOe(iIlieHTH IIPU OJHAKO-
BUX CTeNeHAX X, IO CTOATH Yy JIiBif i mpasin
YyacTUHAX TOTOMKHOCTI (3), OIep:KyeMO CITiB-
BiTHOIMMEHHA MiK KoeillieHTaMu PiBHAHHS
Ta OTO0 KOPEeHAMH, AKi Ha3uBaOTh (popmyJaa-
mu Biera:
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n-3 ; (4)

aﬂ
a
0L 0Ly0Ly ... O, = (=1)" =2,
aﬂ
Hanpuraan, npu n=2 maemo:
-9 _ 9
OLI+OL2———, (xlaz—_ .
as as
anpu n=3:
ay
ag
_4
00y + 010l +0Ly0lg =—3 (5)
ag
)
OL1(120C3 =
ag

Mpukrad 2

b fx)=x®+2x% -4x-8=x2(x+2)-4(x+2)=
=(x+2)(x2-4)=(x-2)(x+2)®. Tomy f(x)

Mae KopeHi: 04 =2, 0y =—2, O3=—2 (0oCcKiib-
Ku —2 — KOpiHb KpaTHOCTi 2).

IlepeBipumo cmpaBemauBicTs opmya (5).

VY mamomy Bumaary: as =1, a,=2, a, =-4,

ao =8 . Toxi 2+(—2)+(—2)=—%;

Mpukrad 3

P IlosHAUMMO KOpPEHi piBHAHHSA x2-8x+4=0
yepes X; i xy3. Tomi Kopeamu mIyKaHO-
ro piBHAHHA NOBMHHI OyTu umcaa 04 = x12
iog= xg . Omxe, Ie pPIiBHAHHA Ma€ BUTJIAL
x*+px+q=0, ne p=—(oy +0c2)=—(x12 +x2)=

= _((xl +3c2)2 —2x1x2), q=0,0,=x %2 = (xlxz)Z.

BukonaHHs TaKuUX PpPiBHOCTEeH € Heo6-
xi0HO10 | doCMAMHBOI0 YMOE6010 MO020, W06
wucaa 0O, Oy, ..., O, Oyau Kopenamu
muozounena  f(x)=a,x"+a, "'+, .+
+a2x2+a1x+a0 (a#0).

Dopmyau (3) i (4) cupaBeniuBi He TiTbKU
IS BUIAAKY, KOJU BCi KOpPeHi MHOTroujIeHa
f(x) pismi. BBemeMo HOHATTA KpPAMHOZO KO-
peHs MHOzOYJeHA.

Axmo muoroumeH f(x) minmuTeca Ges

k
ocraui ma (x—o) , ajie He JiauThca 6e3 ocraui

E+1
Ha (x—o) , TO Ka'yTh, III0 YUCJIO O € KOope-
HeM KpaTHocTi £ MHOrouxeHa f(x).

Tax, sxmo go6yrox (x+2)° (x-1)* (x+3)
3amucaTy y BUTJISAAI MHOTOYJIEHA, TO AJA I[hO-
rO0 MHOTOYJIEHA UWCJI0O —2 € KOPeHeM KPaTHO-
cti 3, uncyo 1 € KopeHeM KpaTHOCTi 2, a uuc-
J0 —3 € KopeHeM KpaTHOCTi 1.

BuxkopucroByrouu Gopmyau Biera y Bu-
MagKy KPaTHUX KOPEeHiB, HeoOXiHO KO KeH
KOpiHb 3amucaTy TaKe YHMCJIO pasiB, AKe mO0-
piBHIOE 11OTO KPaTHOCTI.

IlepeBipTe cupaBegauBicTh (hopmysa BieTa mgisa mHorouIeHA
f(x)=x%+2x* —4x-8.

2-(—2)+2-(—2)+(—2)-(—2)='1—4;

-8
2.(-2).(-2)=-"2

1
fx G6aummo, yci piBHOCTI BMKOHYIOTBCA, TOMY
dopmynu Biera € cnmpaBemiuBUMU IJis JaHOTO

MHOT'O4YJIE€HAa. q

CrJamiThs KBaJgpaTHe PiBHAHHSA, KOPEHIMHU AKOTO € KBaapaTu KO-
peHiB piBHAHHA x2-8x+4=0.

3a ¢popmynamu Biera maemo: x; +x5=8
i xyx9=4. 3Bigcu 3HAXOAMMO, IO

q:(x1x2)2 =4"=16, a p=—((x1+x2)2—
2%, ) =—(82-2.4) =56 .
Orxe, IMIyKaHe PiBHAHHA Ma€ BUTJIAL

x2-56x+16=0. <|
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Bnpabu

7.3.1.
7.3.2.

7.3.3.

7.3.4.

7.3.5.

7.3.6.
7.3.7.

7.3.8.

7.3.9.
7.3.10.
7.3.11.
7.3.12.
7.3.13.
7.3.14.

LW
7.3.15,

3HalaiTEL ocTauy Bij OiJleHHA MHOTOUWJIEHA x® —4x* +2x3 -5x+1 ma
x+2.

3HalaiTe KoedimieHT a, 3HaOUM, IO OCTaua BiJ MiJIEHHA MHOTO-
wiena x°—ax?+5x-3 ma x-1 IopiBHIOE 6.

Muorounen f(x) mpu gimenni Ha x—1 Mae ocrauy 4, a Ipu JiJeHHI
HA Xx—3 — ocrauy 6. 3HAWAITHL OcTayy Bif AieHHA MHOTOUYJIEHA
f(x) ma x?-4x+3.

ITpu axmux 3HAYEHHAX a i b MHOTOUJIEH xt +2x% +ax? —bx+2 gimure-
csa 0es ocraui Ha x+2, anpu migeHHI Ha x—1 Mae ocrauy, AKa Oo-
piBHIOE 37

Ocraua Bix mimemns muorowrena f(x) ma 3x%-5x+2 popisHIOE
Tx+1. 3HaligiTe ocTauy Bij OiJIeHHA IIbOTO MHOTOYJIeHA Ha IBO-
yrern x—1 i 3x-2.

3amnurriTe popmysnu Biera mpu n=4.

CxiaamiTs KyOiuHMI MHOrOUYJeH, SKuil Mae KopeHi 5, —2, 11i Koedi-
IieHT mpu crapiromMy uieHi —2. Po3B’s:KiTh 3amauy mBOMa CIIOCO-
bamm.

Ilpu aKmx 3HAUEHHAX @ cCyMa KBaApPAaTiB KOPEHiB TpUUJIeHA

x%—(a+2)x+3a nopisuioe 127

SKy KpaTHicTL Mae KOpiHb 2 AJd MHOTOUJIeHA
f(x)=x"—5x* +7x® - 2x® +4x-82

Cxaanits KyOiUuHMIT MHOTOUYJIEH, SKWIl Ma€ KOPiHb 3 KpaTHOCTI 2
ikopiup —1, a KoedimieHT puU crapiioMy uJeHi 2.

3HaugiTe Taki ai b, mob6 umcao 3 OyJI0 KOpeHeM He MEHINI HixK ApYy-
roi KpaTHOCTI AJA MHOroujgeHa f (x)=x%-5x%+ax+b.

CrJamiTs KBagpaTHe PiBHAHHS, KOPEHi AKOTO IPOTUJIEKHI KOPEeHIM
piBHAHHA x2-5x+1=0.

CrJazmiTs KBagpaTHe PiBHIHHS, KOPEHi AKOro obepHEeHi H0 KOpeHiB
piBHAHHA 2x% —5x+1=0.

CriazmiTs KBagpaTHe PiBHAHHS, KOPEHAMHN SAKOTO € KBaapaTu Kope-
HiB piBHAHHA x2+6x+3=0.

BuaBiTb CBOIO KOMMNETEHTHICTb

ITigroryiiTe moBimomienHsa mpo BHecoK K. Beagy i @. Biera y cranos-
JIEHHSI MaTeMaTUYHOI HayKH.
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Tabauma 10

1. Po3B’A3yBaHHA piBHAHb i HepiBHOCTEM, WO MICTATb 3HAK MoAynA

| Posr’a3yBannsa |

3MicTom
4. Tom a>0 . sid 1. 3matitu OJ13.
» P ’ |a| » 6t cma.]'fb H_a 2. 3HaliTu HyJi BCiX migMOgyIb-
|a|= 0, ipu a=0, yucaosiiic. npamiic  6id AEX yERmid
—a, npu a<0 mouku 0 9o mouku a 3. ITosmauntu wymai Ha O3
1. |f(x)|=a. i por:,ﬁn'm O,I[B, Ha IPOMIiXKKU.
4. 3HaliTH pPO3B’A30K Y KOMXK-
2. |f(x)|=|g(x)|. HOMY B3 IpoMixkKiB (i mepe-
3 BHKOPHCTaHHHM 3. |f(x)|>a. BipuTH, UYMW BXOAUTH Iel
CIrerlaIpHuX ) 4. |f(x)|<a DO3B’SIB0K Y POBTJIAHYTHIX
CITiBBITHOIIIEHD IPOMiKOK)
2. BuKopucTaHHA reoMeTpu4Horo 3micty mogyna (npu a>0)
1. |[f(x)|=ao f(x)=a abo f(x)=-a. t|=a |t|=a
2. |f(0)|=|g(x)| & flx)=g(x) a6o f(x)=-g(x). |t|>a ||t|<a ||t|>a

3. |[f(x)|>ae flx)<-a ado flx)>a. W

4. |f(x)|<a<:>—a<f(x)<a(:){f(x)>_a’ a 0 a t
f(x)<a.
Y3araJgbHeHHA
_ g(x)>0, B
o | 1Wl=a e 80 e a. T TlE@ g <) <a )

{f(x)> -g(x),

6. |f(x)|>g(x)<:>f(x)<—g(x)4:> abo f(x)>g(x). )< g(x).

3. BuKopucTaHHA cneuyiajibHMX CniBBigHOLEHb

1. Ju|=ue u>0. 5. |u|+|v|=u+v<:){l:igi
2. |u|=—u<:) u<o0.
3. |ul=|v|o u?=0?. 6. |u|+|u|=_u_v@{‘lj§gj
4. |u|>|v|<:> u2>vz,

romi |u|~|v]>0 6 u? —v?>0; 7. lul+|v|=lutv| e uv=0.

3HaK pigHuuyi modyaie 080x eupasis 3biza- 8. |u|+| v|:|u—v|(:) uv<0.

emouca 3i 3HAKOM pi3HUUi ix Keadpamis.

9. |x-al|+|x-b|=b-ae a<x<b, ge a<b.
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3asHaummMo, IO 3arajbHa cxXeMa, 3ampo- UJ OGrpyHTYyBaHHA, MNpWKNagy pPO3B'A3yBaHHA
noHoBaHa B Tabis. 10, moxke OyTH BUKOpPHUCTA- PIBHAHL 1 HEPIBHOCTEW 3 MOLYNAMWN PISHMN

Ha He TiJIbKU MiJ yac po3B’A3yBaHHA PiBHAHD
abo HepiBHOCTEI, aje i TpU BUKOHAHHI IIepe-
TBOPEHb BUPA3iB, IO MIiCTATHL 3HAK MOIYJSA.

3anumaHHg

Bnpabu

1.

2.

3.

8.1.
8.2.

8.3.
8.4.

8.5.

8.6.
8.7.
8.8.
8.9.

8.10.
8.11.

8.12.

8.13.
8.14.

8.15.
8.16.

cnocobamu Ta npuknagm Ta nobyaosu rpadi-
KiB OYHKLIN i3 feKinbkoMa MoaynaMun Hasefe-
Hi B IHTEPHET-NIATPUMLI NiAPYYHMKA.

AKuMu cmocobaMy MOKHA PO3B’sA3yBAaTH PiBHAHHS iTa HepiBHOCTI,
10 MicTATH 3HAK MOAyJid. IIpoindfocTpyiiTe 11i criocobu Ha IpUKJIAAaX.

OG6rpyuTyiiTe cIHemiajabHi CcHiBBigHOIIeHHs, HaBeleHi B Tabxa. 10.
IIpoismrocTpyliTe ix 3acToCcyBaHH.

OOr'pyuTryiiTe ysarajbHEHHS BUKOPHUCTAHHA Te€OMETPUYHOIO0 3Mic-
Ty MomyJisd, HaBemeHi B Tabs. 10. IlpoimfocTpyiiTe iX 3acTocyBaHHSA
IO PO3B’sI3yBAHHSA PiBHAHDL i HepiBHOCTEI, II0 MIiCTATh 3HAK MOIYJI.

Y saBmamHax 8.1-8.15 po3B’AKiTH PiBHAHHS 1 HEpPiBHOCTI.
1) [8x-5|=7; 2) |8-4x|=6; 3) |x?-5x|=6.

1) |2x-3|>5; 2) |8-5x|<7; 3% i: >2;  4) 2;‘_‘53‘4.
1) |x—2|-2x-1=0; 2) x®+3x+|x+3|=0.

1) |x-1]+|x-3|=2; 3) |x+5|+|x-8|=13.

2) |x+1|+|x-5]=20;

1) |x+3|<x-2; 3) |x+3|+|x-1|<|6-3x]|.

2) |x+1]+|x-2|<2x-1;
1) Va2 -2x+1+|x-2|=1; 2) Vx?+4x+4 +|x|=x+5.
1) Va2-dx+a+x? =8;  2) V16-8x+x? +Vx?+2x+1 =5.

2
1) w:n 2) — = =|x+1].
x2+|x—5| |x+1|—2
1) ||x-1]-2|=1; 2) ||2x-4]-5|=3.
1) |x? —4x|<5; 2) |x?-x—6|>4.
1) 8|x-1|+x*-7>0; 2) |x-6|>x"-5x+9.
1) W>1; 2) 1 <l.
x+2 |x|-3 2
1) ||x-1]-5|<2; 2) |x-1|+|x+2|-|x-3|>4.
1) |x—2x2|>22% - x; 2) | % +x-20|<x?+x-20.
4
1) ————>|x+2]; 2) ————>|x-1|.
) |x+3]-1 %+ ) |x+1]-2 |%-1]

ITo6ynyiiTe rpadik QyHKILII:
1) y=|2x-4|+|2x+6|; 2) y=|x-5]+|3x+6|.




PIBHAHHSA | HEPIBHOCTI 3 MAPAMETPAMMW

9.1. Po3B’A3yBaHHSA PiBHSIHb i HEPIBHOCTEN 3 NMapamMeTpamMmn

SARI0 KpiM 3MiHHOI Ta YMCIOBUX Koedi-
Ii€HTIB [0 3anmmcy PiBHAHHA YU HEPiBHOCTI
BXOJATh TaKOX OYKBeHiI KoedilieHTn — 1ma-
paMeTpu, TO Tifi Yac Po3B’sA3YBaHHSA MOKHA
KOPHUCTYBAaTUCA TaKUM OPi€HTHPOM.

: byob-fike PIBHAHHS Y4 HEpiBHICTb 3 Mapa-
MeTpaMK MOXHa PO3B’'A3yBaTW §K 3BU4YaVHe
PIBHAIHHA YM HEpIBHICTb A0 TWX Mip, NOKW BCi
nepeTBOpeHHs abo MipkyBaHHS, HeoOXiaHi
NS pO3B’A3yBaHHS, MOXHA BWMKOHATX OLHO-
3HaYHO. FKLLO fIKECb MEPeTBOPEHHS He MOX-
Ha BMKOHATX O[HO3HA4YHO, TO PO3B'A3yBaHHSA
HeobXigHO Po3bUTK Ha KilbKa BUMaAKiB, WOO
y KOXHOMY 3 HUMX BIAnoBiOb 4epe3 napame-
TPW 3anmcyBanacs O4HO3HAYHO.

Mpukaad 1

PosB’sa:kiTh HepiBHiICTH 3i 3MiHHOIO X:

Ha erami momyky miany pos3B’sisyBaHHSA
piBHAHHA YN HEpPiBHOCTI 3 mapamerpamu ado
B XOJi po3B’sA3yBaHHS YACTO 3PYYHO CYIIPOBO-
IJKyBaTH BiAIIOBifHI MipKyBaHHSA cxeMaMU,
3a AKUMU JIETKO IIPOCTEXKUTH, Y AKUN MO-
MEHT MM He 3MOTJIM OJHO3HAUHO BUKOHATHU
HeoOXimHi mepeTBOpeHHs, Ha CKiJIbKM BUIAI-
KiB moBeJsiocsi po30UTH PO3B’SI3aHHA Ta YUM
BiIpisHAEThCS OAMH BUIIANOK Bim iHIIOTO.
IIlo6 ma Takux cxemax (YU B 3ammcax I'po-
Mi3IKUX PO3B’sI3aHb) HE 3aryO0uUTH SIKYyCh Bi-
HOBiAb, MOIIiJBHO IIOMiITaTH OCTATOUHI Bif-
HOBifi B IPAMOKYTHI paMKu. 3ayBaKuMO,
110 BiATIOBiAb Tpeba 3ammcaTy A BCiX MOMK-
JUBUX 3HAUeHL IIapaMeTpa.

3ax+2>2x+ba.

KomenTap

3amaHa HepiBHICTL € JiHiNIHOIO BiZHOCHO 3MiH-
HOI X, TOMY BUKOPHCTAEMO BiJOMUIA aJITOPUTM
pO3B’sA3yBaHHA JIiHiITHOI HEpiBHOCTI:
1) mepeHOCHMMO YJIeHU 3i 3MiHHOIO X B OAHY Ua-
cTHUHY, a 0e3 x — y apyry: 3ax—x=5ba-2;
2) BUHOCHUMO B JIiBiii YacTHHi 3a AYKKHU CIIiJIb-
HUH MHOXKHUK X, TOOTO HIPUBOAMMO HEPiB-
HicTb go Buriany Ax > B: (8a—1)x >5a-2.
JJa sHaXOAKeHHA Po3B’A3KiB OCTaHHBOI HEPiB-
HOCTi My 0 xoTinam momijsuTu odbuaBi il yacTuHU

Ha (8a—1). Ase Ko OGMABI YaCTHHU HepiB-
HOCTi MOJiJINTU HA JOoJaTHe YMCJIO, TO 3HAK He-
piBHOCTI He 3MiHUTBHCA, a AKIO HaA Bix’eMHe,
TO B3HAK HepiBHOCTI HeOOXigHO 3MiHUTH Ha
mporuse:xkHuii. Kpim Toro, ciim ypaxysatu,
110 Ha HYJb OiaAuTu He MoxkHa. OT:Ke, mmouu-
HAOYU 3 I[bOT'0 MOMEHTY HOTPiOHO PO3TIIAHYTU
tpu Bumagku: 3a—1>0, 3a—-1<0, 3a—-1=0.
HasgeneHi Bullle MipKkyBaHHA MOYKHa HAOYHO 3a-
nucaTu Tak.

Posp’azanuga

p 3ax—x=>b5a—2

3a-1>0

3a-1

X — Oymb-sIKe YHUCJIO

Bidnosiov:
5a-2 .

1
1) agmo a>—, To x> ;
) 3 3a-1

5a—2‘
3a-1’

1
2) AKII0 a<—, TO X<
5a-2 3
2L ——

T 8a-1

1
3) AKIIo azg, TO X —

oynp—axe unciao. <l
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Mpukrad 2

Po3B’s:KiTh piBHAHHA

ax-1 4 . . .
=— BigHOCHO 3MiHHOI X.
x

Komenrap

Bynemo BuUKOHYBaTm PiBHOCUJIBHI IIEPETBOPEH-
HA 3aJaHOTO piBHAHHA. A IIBOTO 3HAWAEMO
tioro Ol13 (3HaMeHHUKU APOOiB HE JOPiBHIOOTH
Hya10). SKIMO mami obuaBi yacTUHU PiBHAHHS
IOMHOMKUTKA Ha OOOYTOK BHpAasiB, IO CTOATH
y 3HaMeHHHKax Apo06iB (i AKMI He IOPiBHIOE
"Hyao Ha O3 piBHAHHA), TO OAEPIKUMO pPiB-
uanua ax’ —5x+4a=0 , PiBHOCHJIbHE 3aIaHO-
my (ma O03 sazaHoro). Ase OCTaHHE PiBHAHHA
Oyme KBagparHuM Tiapku npu a#0, Tomy mias
1OoTo pO3B’sA3YBAHHS CJIiJ PO3TIAHYTH OBa BU-
magku (a=0 i a#0).

Axmo a#0, To 41 SOCIIIMKEHHI O4ePsKaHOro
KBaJpaTHOTO PiBHAHHA IIOTPiOHO POBTJIAHYTU
me Tpu Bunazku: D=0, D<0, D>0
i B KOXXKHOMY 3 HUX MepeBipUTHU, YU BXOAATH
suanigeni xopeui mo OI3. IIpu D=0 3spyuno

BUKOPHMCTATH TOM (PAKT, IO 3HAUEHHS KOPEHS
BiAIOBiZHOTO KBaApaTHOTO pPiBHAHHA  30i-
raeTbcsa 3 aOCIMCOI0 BepIIMHU  Iapadoau

y=ax2—5x+4a, TOOTO x:xoz—i:i_
2a 2a

Posrasanaoun Bunagoxk D >0, ciaix mam’araru
TaKOYK Tmpo momepenHe obmerxkenus: a=z0.
Ockinbku KopeHi piBHAHHA (1) 3anucyoThCA
IOCTaTHLO TpoMidaAKuUMH (QopmyaamMu (IuB.
posB’sa3aHHA), TO maa BpaxyBanHa OJI3 3a-
MiCTh MiICTAaHOBKU OJEP:KAHUX KOPEHiB B 00-
mesxkeHHa OJ13 mimcraBuMoO «3a00pOHEHi» 3HA-
uyeHHA X y piBHAHHA (1) i 3’Acyemo, Tpu AKUX
3HAUEHHAX IapaMeTpa @& MU OTPHUMAEMO 3HA-
YeHHA X, aKi He BxoAaTh mo OJ13, a morim me-
peBipuMO OTpUMAaHi 3HaUeHHA IIapaMeTpa.

Po3sp’azannsa

» OI3: x #0, x # a. Ha niit OI3 3asane piBHAH-

. . 2
HA piBHOCHJIbHe piBHAHHAM: X  —X=4x—4a;

ax?-5x+4a=0. 1)
1. Axmo a=0, To 3 piBHauHa (1) omepxKyeMO
x=0 — wme Bxomuthb mo OJI3, orT:ke, mpu

a=0 KopeHiB Hemae.
2. fAxmo a#0, ro piBaarua (1) — KBagpaTHe.

Voro auckpuminanr D=25-16a%. Posrua-
HEeMO TPU BUIALKH:

1) D=0, ro6To 25-16a=0; azi%. Toxi

piBHAHHA (1) Mae oxHe 3HAUEHHA KOPEH:A
5
x=—.
2a
a) fAxmro azz, TO KOpiHb X=2 pis-
Hauaa (1) sxoxuts go O3 i € Kope-
HEM 3aJaHOT0 PiBHAHHSA.

5 . .
6) Skmro az—z, TO KOpiab X =-2 pis-
Hauaa (1) texx Bxoxuth mo O3 ie
KOpDEeHeM 3aJaHOTO DiBHAHHA.

2) D<0, Tob6To 25-164a?2 <0, oT:xe, a<—§

abo a>2. Toni piBuauua (1) He Mae Ko-
peHiB.
3) D>0, to6ro 25-16a%>0 , OT3Ke,

5 5
——<a<—, ane a#0.
4 4

Toxni piBuarHA (1) Mae nBa KOpeHi:

5+/25-16a”
Xypg=—_— - (2
’ 2a

3’acyemMo, IpH SAKUX 3HAUEHHAX a 3HaWeHi
KopeHi He BxomaThb mo O3, To6TO mpu AKUX
3HaueHHAX a omepskyemo x=0 i x=a.
Iligcraiasitoun B piBHauaa (1) x=0, ogmep-
skKyemo a=0, anme npu a=0 sagane piBHAHHA
He Ma€ KOPEeHiB.
ITigcraBasatoum B piBuanaa (1) x=a, ozep-

JKYEMO a3—5a+4a=0, TOOTO a3—a=0,

a(a2 —1)=0. Tomi a=0 (3agame pPiBHAHHA He
Mae KopeHiB) abo a==1.

IIpu a=1 OJ13 sanucyerncs taxk: x#0, x#1.
I3 dpopmynu KopeHiB (2) maemo x; =4 (BXomuTh
o Ol13) i x,=1 (ue Bxomurs mo OI3). Orixe,
npu a=1 sajgade PiBHAHHA Ma€ TiJIbKU OJUH
Kopiup x=4.

IIpu a=-1 O3 szamucyerbca Ttax: x#0,
x#-1, a 3 popmysu KopeHiB (2) orpumMaemo:
x; =—4 (Bxogurs mo Ol13) i x,=-1 (me BXO-
auts 1o OI13). Omxe, mpu a=-1 samane pis-
HAHHA Ma€ TiIbKM OOWH KOpPiHb X =-—4.
TakuM YmHOM, (QOopMyJSy KOpeHiB (2) MoxkHA

5 5 .
BHKOPHUCTOBYBATHu, AKIIO0 —— <a< Z , TLIBKNU
mpu a#0 i a#=xl.
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, To x=—-2; 3) agmo a=1, o x=4;

) _1,0)U(0; 1)u(1 _) -

4’
5 5
; 6) aKIo ac Z U Z +o | a60 a=0, To KOpenis Hemae. <

Bidnosidv: 1) axio azé, T0 Xx=2; 2) AKI0 a=—

s
4
4) akmo a=-1, o x=—-4; 5) aKIo ae(

5++/25-16a>

X =
1,2
2a

3ayBarkeHHs. 11106 mojermuTu 3amuc BiAIOBiAi B I[bOMY If aHAJOTIYHUX TPU-
KJajaX, MOJKHA KOPHUCTYBaTUCA TaKUM crocoboM. [lepus Hixe 3anucamu 8i0nosi-
0i, 6 ckaadHuUX abo zpomizdxux eunadkax sobpasumo seice napamempa (a) i no-
3HAYUMO HA Hill yci 0coOLUBL 3HAYEHHA napamempa, AKi 3'A6UNLUCL 6 NPoyeci
poss’asysanus. I1i0 eiccro napamempa (nisiwe 6i0 Hel) sunuuiemo 8ci 00epircari
PO36°a3KU (KPIM PO3E'A3KY «KOPEHi6 HeMaE») i Hanpomu KoXcHOL 8i0noeidi no3na-
YUMO 3HAUEHHS NaApamempa, npu AKUX Uyl 6i0nosidv MOXHA BUKOPUCMOBYEamMU
(puc. 9.1.1). ITicra uyvozo 6i0nosidv 3anucyioms OAs KOMHHO2O 3 0COOIUBUX 3HA-
YeHb napamempa i 08 KOMCHO20 3 00epHCAHUX NPOMINCKIE oci napamempa.

30KpeMa, Y PO3MIAHYTOMY HPUKJAMi, IIEPII HijK 3aIlrcaTU BiAIOBiIb, 3pYYHO 300pasuTy Ha
yepHeTIli Taky cxemy (puc. 9.1.1).

5 5
-1 0 1 4 a

1) x=2
2) x=-2

5++25-16a”
3) Xy g=—T——

2a
4) x=4
5) x=-4
Puc. 9.1.1

9.2. flocnigHULUbKi 3apadi 3 NnapameTpamMu

Heaki mocaigHUIBbKI 3aaui 3 mapaMeTpaMu BIAETHCA PO3B’A3aTH 34 TAKOIO CXEMOIO:
1) posg’azamu 3a0aHe Pi6HAHHA YU HepiBHicmb; 2) docaidumu 0deprcanuil po3s’a30K.

(x+a)(x-5a)

HPMK/\aa 1 3HaHmiTh yfi BHa.‘IeHHﬂ a, Ipu SKUX PiBHAHHA T:O
Ma€e €IUHUIN KOPiHb.
Po3p’sa3anHa*
P> OI3: x#-7. Ha OII3 oxepsyemMo piBHO- Opmep:xyemMo x=—a abo x=5Ha.

cunbie pisuanns (x+a)(x-5a)=0. Vpaxyemo OJI3. Ilia nporo 3’ACYEMO, KOJH

Toni x+a=0 a6o x—-5a=0. x=-T:

Binpm geranbHe posB’sA3aHHA HABEAEHO B IHTEPHET-HIATPUMII IigpyUYHHKA.
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7
—a=-T7 mpu a=7, 5a=-T7 npu a==5"
Toxni mpu a=7 onepsKyemo:

X=—a=-T7 — CTOPOHHi KOpPiHb;

x=ba=35 — emuHHil KOpiHb.

7
ITpu az—g OJIEPIKYEMO:

x=ba=-7 — CTOpPOHHIi!I KOpPiHb;
7 . .
X=—a=— — €IUHUN KOpPiHb.
5

Tako:x s3amaHe PiBHAHHA MATHUME €IUHUN KO-
piEb, saxmo —a=5a, tooro mpu a=0 (roxi
x=—a=0 ra x=5a=0=-7).

Bidnosidv: a="7T, az—g, a=0. <

JocniaxeHHA KinbKoCTi po3B’A3KiB piBHAHb Ta iX CUCTEM

Ilig uac pos3B’aA3yBaHHA HedKUX 3aBIaHb
i3 mapameTpaMu MOYKHA KOPHUCTYBATHUCS Ta-
KUM OPi€EHTHPOM.

¢ dkwo B 3aBAaHHI 3 NapameTpamMn NOEeTbCS
Npo KiNbKiCTb PO3B'A3KIB PIBHAHHA (HEpPiBHO-
cti abo cuctemn), TO ANA aHanisy 3agaHoi
CUTyauil 4acTo 3py4YHO BMKOPUCTOBYBATU rpa-
QiYHY iMoCTpauilo po3B’A3yBaHHS. :

HocTaTHbO TTPOCTUM € BigmoBigHE mocJi-
[UKEHHA B TOMY BUIAJKY, KOJU 3aJaHe DPiB-
HAHHA MOMKHa mojartu y Buraani f(x)=a,
ocKiibKM rpadik QyHKIl y=a — 1e npama,
napaJjesbHa oci Ox (aka mepermHae Bick Oy

MMpukrad 2

Poss’azanuga

P Ilo6ynyemo rpadgikm GyHKILi y=|x2 —4| x||

Ta y=a (puc. 9.2.1). Anasisyroun B3aeMHe

posMileHHA ofep:KaHuX rpadikiB, oTpuMyeMoO

8i0nosidv:

1) opu a <0 piBaanHA —a y
KODPEeHiB He Mae; N

2) npu a=0 piBHIHHA 4
Ma€e 3 KOpeHi;

3) mpu a<0<4 pis-
HAHHA Mae 6 Kope-

HiB; -4\ -2 )0 2 /4
4) npu a =4 piBHAHHS
Mae 4 KopeHi; T

5) mpu a >4 piBHAHHA

Mae 2 KopeHi. Puc. 9.2.1

B TOUIIi a). 3a3HAUYUMO, II10, 3aMiHIOIOUHN 3a1a-
He piBHAHHSA Ha piBHaAHHA f(x)=a, HOTPi6HO
CIIIIKyBaTH 3a PiBHOCUJIbHICTIO BUKOHAHUX
TIepeTBOpPeHb, 11106 oJepsKaHe PiBHAHHS MAaJo
Ti cami KopeHi, 110 I 3ajaHe, a OTKe, i KiJb-
KicTb KoOpeHiB y HuX OyJsia ogHakKoBoio. [lia
TOTO 1100 BU3HAUHUTH, CKiJIbKM KOpPEHiB Mae
piBaarEa f(x)=a, DOCTATHHLO BHBHAYUTH,
CK1JIbKY TOYOK IlepeTuHy Mae rpadik QyHKIil
y=f (x) i3 mpamoro Y =a TOpu pPi3HUX 3HAUYEH-
HaAX mapamerpa a. (g mporo Ha BiAOBigHO-
My PHUCYHKY IOIIiJIbHO 300pasuTH BCi Xapak-
TePHi IOJIOMKEHHS IPIMOI.)

CKinbKU KOpPEeHiB Mae PiBHAHHA |x2 —4| x||=a 3aJIe’KHO Bin 3HA-
YyeHHA mapaMerpa a?

Komenrap

OckinbKH B IIbOMY B3aBJaHHI MoBa #ae IIpo
KiTbKicTh pO3B’sA3KiB piBHAHHS, TO AJA aHA-
Jigy BamaHol cuTyallii cupoOyeMo BUKOPU-
cratu rpadiuHy igrocTparliito po3B’si3yBaHHA.

1. Byayemo rpadik ¢(yHKIii y=|x2—4|x||

2 2
(ypaxoByioumu, II[0 X =|x| , moOymoBa
MOMXKe Bi,ZL6YBaTPICH, HaIlIpuUKJang, 3a TaKH-
MU eTalmaMu.

x2—4x—>|x|2—4|x|%|x2—4|x|
. Bynyemo rpagik dysKnii y=a.
3. AHaiizyemMo B3a€EMHe PO3MIillleHHA Ofep-

sKaHUX rpadikiB i 3anmcyemo BiAmoOBigb

)-

[\

(ximpkicTb kopeHiB piBHsHHa f(x)=a
IOPiBHIOE KiJIBKOCTiI TOUOK IEepeTHUHy I'pa-

dika pyurnii y=£(x) 3 mpamowo y=a).
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3asHaumMo, IO 3HAUYHY KiJbKicTh H0-
CIIAHUIBKUX B3aBIaHb He BAAETHCHA
posB’aA3aTu Oe3mocepeHIMU O0UMCICHHAMU
(abo Taki oOUUCIEHHSA € AysKe I'POMiBAKUMUT).
Tomy JacTo JOBOAUTHCA CIOYATKY OOTPYHTY-

Hanpukman, 6epyum mo yBarm IapHiCTh
(GYHKI[I, IITO BXOAATH A0 3amHuCy 3aJaHOro
PiBHAHHS, MOXHA BUKOPUCTOBYBATH TaKUU
opieHTHD.

BaTU SKYCh BJACTUBICTH 3aJaHOr0 PiBHAHHS
a0o HepiBHOCTi, a MOTiM, KOPUCTYIOUMUCH IIi-
€10 BJIACTUBICTIO, AaBaTH BiANOBiAb Ha 3amu-
TaHHS 3aJadYi.

”PUKMa 3 €IMHAN KOPiHb.
x? —a| x|3 +a®-4=0
Posp’sa3anna
» dyuxnmia  [(x)=x* —a| x |3 +a?-4 ¢ napuomo

(D(f)=R, f(—x)=F(x)).

Axmo x=0o — xopiup piBHanHa (1), To x=—0
TeX € KOpPeHeM IIboro piBHAHHA. ToMy e€numHUNI KO-
PiHb y 3amaHOrO PiBHAHHA MOXKe OyTH TiJIbKM TOXi,
Ko o=—0, To6ro o0=0. OmKe, €eIMHUM KOpPEHEM
3aaHOr0 PiBHAHHA MOosKe OyTu Timpku x =0 . fKimo
x=0, To 3 piBHauHA (1) omepryeEMO a?-4=0 , TOMi

a=2 abo a=-2.
Ilpu a=2 piBuauaa (1) mepeTBOPIOETHCA Ha PiB-

x4—2|x|3=0. |x|4—2|x|3=0;

|x|3-(|x|—2)=0. OznepryeMO |x|3=0 (Toxi |x|=0,

HAHHA Toxi

tooro x=0) abo |x|—2=0 (romi |x|=2, TOOGTO
x=%2). Or:xe, npu a=2 pisasauHg (1) Mae Tpu Ko-
peHi, ToOTO ymMoOBa 3a/jaui He BUKOHYETHCS.
IIpu a=-2 piBuagaa (1) mepeTBOPIOETHCA Ha
. 3 . 4 3
PiBHAHHSA x4+2|x| =0. Tonai |x| +2|x| =0;
3 .
|x| -(|x|+2)=0. OckinbKu |x|+2¢0, TO Onep-

JKYEMO |x|3=0. Toxi |x|=0, T00TO0 X =0 — equHNIA

KopiEb. OTike, a=-2 3a70BOJbHAE YMOBY 3ajadi.
Bidnogidv: a=-2. <

AKLWO B PIBHAHHI
€ napHoto abo HenmapHoto, TO pa3oM i3 Byap-
SKVM KOPEHEM 0. MW MOXEMO BKaszaTu Lie

OAVH KOPiHb LbOro piBHAHHS (—0).

f(x)=0 dyrkyia f(x)

(1)
Komenrap

ITomiuaemo, 110 B JIiBiii uacTHHI 3a7aHOT0
PiBHAHHSA CTOITHh MapHa (PYHKIiA, i BUKO-
PUCTOBYEMO OPi€HTHD, HaBEJEeHUIH BUIIE.
HificHo, AKIO X =0, — KOpPiHb PiBHAHHA
f(x)=0, ro f(a)=0 — npaBunbHA uuc-
JoBa piBHiCTH. YpaxoByOUM MapHiCTH

dpyrrmii f(x), maemo f(-a)=F(a)=0.
Omxe, X=—-0 — TeX KOpPiHb piB-
HaaHa f(x)=0. €zuHuil KOpiHB Y IBO-
ro piBHAHHA MOKe OyTHU TiaIbKU TOxi,
KoM KopeHi O i —ou s6irarorbesa. Tomi
x=o=—0.=0.

3’sicyeMo0, YK iCHYIOTHL TaKi 3HaUeHHSA
mapamerpa a, npu aAxkux x=0 e xope-
Hem piBHAHHA (1). (Ile sHaveHHa a =2

ia=-2.)
Ockinpku 3HaueHHs a=2 i a=-2 wmMu
ozep:Kaan 3 ymonsu, mo x=0 — KopiHb

piBHsAuHA (1), To HeobOXimHO TIepeBipuTH,
Yy OifiCHO NpU WX 3HAUEHHAX 4 3aJaHe
PiBHAHHA MaTUMe €IUHUN KOPiHb.

ITix yac posB’sa3yBaHHSA HOLIJIBHO BUKOPHU-
4

CTaTy PiBHICTH x* =|x

9.3. BUKOPUCTaHHA YMOB PO3MilLleHHsI KOPEeHiB KBaJapaTHOro TpuuneHa
f(x)=ax?+bx+c (a#0) BigHOCHO 3apaHunx uncen A i B

PosB’sa3yBanHsa AeAKUX AOCIIAHUIIBKUX 3a7a4 i3 mapame-
TpaM{d MOYKHA 3BECTU OO0 BUKODPHUCTAHHSA HeoOXimHWMX i mo-
CTATHIX YMOB PO3MIIl[eHHA KOPEHIB KBaJpPaTHOTO TPUUJIEHA.

IHTEPHET-NIATPUMKN MiAPYYHMKA.

3 BIANOBIAHWMM YMOBaMU Ta ix 0OrPYHTYBAHHAM, NPUKIIAA0M iX
3acTOCyBaHHA Ta AOAATKOBMMU MPUKNadaMu pO3B'A3yBaHHA 3a-
BOAHb 3 NapaMeTpamMy MOXHa 03HaMOMUTUCA, 3BEPHYBLUWCH A0

3HaAIThL yci 3HAUEHHS IIapaMeTpa @, IPU AKUX PIBHAHHS Mae




§ 9. PIBHAHHSA | HEPIBHOCTI 3 MapamMeTpamMm

Bnpabu

9.1.

9.2.

9.3.
9.4.

9.5.

9.6.

9.7.

9.8.

9.9.

9.10.

U

VY saBmanaax 9.1-9.3 po3B’saKiTh piBHAHHA Ta HepiBHOCTI 3i 3MiH-
HOIO X.

1) bax—a=ax+a; 3) ax+7a<ax+8a;
2) 4—ax=2x+"a, 4) 2a—-6x>2ax+11.
1) |x-2|+|x+1|=ax+3; 3) |la—x|+|x+a+1|=1.

2) |x-a|+|x|=2;
9a+3 4a-1 +1 2
1) ax+1=2272, 2) 2ax-1="2"°, gy &*X*>_=2
x x-1 x+a x
3HalgiTh yCci 3HAUEHHS a, IPU SKUX 3aJaHe PIiBHAHHS Ma€ €OUHUI
KOPiHb:
1) (x—a)(x—2a)=0; 2) (x+2a)(x—6a)=0
x—4 x+12
3HaWOiTh yCci 3HAUEHHS a, IPU SKUX 3aJaHe PIiBHAHHS Mae€ €OUHUN

KOpiHb:

1) x®+axb+a?+4a=0; 2) x*+ax?+a®-a=0.

H1a KoKHOTO 3HAUEHHA Iapamerpa b 3HAWIITh YMCIO KOPEHiB piB-
nsarEa 2x° +10x+|6x+30|=b.

3HalmiTEP yci BHAYEHHS IIapaMeTpa 4, OpPU SKUX PiBHAHHS
|x2 —2ax|=1 Mae piBHO TpU PisHUX KOpeHi.

3HalgiTh yci BHAUeHHSA mapamMeTpa a4, OpPU SAKUX PiBHAHHA
|x2 +2x+a|=2 Ma€ YOTUPHU PiBHUX KOpEeHi.

3HaWIiTh HAWOIIbINIe 3HAUEeHHA mapaMeTpa k, Ipu AKOMY o0uaBa Ko-
peni piBranEa x2+(2k+6)x+4k+12=0 Gixbmi 3a —1.

3HalgiTEh yci BHaueHHA IapaMeTpa m, IJsd SAKHUX PiBHAHHS
(m-2)x?-2(m+3)x+4m=0 mae oxun KOpiHb Olibinmii 3a 3, a Apy-
i — MeHIUHA Bim 2.

[opatkoBi 3aBaaHHA A0 TeMn «DYHKLIT, MHOFOYNEHW, PIBHAHHS | HEPIBHOCTI»
HaBeOeHOo Ha cawTi interactive.ranok.com.ua.

3ABAAHHA ANA NMIArOTOBKKU A0 OUIHHOBAHHA

Tecm
Ne 1

1.

VKaxiTh pHCYHOK, Ha gKOMY 300paskeHo rpadik QYHKIII
y=(x-1)2+1.
y\ y ) y y
1 1 1
\ "~ \ /
0 1 x -1 0 x 0 x 0 X
-1 -1
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2.

3HaligiTh 00/IaCcTh BUSHAUCHHSA (PYHKIIiI, 3amaH0l (hopMyJIoro f (x) - +1 .
x_

A (—o0;+00) B (—o0;—1)U(—1;+o0)

B (—eo;1)U(L; +0) I (-11)

3HalgiTh o00JacTh BU3HA-
yeHHS QYHKIiI, rpadik AKoi
300pa’keHo Ha PUCYHKY.

[ANEAN
A (-3;3) B (-5;9) 5 0‘ i \/ \jc
B [-3;3] I [-59]

3HaigiTe obsacTh 3HaUeHb QPYHKIIII, rpadik axoi 300pakeHo Ha puU-
CYHKY [0 3aBIaHHS 3.

y

A (-3;3) B [-3;3] B (-5;9) I [-59]
BrafifiTe 06macTs sHavens GyHKIii, 3anamoi Gopmyomo f(x)=x”+1.
A(ete)  B(=t]  B[ie)  T[oee)

VKax)iTh KiJbKiCTh KOPEHiB pPiBHAHHA (x2 —25)\/3(1 -4 =0.

A 0 b 1 B 2 r 3
2

Posp’sikiTh HepiBHiCTH w >0

x_
A(-=s-5]U[L2)  B[12)Uf-5)
B[1;2) T (—o0;—5]
Posp’sokiTh piBHAHHA ||2x—3|—5|=4 i 3HAWOITE JOOYTOK BCiX HMOTO
KOpeHiB.
A 6 b 12 B -18 I -36

3

ToGyayiite rpadix ymkmii y=——

| 2| (samunIiTh Po3B’sA3aHH).
x—

a .

N >4 3aJIe’KHO Bijl 3HAUEHDb apaMeTpa a
x—

(samumIiTh Po3B’sA3aHH).

PosB’s:kiTh HepiBHiCTD

MponaiTb OHNaMH-TeCTyBaHHSA Ha cawnTi Interactlve.ranok.com.ua.

TeMMn HaB4Ya/IbHUX MPOEKTIB

1. ®yukIii HaBK0JO HAC (OUB. iHTEPHET-TIATPUMKY HiAPYyYHHUKA).
2. MiodgaHT i #ioro piBHAHHA.

3. Merox obnacreii.

4. TToGymoBa JiHiN y MOJMAPHiNA cucTeMi KOOpAMHAT.

Mpo CTaHOBMIEHHS anreOpu Sk HayKu Ta BIAKPUTTS BUAATHMX MaTeMaTUKIB MOX-
Ha Ai3HATUCA, 3BEPHYBLUUCH [0 IHTEPHET-NIATPUMKN MiAPYYHMKA.



Po3nin 2

CTEMEHEBA ®YHKLIA

Y LUbOMY PO34I1I BW:

P ni3HaeTeca NpPo KOPiHb N-ro CTeneHs Ta Moro BNacT1UBOCTI;

P 03HamomuTecs 3i cTeneHeBoko YHKLIE Ta 1T BNACTUBOCTAMMU;

P HaB4MTeCH PO3B'A3yBaTH ipPALLOHANbHI PIBHAHHS
Ta HEPIBHOCTI




KOPIHb n-ro CTEMEHS TA NOro BNACTUBOCTI.
®YHKUIA ¥ =X TA ii TPADIK

Tabaumsa 11
1. O3Ha4YeHHs

KBagpaTHuii Kopiabp Kopius n-ro crenens

Keadpamnum kopenem i3 uwucna a Hasu- | Kopenem n-zo cmenens 3 wucna a HA3HBAETHCA
BA€ThCS TaKe YHUCIO0 b, KBAapaT SIKOTO TO- TaKe YHCJIO0 b, n-il CTemiHb SIKOTO JOPiBHIOE a.

piBHIOE a. SIkmo a=b" (ne N, n#1), To b — KoOpiEB n-ro

Aximo a=b2, TO b — KBaJpaTHUI KOPiHb i3 A CTemeHs 3 Uuciaa da.
yucaa da.

ApugmemuuHuil KOpiHb — HeBi0 € MHEe 3HAYCHHS KOPEHS.

IIpu a>0 mosHaueHHsA apu(PMETHUHOTO KOpeHd Taki: va, VYa .

(Va)’ =a (¥a)" =a

2. O6nactb AONyCTUMMX 3Ha4veHb (043)

KBagpaTHuii Kopiab Kopius n-ro crenensa

2q icmye Tinpku mpu a>0 (n=2k, ke N);

Ja icuye rinexu npu a>0 2tlla icaye mpu Gyab-AKHX SHAYEHHAX a4
(n=2k+1, ke N)

3anuc po3s’askie piBEaEHEA x" =a (ne N)

n=2k+1 — menapue (ke N) n=2k — napue (keN)
. i IIpu a=>0 yci Kopeni pis-
Ilpu Oynb-AKUX 3HAYEHHAX 4 PiBHAHHA Ilpu a<2(; PIBHAHHA P ok 4 P P
. ) = HAHHA X°° =a MOKHa 3a-
x2 =g mae epmmmit xopins x=2Ya X a o
He Ma€ KOPEeHI1B nucaTu Tak: x=1%a
IIpuknamu

PiBugauga x8 =7 PiBusuusa xS =7 mae Ko-

PiBuanua x5 =3 Mae €qUHUI KOPiHb X = \5/3 . . 8
He Ma€ KOPEHI1B pexi x=+37

3. BnactMBOCTi KOpeHA n-ro creneHs

n=2k+1 — HemapHe YHCJO n=2k — mapHe 4UCJIO
1) 2—g =2k
2k+1 nf n _ 2k 2k
2) | Ya =2 a1 =¢ a" =%a®* =|a|

Hna posinbaux suavenb n i k (neN, n#1, keN)

3) IIpu a>0 Yl ="tq
k
4) Tpxr a>0 (Ya) =Ya*

5) Iipu >0, b>0 |%Yab =%a Yo
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Hacainku

IIpu a>0, b>0 |Ya"d —a¥b | — eunecenns IIpu a>0, >0 a¥lb =¥a™b | — enecenns
MHOMCHUKG 3-Ni0 3HAKAG KOPeHA. MHONCHUKG Ni0 3HAK KOPeHA.

a ¥a
6) Ilpu a=0, b>0 |n— = \/_

b U

/ K .
7) Opu a>0 |¥Va™ ="{a™ | — ocmosra BracTHBicTH KOpeHT.

3HayeHHs KopeHsa 30 cmeneHns Hegid €MH020 YUCNLA He 3MIHUMbCSA, AKU,0 NOKA3SHUK KOPeHs i no-
Ka3HUK cmeneHns nidkopeneozo 6upas3y nomuoxcumu (abo nodiaumu) Ha o0He ii me came Ha-
mypaJibHe YUC.Jo.

8) Ilpu a=0, b=>0, | axmo a>b, To %>%

4, DyHKuia y:{’/; Ta i rpadik

T'padix byukuii y=Yx (neN, n>2)

n — mapue (n=2k, EeN) n — menapue (n=2k+1, ke N)
y y= 2elfy
1
-1
x 01 x
-1
BamacruBocti (yHKIIT y:(‘/;
n — napue (n=2k, neN) n — uenapue (n=2k+1, neN)
1. O6racmev eusnavenna: x =0, To6To 1. O6racmov eusnavenna: xe R (x — 6yxap-axe
D(zf/;) =[0; +<>o). mificHe 4mcio), TOOTO D(2k+\1/;)=R.
2. O6racmv 3navensv: y=0, TobTO 2. O6nacmo 3Havenv: ye R (y — Oynb-AKe gilicHe
E(zf/;) =[0; +0). 9Kc0), TO6TO E(2k+\1/;) =R.
3. Haiibinvuwo20 3HaUeHHA QYHKYI y:zﬁ/; 3. Haiibinbimoro i HaiMeHIIOro 3HayeHb (PYHKINiA
He Mmae; Haiumenuie 3Havenns — y=0 y=2"Yx me mae.
(mpu x=0).
4. dynkryia Hi napra, Hi HenapHa. 4. ynryia memapua: 2FY—x =—2%x | omace,

epadix QyHKYIl cumempuiHUil 6i10HOCHO nouam-
Ky KoopOuHam.

5. Touku nepemuny 3 ocamu koopdunam: Oy {xf(()), Ox {y ig’ TOGTO 2pagik npoxodums wepes
y=5% xr=u. nowamox kKoopounam.

6. Ilpomisncku 3pocmanus i cnadauna: Ha 6Cill o6acmi 6U3HAYEHHA QYHKUISL 3pOCMaAE.
7. IIpomincku 3Harxocmanocmi: 7. IIpomincku 3Haxocmanocmi:

npu x>0 smauemna y>0. npu x>0 smauemna y>0,
npu x<0 smauenma y<0.
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NOACHEHHA M OBI'PYHTYBAHHSA

o O3HayYeHHA KOpeHsA Nn-ro crerneHsA

IToHATTS KOpeHA KBAJApPATHOIO 3 UMCJA 4
BaM BijoMO: IIe TaKe UYHMCJIO, KBaApaT AKOTO
JIOPiBHIOE a. AHAJIOTiYHO 03HAYAIOTh i KOPiHb
n-To CTelleHd 3 YWcJa @, e N — JOBiJIbHe Ha-
TypaJibHe YmucJjo, OiabIie 3a 1.

O3HauyeHHA. Kopenem n-zo cmenens 3 wu-
cla a Ha3WBAETHCSI TAaKe UYMCJIO, N-i cTe-
MiHb AKOTO JOPiBHIOE a.

Hanpuksaan, KOpiHb TpPeTbOro CTeleHA

3 ymcya 27 OOpPiBHIOE 3, OCKiJIBKU 33=27;
KOpPiHb TPETHOTO CTelleHs 3 uumcjaa —27 mopis-

mroe —3, ockimeru (—3)° =—27. Yncna 2 i —2
€ KOPEeHsSIMH YeTBEPTOro cTeneHs 3 16, oCKian-
xu 24=16 i (-2)* =16.

IIpu n=2 Ta n=3 KOpeHi n-Tro cTemeHa
Ha3WBAIOTh TAKOXK BiIOBimHO kKeadpamuum
Ta KYOIUHUM KOPEeHAMU.

AR i gna KBagpaTHOTO KOPeHsd, AJIS Kope-
HS Nn-T'O CTeIleHs BBOAATH HOHATTS apudme-
TUYHOT'O KOPEHs.

O3HayeHHA. ApugmemuunHum KopeHeMm
n-z0 cmenensa 3 4YUCAG 4 HA3ZHUBAETHCA
HeBig’eMHe 4YHCJIO, N-i CTENiHb AKOr0 J0-
piBHIOE a.

IIpu a>0 paa apu@MeTHUHOTO 3HAUEH-
HfA KOPeHd n-T0 CTeleHsd 3 YKcja @ icHye cIie-

IiajgbHe IMO3HAYEHHA N a ; YUCIO 7 HAa3UBa-
IOTb NOKA3HUKOM KOPeHs, a caMe YUCJIO0 a4 —
nidkopernesum supaszom. 3Hak ¥ i Bupas
Ya wmasuBaroTh TAKOXK paduranom.
Hampurnazn, Te, 1110 KOpPiHb TPETHOTO CTE-
neHsa 3 uyucaa 27 OopiBHIOE 3, 3aIUCYIOTH

tak: 327 =3; Te, 110 KOPiHb YETBEPTOrO CTe-
meusa 3 16 mgopiBHIOE 2, 3anuUCYIOTH Tak:

416 =2. Ane pgna sammcy TOTO, IO KOPiHB
YeTBEPTOTrO cTeleHA 3 16 mopiBHIOE —2, 1IO-
3HAYEeHHS HEMAeE.

*

BBayKaTu, II0 r\l/; = % =a.

IIpu a <0 sHaueHHs KOpeHA n-TO CTerme-
HA 3 YMWCJa @ iCHY€ TiJIbKU IIPU HEIapHUX
3HAUEeHHAX N (OCKiJIbKU He iCHy€e TaKOTo mii-
CHOTO YKcJa, MapHUN CTeliHb AKOro oOyxe
Bim’eMHUM dYHCJIOM). ¥ IILOMY BUIIAAKY KO-
PiHBb HEapHOTO CTEIIeHd N i3 Yuejaa a TaKoK
I03HAYaTh (‘/E . Hanpukaaz, Te, 1110 KOPiHb
TPEeTHOTO cTemeHd 3 uucyga —27 mopiBHIOE —3,
3anucyoTh Tak: 9-27 =—3. Ockinpku —3 —
Bix’eMHe umcino, To 3-27 He € apudpmermu-
HUM 3HAUEHHAM KOpeHdA. Ajle KOpiHb Hemap-
HOTO CTeleHs 3 Bifl’€MHOTO UMcjia MOKHA BU-
pasuTtu; uepe3 apudMeTHUHe 3HAUEHHA KOpe-
Ha 3a gomomoroio hopmymu 2 —q =g

® II1o6 moBecTu HaBeAeHY QOpPMYyJay, 3a-
YBasKUMO, IO 3a O3HAUEHHAM KOPEHS 71-TO
CTelmeHs I PiBHiCTL Oyae IMPaBUJILHOIO, K-

2k+1
1110 (—2’”%) " =—a. JlificHO,

(_2k+\1/;)2k+1 =(_1)2k+1 .(2k+\1/;)2k+1 4., a me
it osmauae, mo g =-2#q . O
Hanpuxaan, -2 =—:\’)/27 =-3;
Y32 =-%32 =-2.
BasHaumMO Takos, 1o snauenna 2 Ya
mae mot camuil 3HAK, WO il YUCNLO @, OCKiIb-
KU IIpU TifHECEeHHi M0 HeIlapHOTO CTelleHd
3HAK UMCJa He 3MiHIOETHCH.
Tako:x 3a O3HAUEHHSAM KOPEHSI 1n-TO CTe-
IMeHs MOXKHA 3aIlNcaTH, II[0 B TOMY BUIAIKY,

KOJIU iCHye 3HAUeHHsS ¥ a , BUKOHYETHCA PiB-

HiCTBH (’\‘/E)n:a i, Boxpema, mpu a=0

(Va)’ =a.

O6nactb fOMNYCTUMMX 3Ha4YeHb BUpa3iB
i3 KopeHAMM n-ro cteneHA. Po3B’A3KkM

piBHaHHA X"=a (neN)
.\ BignosioHu matepian gve. B n. 2 Tabn. 11,

U) a OOrpyHTYBaHHS — B iHTepHeT-miaTPUMLUI
nigpyYHMKa.

Vei BracTusocTi BupasiB Busy Ya HasemeHo ana Bunaaky ne N, n>2. Ilpu n=1 gomoBumiamucs
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é BnacTMBOCTi KOpeHA n-ro creneHs

3a3HaueHi BJIaCTUBOCTI MOKHA OOT'PYHTY-
BaTH, CIOHPAIYNCHL HA O3HAUYEHHS KOPEHS
n-TO CTemeHsd.

1) ®opmyna -a =2y 6yna 06-
I'DYHTOBaHA B II. 1 TIOSACHEHbB.

® Haragaewmo, 1110 3a 0O3HAYEHHAM KOpPe-
HA N-TO CTeIeHs OJS OOBeAeHHsS PiBHOCTI
Q‘/ZzB (mpu A >0, B>0) moctaTHbO mepe-
BipuTu piBmicts B" = A.

2) Bupas Va" posrigEeMOo oKpeMo IpH
n=2k+1 (uenapsue) i mpu n =2k (mapue).
dAxio n — HenapHe, TO BPpaxoBYyEMO Te,

o Bupas va" icHye npu 6yab-AKUX 3HAUEH-
. / 2k+1/ .
HAX a i mo sHaK Va" = a®**1 s6iraerses

. 1 2k+1] 2Fk
3i smaxom a: “a" =""a? =q.

dAxriro n — napune, To BpaxoByeEMO Te, II10

o n 2k 2k
Bupas va" =~a®* nosmauae apudmermune
BHAUEHHS KOPeHd n-To cremeHs (OTiKe,
2k . 2k ,
Ya* >0)imo |a|" =a®*. Toxni

n 2k 2R
a” =Aa :\a

3) ®opmynry "\/% ="%lg wpu a>0 o6-
T'PYHTYEMO, PO3TJIAmAI0UYM ii crpaBa HaJiBO.
k
nk n k
Ockinbru ("\/’\‘*/g) =((”%) ) =(4a) =a,
o 32 osmauenuam Ya =¥%a .

k
4) CopaBeajuBicTh (GOpPMYJIU ('\‘/;) =

=%a* 1nupum a>0 Bumniumsae 3 pisHOCTI

E\" kn n k L
(Wa)) =(wa)" =((Wa)") =a-

5) Ina ob6rpyuTyBaHHA (GopMyan
%=%~'\‘/b_ npu a=0, b>0 BuUKOpPUCTO-
BYEMO PiBHiCTBH (%%) =(§l/;) ((Z/E) =ab.

6) Hua
Jo _da

b b

- a
piBHicTh | —/— | =————=—
n

OOTPYHTYBaHHA (QopMyan

npu a=>0, b>0 BUKOPUCTOBYEMO

. k
7) Banacrusicts kopena Na™ ="Ya™*

npu a=>0 BumiamBae 3 piBHOCTI
k
nk n I3
(nam) :((nam) ) :(am) :amk' o

Hanopukaag, %=\6/23 =\/§ (IOKa3HUK
KOpeHd i IOKasHUK CTeIeHs IiZKOPEeHeBOTo
BUpasy IMOAIINJIM Ha HaTypajbHe YHCIo 3).

I3 hopmyanu Yab =%a b (a=0, b>0)

MOMHaA ogepiKaTu BaKJINBi HaCJIi,Z[KI/I.

Mpr a>0, 6>0 Ya"b=Ya"%o=a%b .
Posrnanaroum oxep:xany (opmysay 3JiBa Ha-
IpaBo, MAaeMO @OpMYLY 6UHECEeHHs He-
8i0°€EMHO020 MHOMHUKA 3-ni0 3HAKA KOPEHS:

Va"b =a%b, a cmnpasa HamiBO — Qopmynry
BHECeHHs HeBi0’eMH020 MHOMCHUKA Ni0 3HAK

wopensa: a'lb ="a"b .
Hampuraan, 396 =%/32.3 =¥2°.3 =23 .

8) 3asHaumMO IIle OJHY BJIACTHUBICTH KO-
peHiB n-ro cremeHs: MAJA OYAb-AKUX

HeBix’ eMHUX yncea a i b

aKwo a>b, To ’\I/E>’\1/E.

® JloBemeMmo Iie METOJOM Bij] CyIPOTUB-
"Horo. IIpumyctumo, ImMo %<§‘/b_. Toni mpm
migHeceHHI 000X YaCTHMH OCTAHHLOI HEpiBHO-
CTi 3 HEBiA’ eMHUMU UJIEHAMMU IO N-TO CTEIeHs
(i3 sOepe:keHHAM 3HaKa HepiBHOCTi) omep-
JKYEMO MpaBuUJIbHY HepiBHicTh a<b. Ile
cymepeuuTh YMOBi a >b. OT:Ke, Hallle IPULIY-

IeHHs HeIpaBuibHe 1 Ya >(‘/5 . O

Y3azanvnenns enacmusocmeti Kopeéena
n-2o0 cmeneHAa

OcHoBHa yactuHa GHOpMyJ, AKi BUpaka-
IOTHh BJIACTHUBOCTI KOpPEHiB n-ro cTeleHs, 00-
I'PYHTOBaHA /ISl HEBil’eMHUX 3HAUEHbD ITiTKO-
peHeBUX BHpasiB. AJie iHKOJIH TOBOAUTHCH
BUKOHYBATU IIePETBOPEHHA BUpPasiB i3 Kope-
HAMU N-TO CTEIEeHA i B TOMY BUIIQIKY, KOJU
TaKUX OOMesKeHb HeMae, HAalpuKJIam go0yBa-
T KOpiHb KBaapaTHHU (ab0 B 3araJbHOMY
BUNAIKYy KOPiHb IIAPHOTO CTEIIeH:A) 3 JOOYTKY
ab Big’emuux uncen (a<0, b<0). Toxi ab>0

i #lab icmye, npoTe (GopMyJIOIO

ab =%a b (1)
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CKOPHCTATHUCSA He MOJKHA: BOHA O0I'pyHTOBaHA
TiILKU OJIA HeBim €eMHUX 3HaUeHb a i b. Aje
y Bumazky ab>0 maemo: ab=|ab|=|a|-|b]
i Temep |a|>0 Ta |b|>0. Omxe, aasa mo0y-
BaHHS KOPeHs 3 TO0YTKY MOKHA BUKOPHUCTA-

T popmyay (1).
Toxi mpu a<0, b<0 moxxemo 3ammucaTu:

3asHauymmMo, IO oxepskaHa GopmyJia

cupaseaauBa i nmpu a=0, b>0, ocKinbKu
B IbOMY BHUIIAAKY |a|=a i |b|=b. Orxe,

mpu ab>0 kfab =2k al 2@

AHaJIOTIiYHO MOJKHA y3araJbHUTU BJIAC-

2k/
TuBicTh 6. [1pn 2>0 zd;—a.
b b Zkl‘ b\

Ciaim sasHaumTH, IO B THUX BUIaAKaXx,

KOJIM OOI'PDYHTYBAHHS OCHOBHUX (POpPMYJI
MOKHa IIOBTOPUTU i IOJA Big’eMHUX 3Ha-
4yeHb a i b, TakuMu QopMyJIaMU MOYKHA KO-
pucryBaTucd s Oyab-Axkux a i b (8 O3 ui-
Boi yacTuHu QOPMYJIN).

Hampurnazn, njis KOpeHiB HeIIapHOTO CTe-
neHda 044 0YyO0v-AKUX 3HAYeHb a 1 b

2k+\1/£= 2k+\1/;.2k+\1/17. (2)

IliticHo, siBa i mpaBa yacTuHU Iiei Qop-
MyJ¥ iCHYIOTH IpU OyIb-IKUX 3HAUEHHAX 4
Ta b i BUKOHY€ETbCA PiBHICTH

(264 2041 )2k+1 _
=(2k+\1/g)2k+1 (2k+\1/g)2k+1 _ab,

Tomi 3a o3HaueHHAM KopeHa (2k+1)-ro cre-
meHsA BUKOHYETHCA i piBHIicTS (2).

Hanopukmnan, \/3 a'spb =§/a?-%=a5%
mpu OyAL-AKUX 3HAUEHHAX a i b.

Ane nmeaxkumu opmyslaMU He BIAETHCA
CKOpUCTATHUCA IJA AOBLIBHUX 3HAUEHDL a i b.
Hanpuraazn, AKIo0 Mu 3a OCHOBHOIO BJIACTH-
BiCTIO KOpeHs 3aIuIlneMo, I0 Q/a72 =§"/; (mo-
Ka3HUK KOpPeHd i MOKa3HUK CcTeneHd HiJKope-
HEeBOTO BUPAa3y MOAiJINJIN HA HATypaJbHe Yuc-
J0o 2), TO ofep:KaHa PiBHICTH He OyZe TOTOMK-

HicTiO, ockinbKM mpu a=-1 (;iBa i mpaBa
yacTUHM Iiei piBHOCTI O3HAUeHiI mpm BCix

3HAUEHHAX @) OTPUMAEMO \6/(—1)2 =3/-1, 106~

T0 1=—1 — HempaBUJILHY PiBHiCTb.

Or:xe, mpu [JijJieHHI TMOKasHWKa KOPeHS
i mOKa3HMKA CTeleHs IiKOPEeHEeBOTO BUPA3y
Ha IapHe HaTypaJibHE UYMCJIO0 MOTPibHO y3a-

TaJIbHUTU OCHOBHY BJIACTUBiCTH KopeHdA. Iia
2

IILOTO JOCTATHLO HOMITHUTH, IO a? =| al,
i Terep oCcHOBA CTeIleHs MiJKOPeHeBOI'0 BHpa-
3y | a | >0, a oTiKe, MOKHa BUKOPUCTATU OCHO-
BHY (popmyay (BracTtuBicTb 7):

¥ 3arajbHOMY BUIAIKY, AKW,0 NPU 6UKO-
pucmaHHi OCHOBHOI BAACMUBOCMI KOPEHA
0dogodumves Odiaumu nNOKA3HUK KOPEeHs
i NOKA3HUK cmenens nidKopenesozo 6upasy
Ha napHe HAMypaibHe HUCLO0, MO 8 pe-
3yavmami OCHO8Y cmenens Ni0KopeHes0z0
supasy nompibHo 6pamu 3a modyaem, TOOTO

2kn/a2km :nl‘ a ‘m .

Amnajnoriuno MoKHa OOTPYHTyBaTU i iH-
II1i TPUKJIaaM BUKOPUCTAHHSI OCHOBHUX BJa-
CTHUBOCTEH KOPEHiB IPH JOBIIbHUX 3HAUEH-
HaX a i b (3 O/I3 miBoi wacTuHHU GopMyJIn),
AKi maBemeno B Tabu. 12.

Omxe, AKINO 32 YMOBOIO 3aBJaHHA Ha IIe-
PEeTBOPEHHA BUPA3iB i3 KOPEeHAMU n-TO CTEIe-
Ha (ippamioHaJabHUX BUpAasiB) Bigomo, 110 BCi
3MiHHI (AKi BXOAATH OO 3alUCy 3aAHOTO BU-
pasy) HaOyBaOTh HEBiJl’€MHUX 3HAUYEHb, TO
IJIsI TIEPETBOPEHHS I[hOTO BUPAs3y MOMKHA KO-
pUCTYyBaTUCS OCHOBHUMHU (opMyaaMu, a SK-
110 TaKol YMOBU HEMae€, TO HeoOXimHo aHaJIi-
gyBatu O3 samamoro Bupasy i TiibKu mic-
JIs IbOTO BUPIiNIyBaTH, AKUMU (popMyaamMu
KOPHUCTYBATUCA — OCHOBHUMHU UM y3arajibHe-
HUMUY (IUB. IPUKJIAL 5 10 IIBOT0 Imaparpada).

@ 3 0OrpyHTyBaHHAM BRacTUBOCTEN DYHKLIi
y:% ( neN, n>2) 71aii rpadika, Hage-
JeHuX y Tabn. 11, MOXHa 03HanoMUTUCS, 3Bep-
HYBLUWCb A0 IHTEPHET-NIATPUMKM MiAPYYHMKA.
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Ta6aumnsa 12
OcHoBHi (hopmMyau OIs1 KOpeHs Yy MOKHA KOPHCTYBATHCA OCHOBHHMH (POPMYJIaMU
n-ro cremneHsa (TixbKU s nas Oynb-akux a i b 3 O/13 miBoi wacTunu dopmyan
HeBix'eMHHMX 3HA4YeHb a i b, (Ao Hi — maHo y3arajJbHeHY GopmMyiry)
a=>0, KOpiHb HemapHOTO .
TOOTO {b>0 ) P P KOpPiHb MMApPHOTO CTeNeHA
& CTeIneHa
n . .
1. (”«/a) =a MOXKHA TiNBKYM A1 HEBiN €MHUX a
2. ¥a" =a MOYKHA 2f 2k ~|a
3. Kopius i3 xopeass Y¥a ="a MOXKHA MOXHA
4. Kopiss iz 1obyTry Yab =%a b 28 ab :2kl| a|2k/| b|
MOJKHA
i 106yTOK KopeHiB Va b =%ab MOYKHA
. . a \In a a 2k | a |
5. Kopiab i3 wacTKu ng = \/_ 28— =
n
(b#0) b MO’KHA b 2| b|
. . Ya a
i yacTKa KOpEeHiB \/_ =n Y MOJKHA
n
b

6. OcHOBHA BJIACTUBiCTH KOPEHHA: Ilepexin mapHUit — napHEU MOXXHA

MOXKHA, AKIIO BCi . . .
Yam =" gmk A, A Ilepexin HenmapHuUili — mapHMi
KOpeHi HemapHOTo

i k
1 HaBllaKkn creneHs n/am _|™a™ mpuma™ >0,
TO6TO Tepexi R
( pexin ~"a™ mpua™ <0

nk/amk =n/am HeIlapHuu —

HeIllapHUu kf [
p ) n amk _n | am |
7. BuHeceHHsI MHOKHUKA 3-IIiJ
MOMKHa nlonp _ n
3HaKa KOpeHs Ya"b =a¥b Na"b |a|\/5

8. BHeceHHsaA MHOMKHUKA i 3HAK
A VYa™b nmpua >0,

o ol MOXKHA ab = me b=0
KOpeHs a%lb =Xa"p —Na"b mpua<0,

NMPUKNAAN PO3B’A3YBAHHA 3ABAAHb

3HaligiTh 3HAUEHHS BUPAa3y:

Mpukaad 1 n
1) ¥625; 2) 3/—5.

Posp’sa3anna KomenTap
1) P 4625 =5, ockinbku 51 =625. < Buxopucraemo o3HaueHHS KOPeHA Nn-TO
1 1 1 3 1 cTemeHdA. Samuc '\’/_ =b osHauae, IO
2) P 3—— =——, ockimpru [—— | =——. b =
27 3 3 27 =a.
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Mpukrad 2 1) 437125,

3HaliTh 3HAUEHHS BUPA3Y:

2) ¥2.48.

Komenrap

Burkopucraemo BJIACTUBOCTI KOPEHS 71-TO
CTeIlleHA i BpaxyeMmo, I0 KOMXKHY (QOPMYJay,
AKa BUpa)Kae€ Ii BJIACTUBOCTiI, MOKHAa 3aCTO-
cyBaTH K 3JIiBa HalIpaBo, TakK i ciIpasa
HauiBo. Hampukimaan, pjas poss’saA3yBaHHA

3aBHaHHAa 1 crKopucraemMocsa (POpPMYyJI0I0
W =% '\1/5 , a IJs1 PO3B’sA3yBaHHSA 3aBIaH-
HA 2 — 1iero camoo (GOopMYyJIo0, ajie 3amlu-
CaHOIO CIIpaBa HaJIiBO, TOOTO: Ya 4o =%Yab
(mpz a>0, b>0).

Po3sp’azanna

> 1) 327.125 =327 -3[125 =3.5=15; 2) ¥2 .48 =42.8 =416 =2. <

ITpuK/\aa 3 1) 150 i 7:

Po3B’a3zanna

1) » ﬁz%/7_2=\4/49 . Ockinsku 50>49, 1o

%>@,T06To %>\/7;<1

IlopiBHsAtiTE UMCIIa:

2) 43 i ¥3.
KomenTap

i mopiBHAHHSA 3aJaHUX YUCE Y KOXK-
HOMY B3aBJaHHI [IOCTaTHHO NIPUBECTHU
BCi KOpeHi [0 OZHOTO IOKasHUKAa KO-

peHa ¥ ypaxyBaTu, IO 028 6Ydv-saKUX
4 12/03 _ 12/ 3 12/04 _12/q7 .
2) > \/§= 3" =W27, \/§: 3" =81 . OCKINBKY | y0gid’emnux wucenr a i b, akwo a>b,

27<81, 1o 227 <1281 , 10610 ¥3 <33 . <

IMpukrad 4

1
1) 5—;

4
2) —;
oy ) T

o Ya >%b .

ITonaiiTe Bupas y Buriani apody, 3HaMEHHUK AKOTO HE MiCTUTH KO-
DPeHdA n-Tro CTeIleHd:

3%)

\/a_+1.

Komenrap

Y saBmauui 1 ypaxyemo, 1110 }3® =3, or-
JKe, Micasa MHOMKEHHS YMCeJbHUKAa i 3HaMeH-
HUKa 3aJaHoro Apol0y Ha Y3t smamennuk
MO:KHaA Oyme sammcaTu 0e3 3HaAKa paguKaa.

Y szaBmaHHI 2 mOCTATHRO UMCEJLHUK i 3Ha-
MEeHHUK 3aJaHOr0 Apo0y HOMHOMKWUTHU Ha Pis-
HUIIO \/g—l;tO (106 omep:kaTH B 3HAMEH-
HUKY (GopMysy pisHUIII KBaJgpaTiB).

Ale BUKOHAHHS aHAJOTIYHOTO MEPEeTBO-
PeHHsA B 3aBHaHHI 3 moB’s3aHe 3 MEBHUMU

1
e a=0

\/;+1

(i Bci TOTOKHI TepeTBOPEHHA MOTPiOHO BUKO-
HyBaTHu AJid Bcix 3HaueHb a->0). Mu xouemo
ITOMHOKWUTY YNCEJHbHUK 1 3BHAMEHHUK 3aJaHO-

npobaemamu. OIl3 Bupasy

ro apo0y Ha Bupa3 va —1. 3a 0OCHOBHOIO BJIA-
CTUBIiCTIO APOOY Ile MOKHA 3POOUTU TiJIbKU

IS BUMAAKY, Koau a —1#0, To0To TinbKu

mpu a#1. Ame a=1 Bxoguts g0 O[3 mouart-

KOBOT'O BUpasy, i ToMy BUOpPaHU HAMU CIIOCi0
posB’aA3yBaHHA npuBene a0 3BysKeHHsa OJ13
moYyaTKoOBOro Bupasy. IlificHO, AKIIO 3amu-

caTm, IIO ! = \/;_1 =\/;_1
’ Va+1 (Va+1)(Ja-1) a-1"

TO IS PiBHIiCTH He OyJe TOTOMKHICTIO, OCKiJIb-
KU He BUKOHyeTbca 1id a=1 3 O3 mouar-
KOBOT'0 BuUpasy. ¥ IIbOMYy pasi, 11106 He mpu-
IIYCTUTUCS MOMUJIOK, MOKHA KOPUCTYBAaTUCH
TaKUM OPi€HTHPOM.

¢ fKWo Ans TOTOXHMX nepeTBopeHb (abo ans :
: PO3B’'A3yBaHHA PiBHAHbL | HepiBHOCTEW) AOBO- :
: AWTbCA BUKOPUCTOBYBATK MepeTBOpeHHs (abo :
: dopmMynm), ki NpUBOAATL 40 3ByxeHHs O[3 :
: MOYaTKOBOroO BMPasy, TO 3HAYEHHS, Ha AKi :
: 3ByxyeTbc Of13 3a4aHoro BMpasy, cilig po3- :
: TNAHYTW OKpemo. :
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Posp’azanuga

ot

534 \/37 53¢
B G 3

oy A a(5-1) a({5-1)
Bl ()5 -1) (5P -1

3) P> Ilosnaunmo A=

1
\/Z+1

Ilpu a#1 (a>0) maemo A= !

. Tomi mpu a=1 omep:kyemo A=

Ja -1

RECCRS VY S

1

1
\/I+1_2'
_Na-1

\/a_+1:

(Va+1)(Ja-1) a1

1
Orsxe, mpu a=1 A:E’ npu a1l (a>0) A= - <
a—
”pb(K/\aa 5% CupocriTh Bupas a? .
Komenrap

B ymoBi He BKasaHo, IO 3HAYEHHA @
HeBif’eMHi, TOMy MaeMO CIIOUaTKy BU3HAYMU-
T OJI3 3aganoro Bupasy.

3amauuii BUpas icHye npu OyAb-AKUX 3HA-
uyenuax a (O03: 6yas-axke a€ R), i itoro mepe-
TBOPeHHsA MOTPiObHO BuUKoOHaTu Ha Bciit Ol13.

Mo:xauBuMu € gexigbka IJIAXIB mepe-
TBOPEHHS 3aJaHOTO BUPA3y, HAIIPUKJIAI:

1) cmouaTKy pPO3TIAAHYTH KOPiHBb KBa-
IpaTHUH i3 JOOYTKY, a HMOTIiM CKOPHCTATHCS
(opMyJI0I0 KOPEHS 3 KOPEHA i OCHOBHOIO BJIA-
CTUBICTIO KOPEeH;

2) BHecTH BUpAa3 a' mip sHak Ky0OiuHOTO
KOpEeHsd, a IIOTiM Te)X BUKOpUCTATU (POopMyTy

KOpEeHsI 3 KOPEeHsI i OCHOBHY BJIACTUBICTH KO-
peHs.
Ha xo:xHOMY 3 ITUX IJIAXIB YPaxoBYEMO,
[0 Ipu OyAb-AKMX 3HAYCHHAX ( 3HAUYEHHSA
2>0ia*>0 (oT:Ke, IS IIUX BUPaA3iB MOK-
HA CKOPHCTATHUCSA OCHOBHHMU (DOPMYJIaMU).
BukopucToByour OCHOBHY BJIACTHBICTH KOpe-
HsI, OOBOAUTHCS MiJINTH IOKA3HUK KOPEHS
i TOKa3HUK CTeleHs ITiJKOPeHeBoro Bupasy Ha
mapHe HaTypaiabHe umciao 2. Tomy B pesyb-
TaTi OCHOBY CTelleHs IIiIKOPEeHEeBOTO0 BUpAa-
3y moTpi6bHOo Opatu 3a mMoxyJaeM (OCKiIbKHU
ac R).

Po3sp’azannsa

I cmoci6o
>/a43 \/7,— 2§/> 26/| a?-a]. <
II cmoci6o

> V¥l =\ a2 Yot =§al ={fa =gfal Ja| -

Al el -lof* 4] -a* gal. <

SKMI i3 3aNPOMNOHOBaHKMX CNOCObIB, Ha Ballly AYMKY, AOLibHilLE BUKOPUCTOBY-
=/ BaTW ANs NepeTBOpPeHHs 3a4aHoro BMpasy?




Po3gin 2. CteneHeBa yHKLLs

3anumaHHg

3*.

10.1.

Bnpabu

10.2°.

10.3.
10.4.

10.5.

10.6°.

10.7°.
10.8.

10.9°.

10.10.

HafiTe o3HaueHHS KOpPeHA i apu(p)MeTHUHOTO KOPEHSA Nn-T0 CTeleHdA
3uyncya a. HaBeniTh mpurJaamu.

3anuniiTh i OOBEmiTHP BJIACTUBOCTI KOpPEHA n-TO CTeIleHd JIs
HeBiJl’eMHUX 3HAUYEHb ITiJKOPEeHEeBUX BUPAa3iB.

SIkmMu BIacTMBOCTAMU KOPEHA N-TO CTElleHA MOXKHA KODPUCTYBaTU-
cA IPU MOBIIbHUX 3HaueHHAX 3MimHuUX (3 O[3 miBoi yacTuHU Bif-
moBigHol (opmynu)? HaBeniTh mpuKJIagu BUKOPUCTAHHSA OCHOBHHUX
dopMysa Ta IxX ysarajJbHeHb.

3amnuIriTh yci po3B’sI3KU PiBHAHHSA:
1) x*"1 =g (keN);

2) x**=q (ke N): a) npu a>0; 6) upu a<0; B) mpu a=0.
HagegiTh mpukJagu Takux pPiBHAHB i PO3B’SKITH ixX.

ITo6ynyiiTe rpadik pyHKITIT yzi‘/; , e ne N, nnsa mapHUX i Hemap-
HuX 3HaueHb n. ChopmysaoiiTe Ta OOIPYHTYUTE ii BJIACTHUBOCTI.

IlepeBipTe mpaBUJIBHICTH PiBHOCTI:

1°) ¥64 =4; 3) W1024 =2;
2°) Y1 =-1; 4°) %o =0;
O6uncriTs:

1) ¥-8; 2 4%; 3) W-1; 4) ¥32; 5)3125; 6) ¥81.

VY zapmamuax 10.3—10.7 smaiifiTh 3HaYeHHsS BUPA3Y.

1) 38.1000; 2°) 416-625; 3) ¥24.9; 4) Y48-81.
1) 39327, 2) 32.3500; 3) Ys-Y-16; 4) 45 Y125.
J-16 Y729 625 $/1024

1) ———; 2) W; 3) —F—; 4) ——

Y2 -’ -5 $h6
5
2) §26.3%; 4) 5(%) 10° .
30
(i) 620 .
3

5°) ¥-82 =-2;
6°) 181 =1.

1) Y3113 3) Y3757 ;
2) 3/=6 99 :

1) Y210.315 , 3) 4(0,1)"-3%; 4) 19

IlopiBHAiTE ymMcia:

19 90,1 i0; 20 W1,3 i1; 3) Y23 i5; 4) Y4 i33.
Busnaure, mpu AKUX X Mae 3MicT BUpas:

1) ¥x+i; 2) P2x-65  3) Yx+2; 4)&{/?
ITopatiTe Bupas y BUIIALL P00y, 3HAMEHHUK SKOT'0 He MICTHUTh KO-
PeHs n-TO CTemeHd:

3
1) 7—;

2

) P

gy 1 £ 1
J7-1’ Ja +3 e 8z 1



§10.KopiHb n-ro cteneHs Ta roro BnactueocTi. PyHkuis y=x Ta ii rpacik

10.11. BunecitTs MHOKHUK 3-Iij 3Haxka kopeHd (a>0, b>0):

1) Ya''s" ; 2) Ya?;  3) ¥-274%"; 4) §1284a%'7.
10.12. BuHeciTh MHOKHHUK 3-TiJ 3HAKa KOPEHH:

1) 1 4p14 : 2) (I : 3) 8644127 : 1) 8,179
10.13. Bmecits MHOKXHHUK mif 3HaK KopeHa (a>0, b>0):

1) a7 ; 2) —b¥ab ; 3) ab{5; 4) ab®sl——.
b

10.14. BHeciThb MHOKHUK Iifi 3HAK KOPEHA:

1) a7 2) a®Yab ; 3) abﬁ/z—g; 4) -b¥-3p° .

a

10.15. Cupocrits Bupas:

1) Yab npu a<0; 3) Yat -3a? npu a>0;

2) ?/c175 mpu a<0; 4) {a" +§a® mpu a<0.
10.16*. CopocriTs Bupas:

1) Y2av® -Y164%p° ; 3) Ya¥at ;

2) g/ab3c .§/a5b4c ~§/b5c4 ; 4) 4a\313a\5/2a2 .
10.17. C i

HpOCTlTB BHpPAa3: * Q/iz ol s
~3fab ; 3% , ne a>0, b>0, a#b;
\/7 \/7 Va?b - \/E
N AR 2 RN i
o el

10.18°. PosB’sikiTh piBHAHHA:
1) x3=17; 3) x°=-5; 5) x*=16;
2) x%=3; 4) x®=-13; 6) x>=—-64.
10.19. IIob6ynyiiTe rpadik dyHKIii:
1°) y=4x; 3 y=Ux; 5) y=4x|; ) y=Y-x.
29) y=Rx; 49 y=Yx; 6) y=—Yx.
10.20. Posp’sxiTh rpadiuHo piBHAHHA:
1) Yx=2-x; 2) Jx=6-x; 3) Yx-2=4-x; 4) J-x =x+2.

IlepeBipTe mimcTaHOBKOIO, IO 3HAUEHHA X € KOPEHEM PiBHAHHA.

w0
‘:

10.21. Hosexirs, mo piBHAHHSA, HaBeneHi B 3aBganHi 10.20, He MAalOTH iH-
mInX KOPeHiB, KpiM sHalgeHuUxX rpadidHo.
@ BuABiTL CBOIO KOMMNETEHTHICTb

10.22. TlepeBipre mpaBuIbHiCTh BUKOHAHHA 3aBmaHHa 10.20, mo6y yBaBIIn
BigmoBimHi rpadikm 3a JOIIOMOI'0OI0 KOMII'IOTEPHUX IIPOrpaM.



IPPALUIOHAIJIbHI PIBHAHHA

Tabaumnsa 13

lNoHATTA ippauioHanbHOro piBHAHHA

PiBHsiHHA, y AKMX 3MiHHA MiCTUTBhCA Wil 3HAKOM KOPeHdA, HA3UBAKOTh ippayionanvhumu. s
TOro 100 PO3B’A3aTH 3aJaHe ippalioHAJIbHe PiBHAHHSA, HOT0 HaUyacTilie 3BOAATH A0 PaIliOHAb-
HOTO PiBHAHHS 3a JOIMOMOrOI0 JESIKNX MEePeTBOPEeHb.

Po3B’sA3yBaHHA ippauioHa/ibHMX PiBHAHb

1. 3a gomoMoOro migHeCeHHA 000X YACTUH PiBHAHHS J0 OTHOTO CTEIIeHS

IIpu nidnecenni o06ox yacmun , IIpu nidOHeceHHi 000X wacMUuH DiBHAHHSA 00 NAPHOzZO cmene-
Pi6HAHHA 00 HeNnapHoz0 CmMeneHs | Hi OMPUMYEMO PIBHAHHA-HACLIOKU, | Moxymbv 3’ a6umucs
00epiHCYeMO PiBHAHHA, PIBHOCULbHE —CMOPOHHI KOpeHi, aki 6i0cilol0mb nepesgipkoio

3adanomy (Ha itozo O3)

IIpurmang 1 Mpuknax 2

PosB’skiTh piBHAHHA Yx—1=2. Poss’sokiTh piBHAHHA V2x+3 =x.
3 2
> (Yx-1)" =23 x-1=8; x=9. ' » (V2x+3) =x?; x?-2x-3=0; x,=-1, x,=3.

Bionoside: 9. <l Tlepesipra. IIpu x=-1 wmaewmo: J1=-1 — HeIpaBUJIbHA

piBHiCTB, OToKe, X=—1 — CTOPOHHIN KOpPiHb.

IIpu x=3 maemo: +9 =3 — mnpaBuiabHa piBHICTL, OTKe,
Xx=3 — KOpiHb 3aJaHOTO PiBHAHHA.

Bionosiov: 3. <
2. 3a JOIIOMOroX0 3aMiHH 3MiHHMX

Axwo 0o pienAHHA 3MiHHA 6x00uMb 6 00HOMY UL MOMY CAMOMY 6U2AA0L, MO 3PYYHO
8i0no6i0Hull 6upa3 i3 3MiHHOI No3HAYUMU 00Hi€ O0YK6010 (HO0B010 3MIHHOIO)

IIpuxkmag 3

Posp’sukiTh piBHAHHSA Yx? +¥x =2.

2
» Ilosmauumo Jx =t. Toxi 3x2 =(§/;) =12,
OmepKyeMO PiBHAHHS: t24t=2; t2+1t-2=0; t, =1, ty,=-2.
Bukxonyemo obepHeHy 3aMiHY: 3’/; =1, Toni x=1 abo 3’/; =-2, 3Bigcu x=-8.
Bionosids: 1; —8. <
3. BuxkopucraHHA TeopeMH PO PiBHOCUJIbHICTH

Ao obuaBi wacTUHYN PiBHAHHA HeBim eMHi, To mpu migHe-
Z’W=g (x) = g(x)>0, CeHH'l.060X ‘{aCTItIH PiBHAHHA [0 ITapHOTO CTEIEHA OJEepPKY-
f(x): gn (x) €MO PiBHAHHS, PiBHOCHJIbHE 3aJaHOMY, 38 YMOBH ypaxyBaH-

Ha tioro OJI3 (mzmB. mpuKJgam 3 40 IboTo maparpada).
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NMPUKNAAN PO3B’A3YBAHHA 3ABAAHb

anK/\aa 1 PosB’sxiTh piBHAHHA Vx+3 +5x—-1=4.
Posp’a3anua Komenrap

— 2 ——=\2 ' I3omoeMo omfuH KOpiHL 1 mizHecemo 00uABi
> Jor—1=4-x+3; (\/5x—1 ) — (4_ x+3 ) | yacTuHM piBHAHHA O KBajpara — y Takwuil
ox—1=16-8Vx+3 +x+3; 8Jx+3 =20-4x; CIoci6 MU 1os36ymeMocsa OZHOTO KOPEHH.
2 /x+3 —5—x- (2 [x 3 )2 _ (5—x)2' IToTiMm 3HOBY i30J110EMO KOpPiHB i 3HOBY mij-

_ 2. 2 Al HeceMO OOH/Bi YacTHMHM DiBHAHHA 0 KBa-

4(x+38)=25-10x+x"; x° -14x+13=0; IpaTa — VHACIiLOK OJEepXHUMO KBaApaTHe
x =1, x,=13. PiBHAHHA.

Tepesipra. x=1 — wopinab (V4 +/4 =4, 4=4); ' Ockinrbku npu mifHecenHi 10 KBagpaTa MOsK-

x=13 — cropoumilt Kopinb ( \/ﬁ n \/6_4 £4). Ha O/iepIKATH CTOPOHHI KOpeni, T0 B Kl,HI_ll BU-
Bidnosiow: 1. <1 KOHAEMO MEePeBipKYy OTPUMAHUX PO3B’A3KiB.

ﬂpuw\ab 2% Posp’sxiTh piBHAHHA Yx—2 +yx+1 =3.
Posp’a3annsa KomenTap
§/— 3 Heaxi ippayionanvhi DIEHAHHA, W0 MICMAMb KiJlb-
. x—-2 =u, . jx-2=u°, ]
» Hexait Tonai 9 KQ KODeHi8 n-20 cmeneHns, MOXHA 38ecmu 00 cu-
Vx+1 =v. x+1=v".

cmem PAUiOHANLbHUX PIBHAHb, 3AMIHUBULL KON CHULL

. u+v=3, KOPiHb HOB010 3MIiHHOIO.
OmepaxyeMo cucTeMy DiBHAHB | 3 g

u® —v°=-3. . ) .
Micns samiam Yx—-2 =u, Jx+1=v i3 samaHo-

I3 mepmioro piBHAHHA 3HAXOZUMO V=3—U

. . ro DiBHAHHA OTPUMYEMO TiJILKU OJHE DPiBHAHHA
i mizcraBiseMo B Apyre PiBHAHHA:

u+v=3. [Ija Toro mob ofepKaT APyre piBHAHHA,

u? —(3—u)2 =-3; 3anuIIeMO 3a O3HAYEeHHAM KOPeHA Nn-T0 CTelleHd
u3—(9—6u+u2)=—3; {x—2=u3,
u3—u2+6u—6=0; x+1=02
u?(u-1)+6(u-1)=0; Bigmimemo Bix meprmoi pisHocTi apyry (1106 mo-
(u—l)(u2 +6) =0. 30yTHrCA 3MiHHOI X) i Ofep:KUMO IIe OAUH 3B’ A30K
Vpaxosyroun, mo u?+6%0, ogmepsmyemo  MLX u i v: u®-v?=-3.
u=1. Toxi v=2. Opepskany cucTeMy PiBHSIHB PO3B’A3YEMO METOOM
3x—2 = 1, migcranoBku. Ciij 3BepHyTH yBary Ha Te, II[0, BU-

Maemo cucremy piBHAHB . . ,
f x+1=2. KOHyOUHN 0o0epHeHy 3aMiHy, HeoOXigHO 3’scyBaTu,

. Uy iCHye 3HAUeHHA X, AKe 3aJ0BOJIbHAE 00MIBA
I3 mepimoro piBHAHHS X =38, IO 3aJ0BOJIb-
HsAe 1 Ipyre piBHAHHA.

Bionogiov: 3. <

CIIiBBiIHOIIIEHHSA 3aMiHU.

Arimo, poss’asyoum ippamiomaabHi HBO CKJaAHOIO i rpomisakoio. Ilinsa Tarkmx
PiBHAHHSA, MU BUKOPHCTOBYEMO PiBHSIHHSI- PiBHAHBL TOBOJAUTHLCS BUKOPHUCTOBYBATHU PiB-
Hacaigkm (AK y mpukJgazai 1), To B KiHmi HOCHUJIbHI IIepeTBOPEHHS Ha KOXKHOMY KPOITi
CJil BUKOHYBATH IIEePeBipKY OAepKaHUX posBs’sizyBaHHA. IIpum 1mboMy HeOOXigHO

po3B’a3KiB. Aue mepeBipKa iHomi € mocrar- mam’sATaTH, IO BCi piBHOCMJIBHI IIepeTBO-
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PeHHA PiBHAHB UM HEPiBHOCTE!l BUKOHYIOTH
Ha OJI3 BamaHOro PiBHAHHA YW HEPiBHOCTI
(§ 3), Tomy, BUKOHYIOUHN PiBHOCHJIBLHI Imepe-
TBOPEHHA ippamioHaJbHUX PiBHAHBL, HEOO0-
ximgHo BpaxoByBatum OJ[3 3samaHoro piB-
HAHHA. TaKoXX MOCUTH YacTO B I[UX BUMAT-
KaxX MipKYIOTH Tak: 014 8CiX KopeHig 3ada-
1020 PiBHAHHA 3HAKU Ji601 i npa6ol *acmumn
Pi6HAHHA 30icaromuves, OCKIJIBKW TpPU IIif-

Mpukrad 3 T oo,

PosB’a3zaHHa

2x+1=0,
> Ol3: {x+1>0. 1
Po3B’sA30K I1i€l cucremu: x>—5.

Ha OJI3 3amane piBHAHHA PiBHOCUJIBHE DiB-

HAHHAM:
V2x+1 =1++x+1;
(Vax+1) =(1+vxs1)’;

2x+1=14+2Vx+1 +x+1;

x—1=2vx+1.
Hna Bcix xopeHiB piBHAHHA (1)
x—120. (2)

3a miei ymoBu piBHAHHA (1) piBHOCHIBHE
PiBHAHHAM:

2
(x-1)%=(2Vx+1) ; x2—2x+1=4(x+1);
x2-6x-3=0. Toxi x=3+23.

Xy =3+2\/§ — BxoauTh m0 OJI13 i 3aM0BOIb-
Hse yMOBY (2), oT;Ke, € KOpeHeM 3aJaHOro

(1)

piBHAHHA; X5 =3-2v3 — Bxozuts mo O3,
ajle He 3aJI0BOJIbHSE yMOBY (2), OT!Ke, HEe €
KOpeHeM 3aZaHe PiBHAHHA.

Bidnogiowv: 3+2\/§. <

CTAHOBIII B 3aJaHe PiBHAHHS 4YuCIa, AKe
€ HWOoro KOpeHeM, OIepP:KYITh IIPaBUJLHY
YHMCJIOBY PiBHiCTh. BUKOpHCTOBYIOUM OCTaH-
HE MipKyBaHHS, YacTO BIAEThCA OAep:KaTH
AKYCh HONAaTKOBY YMOBY JJIsI KOPEHiB 3aja-
HOTO DiBHAHHA i BUKOHYBATU PiBHOCUJIBHI
mepeTBOpeHHs He Ha Bcit OIl3 maHoro pis-
HAHHA, a Ha AKilich il yacTuHi.

Po3B’sikiTh piBHAHHA

KomenTap

BukonaeMo piBHOCHUIIBLHI II€PETBOPEHHS 3a4aHOT0
pPiBHAHHA.

YpaxoByiouu, I10 BCi PiBHOCUJIBbHI II€pPeTBOPEHHSA
BUKOHYIOThCcA Ha OJ]3 3amaHoro piBHAHHA, 3adik-
cyemo foro OJ13.

Ilepenocsauu Bupas (—\/x+1) i3 JiBoi wacTuHHU
PiBHAHHSA B IpaBy 3 IPOTHJIEKHUM 3HAKOM, OJlep-
JKYEMO DPiBHAHHSA, PiBHOCHJIbHE 3alaHOMY.

Y piBasaHl 2x+1 =1++/x+1 o00uABi yacTuHuU
HeBix’eMHi, OTKe, IpPU MHigHeCeHHI 000X UYACTHUH
IO KBajapaTa OIep:Kye€MO PiBHAHHSA, PiBHOCUJIbHE
3ajlaHOMY, AKe piBHOCMJIbHe piBHAHHIO (1).

Hns Bcix KopeHiB piBHAHHA (1) BOHO € IpaBUJIb-
HOI0O YMCJOBOIO piBHicTIO. ¥ Ii#i piBHOCTI IIpaBa
4acTUHA — HeBin' €MHe 4mciIo (2\/x+1 20), TOM1
i giBa uwacrTmHA € HeBiZ’eMHHM 4YMCIOM, TOOTO
x—12>0 ngua Bcix KopeHis.

Toxi 3a ymoBu (2) o6uznsi yactunu piBHAHHA (1)
HeBix eMHi, OTiKe, IPH IIifHECeHHI 000X YaCTUH 0
KBajJpaTa OJep:KyeEMO PiBHOCUJIbHE PiBHAHHS. AJle
micasa TOTo K 3HAAeHO KOPeHi IbOro piBHAHHS,
HeoOXimHO mepeBipUTH He TiJIBKU Te, UM BXOIATH
Bouu g0 OII3, a i Te, UM 3aJOBOJBLHSIOTH YMOBY
(2). Onsa Takol IepeBipKM JOCTAaTHHO B3ATU HAa-
OsnrKeHi BHAUEHHA KOpeHiB x; =6,4 Ta x4 =—0,4

<\ 3 NOSICHEHHAM | OOrpYHTYBaHHAM METOAIB PO3B'A3yBaHHA ippaLlioHanbHWX PiB-
U HfHb, HaBefdeHWX B Tabn. 13, i3 3aCTOCyBaHHAM BRNACTMBOCTEM (OYHKUIM [0
PO3B'A3yBaHHSA ippaLioHabHMX PIBHAHb Ta NPUKIagamMmM Po3B’'A3yBaHHS OinbL
CKNagHMX PiBHAHb MOXHa 03HANOMUTUCA, 3BEPHYBLUMCD A0 IHTEPHET-MIATPUMKM

nigpyvHvKa.
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3anumaHHg

Bnpabu

11.1.

11.2.

11.3.

11.4.

11.5.

11.6*.

11.7.

11.8%.

11.9.

11.10*.

11.11%.

HassiTe Ta OOrPYHTYHTEe OCHOBHI MeTOAu PO3B’sA3yBaHHA ippailio-
HaJbHUX PiBHAHL. HaBemiTs mpukjagm iX 3acTOCYBaHHS.

. . 5/
IToscHiTh, YoMy O pPO3B’A3yBaHHS pPiBHAHB x2 +3%Yx -4=0,
Yx —Yx —-2=0 spyuno BuropucraTm saminy smiHHOI. VKaXiTh 3a-
MiHY IJIf KOYKHOTO PiBHAHHS. P0o3B’s:KiTh 11 piBHAHHS.

Posp’sokiTeh piBHgmaa 11.1-11.6.

1) Jx-2=1; 3) Yx—1=-3; 5) Y2x-9 =3.
2) Jx-1=-3; 4) §x%+125 =5;

1) \/m=x—5; 3) Wz—x;

2) Bx—2 +x=4; 4) Y +x —x=0.

1) Jx—2 +2x+5 =3; 3) Jx-3=1+Jx—4;
2) \2x—20 +y/x+15 =5; 4) Jx+2 -Jx-6 =2.
1) Yx®-2x+6 =x; 3) V3-¥x+10 =2;

2) Yx—x®+5=—x; 4) §/2+ x2+3x-4 =2.
1) 3x +8x =4; 3) 3¥x+1 +¥Yx+1=4;
2) Jx-2 +2¥x—2 =3; 4) Jx2-1+4x%-1=2.
1) 32-x =1-Jx-1; 2) ¥Y2x+3 -Y2x+1=2.
Posp’saxiTe cucremy piBHAHBL 11.7-11.8.

1) [3%x +3y =86, 3) {\/;Jr\/;:s,
%/;_3/522; 2x—y="T,;

2) |2Vx +3\y =7, 4) |2Jx -Jy =7,
3Jx —\Jy =5; Jx Jy =4.

1) {%/}+§/§=4, 3) |Jx+3y+6 =2,
x+y=28; mzl;

2) |Yx+y +Yx-y =2, 4) [Jx+y-1=1,
Jx+y —Jx—y =8; Jx—-y+2=2y-1.

PosB’saxKiTh ippamioHasbHe PiBHAHHSA 3a JOIOMOTOI0 PiBHOCHJIBHUX
TIepPeTBOPEHb:

1) V3x-2=5-x; 3) V3x+4 +Jx—4 =2Jx;
2) V3-2x —1-x =1; 4) Jx+5 +x =J4x+9 .

Posp’sokiTs piBHamma 11.10-11.11.

1) \/x+2\/x—1 +\/x—2\/x— =x+1;
2) Vx—3-2Vx—4 +yx—4Vx—4 =1;
1) Yx+1)? +28(x-1)% =322 -1 ;
2) x2+xJx+1-2(x+1)=0.




Il BMACTUBOCTI TA FPADI

K

Y3ATAJIbBHEHHA NOHATTA CTEMEHA. CTEMEHEBA ®PYHKLUIA,

12.1. Y3aranbHeHHS MOHATTA cTeneHs

Tabaums 14
1. CteniHb 3 HaTypa/ibHUM i LiNMM MNOKasHUMKaMMH
al=a a"=a-a-...a| acR, neN (n>2)
%,.—J
n pasis
0 _ -n _ 1
a =1| a#0 a = az0, neN
an
2. CteniHb 3 ApO6GOBMM MOKAa3HMKOM
n _Y\L/_ > n =Y,m >
ar=%Ya | a>0 a" =\a a>0, neN (n>2), meZ
3. BnactuBocTi cteneHiB
n m+n
a -a a a 7 a”
m., n m-n — =
a :a a b p"
n —
(a™)" =amn a" (bY
(ab)" =a™b" b a

NOACHEHHA 1 OBI'PYHTYBAHHA

Bam Bimomi moHATTSA cremeHiB i3 HaTy-
panpHUM i misuM nmokasHmKamu. Haramaemo
iX O3HaUYeHHSA Ta BJIACTUBOCTI.

fAKmio n — HaTypaJibHe UMCJIO0, OiJbIlle

3a 1, To mua OyabL-AKOro AifiCHOrO 4dmciaa a

a"=a-a-...-a, T06TO a" MOpiBHIOE MOGYTKY N1
%/_/

n pasiB

CIIiBMHOKHUKIB, KOKEH i3 AKUX JOPiBHIOE a.

IIpu n=1 BBa)kaioThb, IO al=a.

1

N0
a

n

Axmo a#0, To a®=11i a”
n — HaTypajJbHe YICJIO.
Taxko:x BaM BiZoMi OCHOBHI BJIACTHBOCTI

CTeIleHiB:

Ie

a

Haramaemo 1mie omHYy KOPHCHY BJIACTHU-
BiCTB:

aY"_ 1 1 b (bY
b) () @ @ \a)
b b"

VY3araabHUMO NOHAMMS CTEIIeHA MJISA BU-
2 1

pasiB Bugy 37; 60’2; 5 38 irT. ., ToOTO 014
cmeneHié i3 payloHAJLbHUMU NOKASHUKAMU.
BigmoBimHe o3HaueHHa 0OakaHO IaTU TAak,
100 CTelleHi 3 palioHAJIbHUMU IIOKA3HUKaAMU
MaJii Ti caMi BJIaCTHUBOCTI, IO 1 CTEHeHi 3 Iri-
JUMH ITOKAa3HUKaMMU.

Hamnpukian, AKIo Mu Xouemo, 100 BUKO-

i p e pq
HyBaJiaCd BJIACTUBICTHb (a ) a”’, TO IIOBUH-

B
HA BUKOHyBaTHCA piBHiCTE \a” /| =a" =a™.

Ane 3a o3HaYeHHAM KOpeHdA n-ro CTelleHdA

m

OCTaHHS PiBHICTH O3HAYAE, IO YHUCJIO a"

€ KopeHeM n-ro crenessa 3 yuciaa a™. Ile opu-
BOAUTDH HAC O TAKOTO O3HAUEHHS.
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OsHauveHHA. Cmenenem wucna a>0 3 pa-

. m
ULOHANTbHUM NOKA3SHUKOM = —, e m —
n

I.liJIe YUCJI0, 4 n — HATyYpaJdbHE€ YHCJIO

(n>1), HasuBaeTbca unciao va™ .

TakoX 3a O3HAUEHHAM MPUAMEMO, IO
npu r>0 0" =0.

Hanpukian, 3a 03HaAaYeHHAM CTeleHA

2
. -1
3 pamioHAJIbHUM IIOKa3HUKOM 37 = 32 =Y9;

1 3
53 =§/g; 2_Z=\4[2_3 =4</§; 05 =0.

| o

3ayBaKeHHA. 3HAUEHHS CTemeHd

m

3 palioHaJbHUM TMOKA3HUKOM a”
(me n>1) me osmauaioTh npu a<0.

Ile mosACHIOIOTH TUM, IO paljioHAJbHE
YUCJ0 ' MOKHA TOJATU PIBHUMM crocobaMu

. m mk
y BUTJIAAi Apoly: r=—=—— ne kK — Oyzab-
n nk

AKe HaTypaJibHe YUCJO.

IIpu a>0, BUKOPUCTOBYIOUU OCHOBHY
BJIACTUBICTh KOpPEeHA i O3HAUeHHS CTeleHsd
3 pamioHaJbHMM TOKA3HUKOM, MAaeMO:

m mk

m . mk

a"=an =¥a™ ="a™ =q .
Orxe, npu a>0 3HaueHHa a’ He 3aie-

JKUTH Bif opmm 3anucy r.
IIpu a <0 1ug BiIacTuBicTh He 36epiraeThb-

1 2
ca. Hampukiaan, aximo r=§=g, TO IIOBUHHA

1 2
BUKOHYBaTucsa piBHicTs a2 =ab. Ane mpu

il 1
a=-1 opmepxyemo: a3 =(-1)3=%-1=-1;

2 2
ab=(-1)s =\/6 (-1)? =%1=1%-1, To6T0 opu

1 2
Big’eMHUX 3HaAYeHHAX a MaeMo: ad #af.

m
Yepes 1e o3HaueHHA cTemeHsd a " (m — Ii-
Je, n — HaTypaJbHe, He OopiBHIOEe 1) mis
Big’eMHUX 3HAUEHDb 4 He BBOAATD.

<\ B iHTepHeT-niaTpUMUI MigpyYHMKa HaBeAeHO
U OOrpyHTYBaHHS BNACTUBOCTENM CTEMEHIB 3 pa-
LiOHaNbHVM MOKa3HWKOM i PO3MNAHYTO MOHAT-

TS CTeneHs 3 ippauioHanbHM NOKA3HUKOM.

NMPUKJIAAN PO3B’A3YBAHHA 3ABJAHb

ITomaiiTe Bupas y BUTIALL CTelleHA 3 pPaIiOHAJIBHUM IIOKA3HUKOM:

1) 375 ; 2) 4573 ; 3) Ya? npu a>0; %) Ua? .

Posp’azanuga

Mpukaad 1

Komenrap

5 .
3 = 3a 03HAUYEHHAM CTEIIeHs 3 PallioHAJbHUM IIOKa3-
)P Y7 =73; < .
3 muxom mia a>0 Ya™ =an.
i _3
2) P Y573 =5 4; < 2

Ilna 3aBOaHHA 3 BpaxyeMo, III0 BUpa3 4 ' oO3Ha-
yenuil Takoxx 1 mpu a=0.

2
3) P mpu a>0 Ya? =a7; <

2
4%y » Ya2 =Y af® =|a|7. <

¥V saBmanni 4 npu a<(0 mMu He Maemo mpasa Ko-
pucTyBaTuCs HaBeAeHOW Buile Gopmysoi0. Aue

2
, TO JJII OCHOBU

2
AKINO BpaxyBaTH, IO d =|a
|a| 3a3HAYEHOI0 (DOPMYJIOI0 BiKe MOYKHA CKODPH-
CcTaTuCd, OCKLIBKH |a|>0.
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OO0YuCIIiTD:

Mpukaad 2 3
1) 81¢;

Po3sp’azanna

3
1) P> 814 =181° =(481)3=33=27; <
2

2) P 28 7 =T12872 = ({128 )_2=z—2=i; 4

1
% — . . Py .
3") P (-8)3 me icuye, ockinbku a® creminb

posHaueHni Tinpku npu a=>0. <

CaopocTiTh Bupas:

2) 128 7;

2 1
3% (-8)s.
Komenrap

BHROpHCTOByeMO O3Ha4YeHHA CTeIIeHA 3 pauio-
m

HAJBHUM TOKasHuUKOM: a” =3Na™ , me a>0,

a Ipy BUKOHAHHI 3aBJaHHA 3 BPaxOBYEMO, IO
m

BUpas a™ He o3HaueHo mpu a<0.

Mpukaad 3 L _a-b gty 2T
) R ) 2 1
a?-b? x3 -3x3+9
Po3p’a3anna Komenrap
1)\2 1)\2 1
a—b (aE) _(bE) OcCKinbKM 3a[aHi IPUKJIAAY BXKe MICTATH BUPasu d 2,
HP == 11
a? b2 a’ b2 b2, x3, 10 a=20, b>0, x>0. Toxi B 3aBgauui 1
1 1 1 1 HeBix’eMHI umciia a i b MOKHA ITogaTH AK KBaJgpaTH:
(ag—bg)(a5+bg) 5 Lng ( l)z ( l)z
= T 1 =a?+b?; a=\a?), b=\b2) i BukopucraTu dopmy1y pis-
a? -b? 8 muni kBagparis: x2 —y? =(x-y)(x+y), a B saBgan-
= 3
x x+27 (xg) +3° ) ) ( l)
2y P> — E— —= Hi 2 mozaTH HeBix’e€MHe UUCIO X AK Ky6: X =\x3
xg —SxE +9 xE _ 3x§ +9 i BuKopucratTu GOopMyJy PO3KJIAJaHHA CYMH KYyOiB:
( 1 )( 21 ) a®+b =(a+b)(a® —ab+b?).
3 +3/\x3 -3x3 +9 3
= a i =x3+8. <
2 1
x3-3x3%+9
n 7 4 PosB’sikiTh piBHAHHA: ,
UKAA ; =
P 1) ¥x? =1; 2% x3 =1.
Posp’a3anusa Komenrap
1) > \/3 x%=1. Ol13: xe R, A O6sacTh OIyCTUMUX 3HAYEHb PiBHAHHS \3/362 =1 — yci giizeni
2 2
x“=1; 2
x=+1 4yuchaa, a piBuaaHda x3 =1 — rineku x2>0.

Bidnogidv: =1. <

2
2P x3=1.0013: x>0.
x?=1 ;
x=%1.
Ypaxosyiouu OI13, omep:Ky-
emo x=1.
Bidnosgiov: 1. <

ITpu migHeceHHiI 000X YACTHH PIBHAHHSA OO0 Ky0a OJep:KyeEMO PiB-
HAHHA, piBHOCWJIbHe B3amaHomy Ha #oro OJI3. Otike, mnepiie
PiBHAHHSA 3aJ0BOJIbHSIOTH yCi 3HalifeHI KopeHi, a Apyre — Tijb-
KU HeBix eMHi.

2

3
(V saBmamui 1 TakosK ypaxoBaHO, IO (3 xz) =x“, a B 3aBjaH-

(] e
Hi 2 — mo \x3/ =x3 =x2.)
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3anumaHHg

Bnpabu

1.

4%,

12.1.1°.

12.1.2.

12.1.3°.

12.1.4.

12.1.5.

12.1.6.

12.1.7.

12.1.8.

HafiTe o3HaUeHHS CTeIleHS 3 HATYPaJbHUM, IiJIUM Big eMHUM i HY-
JBOBUM TIOKasHuUKaMmMu. HaBexmiTh npukjaagu ix obOuwuciaeHHs. [Ipu
AKWX 3HAUEHHAX @ iCHYIOTH 3HaueHHs BupasiB a’ ta a™, me ne N?

o . m
. ,HaI/ITe O3HAQYEeHHdA CTeIleHd 3 pPallOHaJIbHHWM IIOKA3HUKOM 1 =—, €

n
m — IIiJle YHCJIO, a n — HaTypajbHe, 1110 He mopiBHioe 1. HaBexmiTs

OPUKJIaAU OOUMCIEeHHsI TAKUX cTeleHiB. IIpu AKMX 3HAUEHHSAX a ic-
m

HYIOTH 3HAUEHHd BUpPasy a” ? YKaXiTh, 06JIacTh HOIYyCTHUMUX 3HA-
2 2

yeHb BUpPasiB a’® i a °.

. SamuIriTh i OOI'PYHTYHTE BJIACTUBOCTI CTeNeHiB i3 pallioHaJIbHUMU

nokasHukamu. HaBemiTs mpukIagn iX BUKOPUCTAHHSI.
IloscHiTh, Ha TPUKJIALL, SK MOKHA BBECTU IIOHATTS CTeIlleHsA 3 ippa-
IIioHAJIBbHUM HOKA3HUKOM.

IlopmaiiTe 3amanwii Bupas3 y BUIJIAAI KOPEHS 3 UUCIA:
1 2 3 2

1) 22; 2)3°; 3)5"; 4)47; 5) 2% 6)7 3.
IlopatiTe Bupas y BUTJIAML CTeIleHA 3 palliOHAJbHUM ITOKA3HUKOM:
1y §3°; 3)° 17 5) 426 npn b>0;

2)° 4 1) Yo mpu a>0; 69 Vet

Ywu mae 3micT BUpas:
2

1) (—3)%; 2) (=5)7% 3) 47; 4) 07°?

3HalAiTh 00J1aCTh JONYCTUMUX 3HAUE€Hb BUPA3Y:
L _2 0
1) x5; 3) (x-1)7s; 5) (x2-1);
3
2) x73; 4) (x+3)7; 6) x®-5.

3HaAUIiTh 3HAUEHHSA YMCJIOBOTO BHPAa3Yy:
2

3 Yo
1) 243%4; 4) ( 21 J ;

125°
4 _l —l 1 1 1
8 il — -
2) (648 ) ) (1) *.257 -817.125 3;
3 4
5 1 1 1
3) 16¢; 6) (i) 2-7—1—(1) ® 97849 2,
25 8

PoskianiTe Ha MHOMKHUKU BUPAa3:
1 1 1 1 1 1

1 1 il il il il - =
1) (ax)s +(ay)s; 2) a—a?; 3) 3+32%2; 4) a+b2+a?+a?b?.

CkoporiTes api6:
11 1 11
a? +b2 2 -5 c+c2d? +d m+n
) 0 g B2 5 S8 TR gy TR
a-b p—-25 s 2 2 12
c?-d? m3 -m3nd +ns

Po3B’sa:kiTh piBHAHHS:
3 1 2

1) x5=1; 2) x7=2; 3) x5=2; 4) Yx? =2.
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12.2. CteneHeBa yHKUif, T BnacTmBocTi Ta rpadik

x 0
seLoodg eHdRIOH y y
Nou x=A \\ﬂ«
T+ug A A < fi

3 — . (3 — .
(N 2u H+:NR|\~. L x=/i) oroun dHIredAren oudewdH — 0 ¢, x=/fi ‘g

Aoo + .O_ x X
Aomxrwodir 0 0
Sw mweooam endey] Aoo +mo_ o

? .8|v NoU
Asxiwodn ug® =1 fi =1 f

BH JRIrei)
(N>u ,:manmv orouh 9HIredAren suden — 0 ‘ x=£f ‘|
BHHRIRID T 4LOTHJRIIOH T
BHHRLOOAE qarotHdRe] ] (Da (Bha srdred g
LLOognLIRIryg
(00 udu) x=/A mWoaHAP wooanioera 1 unided|
x 0]
7 ‘o 1hyunfich
P I ‘(0#x undu)  01099HIUIWD EBIILIBANERH ‘OI'OMh JHOUIY 9ME
0" = e fi I=,X¥=,X=f 0L ‘0= OmIK  -akg — © oY ‘ x=/i Arug BIINHAP "BHHOhEHEQ
(0="0) NoXenud MHIUIQOI()
CT BIIUIrQR],
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eHdRLOH TH

‘enden 1 A8+mov A8+mov

Qerrei))

(rtmeH — 0 ‘g >0) X =1 € T

OI'OMh QHMWD X4 JLTIOH — 0 ‘ x=fi °Q

x 0| x 0] X 0|
vHARIIOH TH ‘ P
seroodg cgrden HH.m (oo+:0] | (eo+0] ex =AM
: I<0 I>0>0 N cXx=1f
fi fi p T P

(durmer — 0 ‘g <0) x =f

OI'0Mh JHLBYOY JUIIOH — 0 ‘ x=f °G
(co+40) x 0 x 0
Ainodir eH
e endery | (+%0) . 0#x
(0teo-) f fi
Ayxrmwodix X %
BH seLoodg Nou = g x=f .= yXx=f I 2 X= A
ENR
(N>2u ¢ T amlxlmv orouh dHMD INg duden — 0 ‘ x=f
cot+f0) 1 x 0 //
AS, ev ! x o X0 x 0
anDKINodI & eHdRIISOY 0#f 0#x J
ANOHYON
f fi fi
BH dRYRII) x
o 1mue” - x=h X x=h
N2 TS (g ¥ A T & T -

T-ug
(N3U === 1 up)-

x=fi) orouh SHMWI Y14 dHdewdH — 0 ‘ x=fi '@
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NMNOACHEHHA M OBI'PYHTYBAHHSA

Cmenenesumu @QYHKUiAMU HA3ZUBAIOTH
GyuEOii Buny y=x%, e o0 — Oyab-AKe miii-
CHEe YHCJIO.

3 OKpeMUMHU BUIAMU TaKUX (QYHKIIHA Bu

BiKe O3HalloMuJaucsa B Kypci aareopu 7-9

kiacis. Ile, Hanpukaan, GyHKIIiT y=x1 =x,

1
y=x2, y=x3,y=x2 =Jx, y=x_1=%. Ilpn
IoBLIBHOMY O rpadiku i BiracTuBOCTI PyHK-
mii y=x% amasoriuni BitoMmum BaM rpadikam
i BJIACTHUBOCTAM YKa3aHUX (PYHKITiH.

Onucyoouu BJIACTHUBOCTI CTeIeHeBUX
(GyHKIIilI, BHUOKPEMUMO Ti XapaKTEePUCTUKH
dyHuKIiA, axki Mmu BukopuctoByBajau B § 10:

1) o6acTh BUBHAUEHHS;

2) obsacTh 3HAUYEHD;

3) mapHicTh Y1 HEHapHiCTh;

4) TOYKM IIePEeTHHY 3 OCAMU KOOPAUHAT;

5) IpoMiKKU 3HAKOCTAJIOCTi;

6) IpOMisKKU 3pOCTAHHA i CIIafaHHg;

7) Haibigbpmie i HaliMeHINe 3HaAUYEHHSA
PYHKILII.

dyHKkyia y=x% (o — napHe
HaTypaJibHe 4YMCI0)

JAxnio o0 — mapHe HaTypaJbHe UHCJO, TO

PYHKITiA y=x2” , ne N, Mae BJIacCTHUBOCTI Ta
rpadgik, IIOBHICTIO aHAJOTIUHI BJIaCTHBOCTAM
. . 2
1 rpadiky QyHKOII y=x".

HiticHo, obracmv 6u3HAYeHHA QYHKILIL
y=x*": D(y)=R, ockiTbKku 3HaUeHHSA i€l
GyuKIil MOKHA OOUHCIUTH IPU OYAb-IKUX

3HAQUYEeHHAX X.
2n

dyuruia napua: axmo f(x)=x°", To
fl=x)=(-2)"" = x®" = f (). rpadik
GyHKIIL y=x2n CUMETPUUYHUNA BiZHOCHO oci
Oy.

Ockinpkmy npu x=0 3HaueHHa y=0, TO

Orxe,

rpadik GyHKIii y=x2n 3aBXKIU IIPOXOLUTH
yepes IMOYATOK KOODPAMHAT.
Ha mpowmixkky [0;+o<>) GyHKIIiSg 3pocTae.
® JlificHo, maA HeBix eMHUX 3HAUYEHb
npu  x,>x; (x;,20, x,20) ozmepxyemo

xi” > x12”, OCKiJIbKU, SIK BiJoMO 3 KypCy aJire-

O6pu 9 KJyacy, Ipu TigHEeceHHiI 000X YaCTUH
OpPaBUJILHOI HEPiBHOCTI 3 HEeBiJ €eMHUMU uYJie-
HaMM [0 TIapHOTO CTemeHs (3i 30eperkKeHHAM
3HaKa HEPIiBHOCTi) OJEep:KyeMO NPaBUJbHY
HepiBuicTe. O

Ha mpowmimky (—o0;0]| dynruis cmagae.

@ JlilicHO, JJIA HeJOJATHUX 3HAUEHBb X;
i xy (20, x,<0), axmo x,>x;, TO
—x9<-x; (i Temep -x;20, —x,>0). Toxi
(—xz)zn <(—x1)2n, orske, x2"<x", TOGTO

f(xg)<f(x). O

Haa Toro mo6 sHaliTH o0JiacTh 3HAYEHD
yuruii y=x2", ne N, ckianemMo piBHAHHS
x%" =a. Bono mae posB’A3Ku 1 Bcix a =0,
(Tonmi x:izi’/; ) i TiTbKM pW TaKWX 3HAUYEH-
HAX a. Yci mi ynerna i ckaagyTh 001acTh 3HA-
uyeHb (pyHKIii. OToKe, ob6sacTh 3HAUEHD 3aja-
Hoi QyHKHii: y>0, To6T0 E(y)=[0;+00).

TaxuM uywmHOM, AJA BCiX OiHCHUX B3HAa-
yeHb X 3HaueHHA Yy >0 . HalimeHuwe 3HAYeHHA
dyukiii gopiBHioe Hyao (y=0 mpu x=0).
Haiibinvwozo 3HaveHHs QYHKUIL He MAE.

3a3HauMMO TaKOXK, Mo npu x=1 3Ha-
wenna y=12"=1.

YpaxoByrouu BIacTUBOCTI QYHKILI iy = xn ,
ne N, omep:kyemo ii rpadik (puc. 12.2.1).

Yy
y=x2n
ne N
0 x
Puc. 12.2.1

@ AHamNoriyHO MoXHa ODrpyHTYBaTU BNACTMBOCTI
. CTeneHeBOl GYHKLIT ANA iHWWX MOKAa3HMKIB
U) cteneHs (ams. Tabn. 15). BukoHamTe Bignosia-
Hi OOrPyHTYBaHHS CaMOCTINHO. Y pa3i noTpebun
3BEPHITbCA [0 IHTEPHET-NIATPUMKM Nigpy4-
HUKa.
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NMPUKNIAAN PO3B’A3YBAHHA 3ABAAHb

3HalgiTe 001acTh BUBHAUEHHS (PYHKILII:

Mpukaad 1 N R
1) y=(x—3)3; 2) y=(x+1) 2,
Posp’a3annsa KomenTap
1) » x-3>0, 10610 x>3, omxe, 1
D(y)=[3;+°<>) 4 YpaxoByemo, 110 Bupas a3 osHauenuii npu a >0, a Bu-
1
2) P x+1>0, to6ro x>-1, orxe, pas a ? — rimeku mpu a>0.

D(y)=(-1+=)

Mpukaad 2 IToGynytite rpadik GyHKII:

1
1) y=x"+1; 2) y=(x+2)3.

Po3sp’s13anna KomenTap

> 12.2.2, a), Ipadikn sagaHux QYHKIH MOKHA OTPHU-

1) P Byayemo rpagix y=x" (puc.
a moTiM mapaJjesbHO TePeHOCUMO HOoro B3JOBIK
oci Oy ma +1 (puec. 12.2.2, 6). <

1
2) > Byayemo rpadik y=x3 (puc. 12.2.3, a) ' 3a JOIOMOrOI0 ImapajieIbHOr0 II€PEHECEeHH:

mMaTu i3 rpadikiB QyHKITiN:
1
1) y=x°, 2) y=x3

a IIOTiM IapasesbHO IIePEHOCHMO HOT0 B3IOBXK | 1) Ha +1 ysgosxk oci Oy;

oci Ox Ha -2 (pue. 12.2.3, 6). < 2) Ha —2 B3MOB®E oci OX.
y y y y 1
y==’ / —xé y=(x+2)3
/1y= x°+1 y=
/—
0 x 0 x /
0 x -2 0 x
a 0 a 0
Puc. 12.2.2 Puc. 12.2.3
1. Kopucrylouncs rpadikoMm BigmoBimHoi ¢yHKIiI, oxapaKTepusyiiTe
3anumaHHg BacTuBOCTI PyHKLil y=x%, AKIO O: mapHe HaTypajbHE YUCJO; He-

mapHe HaTypaJbHE YMCJIO; HellapHe Bil’€MHe YuCJIo; ITapHe Big eMHe
YyuCcJIo; HelllJie Bif’e€MHe UYMCJ0; Hellije JoJaTHe YICJIO.

2%,  O6rpyHTyHTe BIACTHBOCTi CTeIeHeBOl (PYHKIliI B KOKHOMY 3 BHUIIA-
KiB, yKasaHux y s3aBmaHHi 1.




Po3gin 2. CteneHeBa yHKLLs

Bnpabu

12.2.1.

12.2.2.

12.2.3.

12.2.4.

12.2.5%.

12.2.6.

3HaigiTe 06J1aCTh BU3HAUEHHS (PDYHKILII:

1 5
1°) y=x7; 3°) y=(x-1)z; 5) y=(x?-x)3;
2 9
2°) y=x"2; 4°) y=x 7; 6) y=(x%-x+1) 2.
IToOynyiiTe rpadik pyHKIii ado piBHAHHSI:

5 1
1°9) y=x*; 6) y=x*; 11%) y=|(x-3)s —2|;
2°) y=x"; 7 y=(x+1)" 12%) |y|=64-x°;

1 1 5
3) y=x%; 8) y=x-3; 13%) y=[x° | ;

1 3
4) y=x% 9) y=|x|3; 14%) |y|=1-|x[";
1 . 5
5) y=x*; 10) y=|x®-1]; 15%) |y|=|x[ -4.

IToOynyiiTe # mopiBHANTe rpadikm GyHKITIN:
1 1
1) y=§/; iy=x3; 2) yzé/; iy=x*.

Posp’saxiTh rpadiuHo piBHAHHS:

1 5 1
1) x2 =6-x; 3) x2=2-x; 5) (x—1)s =3-x;
1 3 1

=x%; 4) x *=2x-1; 6) x2=10—x2.

w |~

2) x

IlepeBipTe mizcTaHOBKOIO, IO 3HAUEHHA X [OifICHO € KOpPEeHeM piB-
HAHHA.

HoBerniTs, 110 piBHAHHSA, HaBeleHi B 3aBganui 12.2.4, He MaOTh iH-
MUX KOPEHiB, KpiM 3HaWAeHUX TrpadivHO.

BuABiTb CBOIO KOMMNETEHTHICTb

BucioBiTh cBOIO AYMKY 3 HPUBOAY TOTO, NPEACTAaBHUKAM AKHUX i3
HaBeJeHHuX Ipodeciii Mo)ke craru y upuroni sHamusa temu «Creme-
HeBa (YHKIiA, i BiacTuBoCcTi Ta rpadik»: iHKeHEP-KOHCYJIbTAHT
3 anbTEePHATUBHOI €EHEPTEeTUKY, iHXKeHep 3 yTuIidaril, aHaJIiTuK mpu-
POOHMX KaTaKJi3MiB, MEIWUYHHNI KOHCYJBTAHT 3 aKTUBHOTO i 370pO-
BOTO CIIOCOOY KUTTs, IIPOEKTYBAJIbHUK iHAMBiAyaabHOI (iHaHCOBOIL
TPaeKTOpPil.



IPPALIOHAJIbHI HEPIBHOCTI

Tabaumnsa 16

1. MeTopa iHTepBanis (ana HepisHocTel Buay f(x)=0)

Opientup IIpukmanx

. - . . . PosB’sokiTe HepiBHicTe VX +4 >x+2.
¢ 1) 3HanT O[13 HepiBHOCTI. : p . . . .
: P 3amana HepiBHiICTH piBHOCHJIBbHA HEpPiBHOCTI

2) ?:?M)TM 0)Hyﬂi dyHkuii - f(x) Jrid-x-250.
x)=0). :
i 3) MosHaunTy Hyni yHkuii Ha : ' 1losHauIMO fle)=vx+4 —x-2.

OO3 i 3HaWTM 3Hak yHKUil :  O113: x+4>0, To6ro x>—4.
B KOXHOMY MPOMIKKY, Ha AKi : | Hymi f(x): Jx+4 —x—2=0;

036bwmBaeTbcs O13. : —
: 4) ganmcam Bi,El,l'IOBJi:lD,b, ypaxoBy- x+d =x+2;
: 04X 3HaK HepIBHOCTI : x+4=x%+4x+4;
......................................... 43 = 0s <(x+3)=0;
x; =0 — xopiHb, X, =—3 — CTOPOHHIiIl KOpiHB.

Tlosnauaemo mysi Ha O/13 i sHaxoguMoO 3HAK PyHKII [ (x)
Y KOXKHOMY IIPOMiKKY.

W__
4 0 t
Bidnosidv: [—4;0). <

2. PiBHOCM/IbHiI nepeTBOpEeHHA

OpienTup IIpukmanx

............ ..........._.................5 Po3B’ sxiTh HepiBHiCTI: 3/x+2 <-1
1) Mpu nigHeceHHi 0bOX YacTuH : » ONI3: xeR.

HepIBHOCTI OO HenmapHOro crene- : L . .
. ¢ . 3amaHa HepiBHICTH piBHOCMJIbHA HEPiBHOCTAM:
Ha (i3 30epexeHHsM 3Haka He- :

: 3
: PIBHOCTI) OLlEP>KYEMO HEpiBHICTb, (3x+2) <(-1)%
: piBHOCMNbHY 3afaHin (Ha O[3 : x+2<—1:

¢ 3amaHor) : ’

S eeseccssescsssscsssscsssscsssssssssssss : x<-3.

Bidnogiov: (—oo;—3). <
R R R s , . . . 4 _
© 2) SIKWo OBMABI YACTMHM Hepis- : Poss’sokiTe HepiBHicTe V2x—6 <1. . )
» 0O3: 2x—-6>0, to6To x=>3. O6MABI YacTUHU 3amaHOL

¢ HOCTI HeBif'eMHI, TO Mpwn migHe- : . " ~ ) N
. CeHHi O6OX 4acTVH HepiBHOCTi o E HEP1BHOCT1 HEB1J €MH1, OT)€, BOHA P1BHOCHUJIBHA (Ha 11

napHoro cteneHs (i3 30epexeH- : | O13) HepiBHOCTAM: (\4/2x—6)4<14;
: HAM 3HaKa HepiBHOCTI) omepxy- : 2x—6<1;

{ EMO HepIBHICTb, PIBHOCUNbHY 3a- -
naHin (na O3 3agaHoi) .

7
x<—.
2 7
VYpaxosyioun OJ13, omep:KyeMo 3<x<—.

Bidnogiov: [3;%). <



Po3gin 2. CteneHeBa yHKLLs

¢ 3) Akwo Ha O[3 3apaHoi HepiB- :
¢ HOCTI fiKaCb YacCTMHAa HepiBHOCTI -

Poss’saxiTe HepiBHicTs Vx+4 >x+2.
P 3Bamana HepiBHICTL PiBHOCUIBHA CYKYIIHOCTI CHCTEM:

: Moxe HabyBaTu fK AOAATHUX, TakK : x+220, a x+4>0,
. | BIO'EMHMX 3HayeHb, TO, nepw : ( /x+4)2>(x+2)2 x+2<0.

* HiXX nigHOCMTM 0BWABI YaCTUHU &

: HepiBHOCTI [0 NapHoro crene- : o |x=-2 x>—4
. Hep A P Toxi { ’ a60{ T

 HA, Ui BUNAOKV CMif PO3MNAHYTY 2 4+8x<0 x<-2.

¢ OKpemo. ) + /+
----------------------------------------- POBB’HSaBmH HepiBHiCTL x +3x<0,

Hamprrcra, wacsio ~3<x <0. SN\/0 =

2f(x) >gx) e
{g(x)>0, 60 {f(X)>0,

VYpaxoByoun HepiBHICTE X =>—2, ONEPMKYEMO PO3B’SI30K
neprroi cucremu: —2<x<0. Po3B’a30K apyroi cucremmu:

flx)> ng (x) g(x)<0. -4 < x<-2. O6’eguyooun Iji po3B’A3KU, OLEPKYEMO BiAIIo-
f(x) >0, Bigb.
2k/
flx) <glx) o g(x)>0, Bidnosidv: [—4;0). <
flx)<g? (x)

<™\ 3 MNOSICHEHHSIM | OOrPYHTYBaHHAM BRacTMBOCTeN, HaBedeHMX y Tabn. 16, Ta go-
U) [aTKOBMMM MpUKNagamMuy po3B’A3yBaHHSA ippaLioHanbHMUX HEpiBHOCTEM MOXHa
03HaVMIOMUTUCS, 3BEPHYBLUMUCh A0 IHTEPHET-MIATPUMKM NiAPYYHMKA.

NMPUKNAA PO3B’A3YBAHHA 3ABJAHDb

IMpukaad

Po3sp’azannsa

P Bazana HepiBHiCTH piBHOCHIBHA HEPiBHOCTI Jx+8 —Jx-1-y2x-1>0.
Mosmaunmo f(x)=vx+8 —Jx—-1—-+/2x-1.

x+320, x=-3,

1) O03: yx—-1>20, Tomi |x=>1, To06TO X>1.
2x-1>0. 1
x=z—,

2) Hyni ¢yurmii f(x): Jx+8 —Jx-1-+2x-1 =0.

2 2
Tomi: Vx+8 —vJa—1=v2x-1, (Vx+3 -Jx-1) =(v2x-1)",
x+3-2Jx+3 -Jx-1+x-1=2x-1, 2Jx+3 -Jx-1 =3.

ITimHOCMMO OOUMIBI YACTMHU OCTAHHBLOTO PiBHAHHA A0 KBajpara:

4(x+3)(x-1)=9, 4x*+8x-21=0, x1=§=1,5 — Kopimub, xzz—l —
CTOPOHHII KOPiHb. 2 2

3) PosbuBaemo OJI3 Toukoi 1,5 Ha JBa MPOMIiKKH i 3HAXOAMMO 3HAK
f(x) y xoxxmomy 8 mpomiskkis (puc. 13.1).

Bidnosiov: [1; 1,5) . <

Posp’sa:xkiTh HepiBHiCTD Jx+8 —Jx-1>/2x-1.

KomenrTap

3BefeMO HepiBHICTH 10
Buny f(x)>0 i poss’a-
JKeMo ii meromoMm iH-
TepBaJIiB.

s Toro o6 3HAUTH
myai Gysknii f(x), Bu-
KOPHUCTAEMO PiBHAHHA-
Hacaigku. IIlo6 BuIy-
YUTU CTOPOHHI KOpeHi,
BUKOHAEMO II€PEBipKY
ofiep:KaHUX PO3B’A3KiB.

(N

1 1,5 x
Puc. 13.1




§13. IppaujioHanbHi HEPIBHOCTI

e

3ayBarkeHHsA. 3alnucyun Po3B’A3aHHA HePiBHOCTEM 3a JOIOMOI0I0 PiB-

HOCHJIBHUX IIepeTBOPeHb, 3HAKK PiBHOCHJIBHOCTI (&) MOKHA He CTaBHUTH,
IOCTaTHLO HA IIOUATKY PO3B’A3aHHSA 3amucaTu: «BuKoHaeMo piBHOCHJIbHI
IIepeTBOPEeHHs 3aJaHoi HepiBHOCTi» (AuB. m. 2 Tabu. 16 Ta imTepHeT-mmim-
TPUMKY IigpyuHuKa (po3B’A3yBaHHA ippallioHAJIbLHUX HepiBHOCTeIl 3a 10-
IIOMOT'OI0 PiBHOCUJILHUX IIEPETBOPEHD)).

1. HasBiThb OCHOBHiI MeToAu pPO3B’A3yBaHHSA ippalioHAJILHUX HepiBHO-
3anumaHHs crei.

2. HassiTh OCHOBHiI eTamu po3B’A3yBaHHA ippallioHATLHOI HepiBHOCTI
MEeTOIOM iHTepBaJIiB.

3. O6rpyHTyiiTe cIpaBefIuBiCTh TAaKMX PiBHOCHILHUX IIePETBOPEHD:

1) 24 (x) >g(x) o f(x)>g¥ (x);

f(x)>0,
2) %f(x) <g(x) & 1g(x)>0,
f(x)< g (x);
2%/ g(x)>0, f(x)=o0,
D NI)>ele) o {f(x)>g2k(x) aco {g(x)<0.

3a HeoOXimTHOCTI 3BEepPHITBCA OO IHTEPHET-MIATPUMKU MiAPYyUYHUKA.

Poss’s:xiTh mepiBHicTs 13.1-13.8.

B'\Pa&( 13.1. 1) Vx2-3x-18 <4—x; 2) Vx?-3x <5-x.
13.2. 1) (x-3)Vx2+4 <x%-9; 2) (x—1DvVx?+1<x?-1.

\/3—2x—x2 \/3—2x—x2
<

13.3. 1 \/6+x—x2 <\/6+x—x2 .

2)

2x+5  x+4 x+8  2x+1
13.4. 1) Jx-2 +/2x+5 >3; 2) V2x-20 +vJx+15 >5.
13.5. 1) —% > /x +5; 2) x=Vx-2 o

3—\/; x—vx —6
3
13.6. 1) 2T 43, 2) Vxt-2x%+1>1-x.

X

13.7%. 1) 5x+8-6v5x—1 +1/5x+24—-10V5x -1 <2;
2) Jx+3-4Jx—1 +x+8-64x-1 >1.
13.8*%. 1) (Vx?—4x+3 +1)Vx + - (V8x—2x?—6 +1)<0;
X

2) (\/x2 —-5x+6 +2)\F—%(\/10x—2x2 -12 +2)>0.




IIix yac posB’si3yBaHHA 3aBHaHb 3 IIapa-
MeTpaMu, V AKHX BUMAraeTbCs PO3B’ A3aTH
piBHAHHA ab0 HepiBHIiCTL, MOKHA KOPUCTYBAa-
THCA TaKuM opieatupom (§ 9).

PO3B'AA3YBAHHA IPPALIIOHAJIBHUX PIBHSAHDb
| HEPIBHOCTEW 13 MAPAMETPAMU

Taxosx Ha erami IOIIYKY ILJIAHY PO3B’d-
3yBaHHS PiBHAHBb UM HEPiBHOCTEH i3 mapame-
TpaMu ab0 MipKyouYmum HaJ caMKUM PO3B’sd-
3aHHAM, YacTO O0yBa€ 3PYYHO CYIPOBOIKYBa-
TH BiATIOBimHI MipKyBaHHsS cXeMaMu, 3a AKU-

MU JIETKO IIPOCTEKUTHU, ¥ AKUN caMe MOMEHT
MU He 3MOTJIM OJHO3HAYHO BUKOHATHU HOTPi0-
Hi IepeTBOPeHHs, HA CKiJIbKYU BUIIAAKIB JOBe-
JOoCsI POo30UTU PO3B’sI3aHHA i UMM BigpisHa-
€ThCA OAWH BUMAMOK Big iHIToTO.
3asHauMMoO, IO PiBHAHHA 1 HepiBHOCTI
3 mapamMeTpaMu HaMdacTile po3B’sS3yOTh 3a
IOIIOMOTO0I0 iX PiBHOCMJIBHUX II€PETBOPEHb,
X0Ya iHKOJIM BUKOPWCTOBYIOTH i BJIACTUBOCTI
¢yHKIil, MeTon iHTepBaIiB A PO3B’A3Y-
BaHHA HEPiBHOCTEN 1 PiBHAHHA-HACJIIIKN.

ByOb-sike PIBHAHHSA YM HEpIBHICTb i3 Napame-
TPaMW PO3B’'A3YI0Tb AK 3BMYAWHI PIBHAHHSA YK
HepiBHICTb O0TW, MOKM BCi NepeTBopeHHs abo
MipKyBaHHS, HeoOXioHi ans po3B'A3yBaHHS,
MOXHa BWKOHAaTW OOHO3Ha4HO. Ane B TOMY
pasi, KOMM sikecb MEepeTBOPEHHSI He MOXKHa
BMKOHATWM OJIHO3HAYHO, PO3B’A3yBaHHs HeOb-
XiOHO PO30MTM Ha AeKiNbka BMMagkis, LWoO
y KOXHOMY 3 HWUX BIAMNOBIAb Yepe3 napaMeTpu
3anmMcyBanacs OflHO3Ha4HO.

NMPUKNIAAN PO3B’A3YBAHHA 3ABAAHb*

Po3B’sa:xiTh piBHAHHS

Mpukaad 1 S5 a.

Po3p’a3anua Komenrap

» 1) Ilpu a<O0 piBEaEEA @ Mu He MOKeMO OZHO3HAYHO AATH BiAIOBims Ha sammranHsg, 4u €
He Mae KOpPeHiB. B 3aJaHOTO0 PiBHAHHS KOPEHi, i ToMy BiKe Ha IIEpPIIOMY KPOIIi II0-
2) Ipu a>0 x-2=q?. ' BUHHI pO30WTH DO3B’A3aHHA HA ABa BUIAJKU:

Tomi x =a?+2. ;) a ;g : ROpeHl.B Hemae, )
Bidnosids: 1) axmo a<0, ) az Kopeni € (auB. cxemy).
TO KOPEeHiB HeMae; 2) AKIIO @
a>0, 10 x=a2+2. <
a=0
a<0
KOPEHIB HeMae x=a®+2

Axmo a >0, maemo HalimpocTinie ippamnioHajbHe PiBHAHHS, 00U-
nBi yacTuHM SgKoro HeBim'emHi. OTiKe, IpM IIigJHEeCEHHI IO KBa-
apata 000X MOro 4YacTHH OJepP:KyeMO pPiBHAHHS, pPiBHOCUJILHE
samanomy. OJI3 3amaHoro piBHAHHA MOKHA He 3aIMcyBaTH, ii Bpa-
XOBAaHO aBTOMATUYHO, 00 AJIA BCiX KOPEHiB 0Jep:KaHOro PiBHAHHS

x-2=a%>0.

* JIWB. TAKOXK MPUKJAAN B iHTEePHET-MiATPUMI MigpyUYHHUKA.



§ 14. Po3B'A3yBaHHS ippaLliOHaNbHMX PIBHAHb Ta HEPIBHOCTEW 3 MapaMeTpamMu

Po3B’s:kiTh HepiBHICTH
Jx—a >x+1.

Mpukrad 2

Komenrap

CrmouaTKy CKOPHUCTAEMOCS PiBHOCUJBHUMU IIe-

perBoperuamu: X/f(x) >g(x) <

g(x) f(x)>0,
s abo
flx)> g% (x) g(x)<0.
Axwo 8 odeprucani cucmemu napamemp a 8xo-
Jdumb NiHillHO, mo 8 makux eunadkax iHodi 6y-

6a€ 3PYYHO BUPASUMU nApamemp uepes 3MiHHY,
po3enaHymu napamemp Ak QyHKuUilo 6i0 uyiel
3MIHHOL i 6UuKOopucmamu 2papiiny iaocmpayin
po3s’asyeanus Hepienocmeil (y cucmemi Koop-
ounam x0a, y axiil eudizamu UWMPUXOBKOI
8i0n06i0Hi p036’a3KU ).

Po3sp’azannsa

P 3amana HepiBHICTH PiBHOCHJIBHA CYKYITHOCTI
cucTeM HepiBHOCTeIi:

x+120 6 { -a=0,
abo
:Jc—a>(x+1)2 x+1<0.

. x>—L
Tomi
a<-x%-x-1

1

as<ux,
a6o {x<_1_ )

300pasumo rpadiuHo Po3B’SI3KU CHUCTEM HEpiB-
"Hocreit (1) i (2) B cucremi KoopauHat xOa (Ha
puc. 14.1 3agapboBano BigmoBigui obsacti 1 i 2).

3 T a
a>—— [ //*
8] o
_]_ %0
“1<a<-2 R
4 Lt
7 )T
a<-1 L \
\\
@ O]\
Puc. 14.1

3 , )
Bauumo, 1o nmpu a =2 —— poss’sa3kiB HeMae (He-

3
Mae s3adapboBaHMX TOUYOK); AKITO —1<a <_Z’

TO mOpaAMa a=const mepeTwmHae TiIBKH 3a-
dapbosany obsgacte 1. Ilpuuomy oxmep:xaHmii

iHTepBasm OOMesKeHUI 3JiBa i cmpaBa BiTKaMu
napabon a=-x2-x-1. Arne IJIs Bigmosimi

HaM NOTpiObHO 3ammcatu X uepes a. A IbO-

14.1. Posp’sxiTh piBHAHHA:

1) Vx—-a =2;
2) Jx+2a =a;

Bnpabu

ro 3 piBHSHHS x2+x+a+1=0 smaxozumo x:

1 1
x=——=%,/——a-1.
2 4
1 3 1
Ax  6auumo, x=——+,/———a >——, TO0OTO
2 4 2
1 3 . ..
x=—E+ —Z—a — PIBHAHHS IIPpaBOl BITKU
1 3 ..
napaboau, a x:—E— —Z—a — JiBol

Toxi BiAgmOBiABL Yy IIbOMY BHUIAAKy OyZe TaKOIO:

1 3 1 | 3
——————a<x<——+,-——-a.
2 4 2 4

Arxmo a<-1 To mpama a=const meperunae
samTpuxoBaHi obsacti 1 i 2. Iaa obmacri 1 in-
TepBaJ JJIA X 3JiBa oOMe)xKeHuil npamoo x =—1,

a cmpaBa — IIPaBOIO0 BiTKOMO Immapabojiu, TOOTO
1 3 . .
—1<x<—E+ —Z—a. Iusa obnacrti 2 iHTep-

BaJI OJid X OOMe:KeHHuii 3JiBa HpAMO X=da,
a crnpaBa — npamor x=-1, To6ro a<x<-1.
O0’emHaHHSA IUX iHTEepBaJNiB MOKHA KOPOTIIIE

1 3
3ammcaTu Tak: d<x<——+, [———a.
2 4

3 .
Biodnosidv: 1) mpu a>—z pO3B’A3KiB HeEMaEe;

2) mpu -1<a<-——
1 / 3 3
———,——-a <x<——+ ———a,
2 4

3) mpu a<-1 a<x<——+/

3) Vx+6 —m=~+x-3;
4) Ja-Ja+x =x.




Po3gin 2. CteneHeBa yHKLLs

14.2. Poss’sxiTh HepiBHiCTB:
RINE
1) (x;#>0; 3) Vdx+a >x; 5) Va?-x% >2-x.
—-X
2) x+2a>+3ax+4a? ; 4) Jx—a >2x+1;
14.3. 3Bmaiigite yci sHaueHHs mapamMeTpa a4, IPH SKUX PiBHAHHA
3Vx+2 =2x+a Mae KopeHi.

14.4. 3maiigiTs yci 3HaueHHsa ©apaMeTpa a, NIPU HAKUX PiBHAHHSA
4 . ‘o . .
(\/x —a) x—— |=0 Mae TinTbKM OOUWH AiMiCHWUI KOPiHb.
x

14.5. 3maiigiTs yci 3HaueHHsa napaMeTpa a, IPU HAKUX PiBHAHHSA
N2—ax +2=x Mae TiIbKU OOUH NiICHUIN KOPiHb.

14.6. BuszauTe KigbKicTh PO3B’A3KiB crucTeMU DiBHAHBL 3aJIeXKHO BiJ 3HA-
YeHHS IapameTpa da.

1) {y=a+\/7, 2) x=a+\/;,
2x+y-1=0 y?—x%-2x+4y+3=0.

U) [opaTkoBi 3aBaaHHA Ao Temn «CTeneHeBa dyHKLif» Ta BIAOMOCTI 3 icTopii Ha-
Be[eHo Ha cauTi interactive.ranok.com.ua.

3ABAAHHA ANA NIATOTOBKU A0 OLIHIOBAHHSA

1. 3BHaiifiTe 3HaAUEeHHA BUpPa3y (3’/674 +481 )5\3/3_2 )

Tecm
Ne 2 AT B 14 B 28 T 34
. . 8 V3 (4) 2
2. 3HaimiTh 3HAUEHHA BHUPA3Y (—) (—) .
27 9
A 16 g 3 g X r 2
81 2 9 4
4 2
3. O6uwnciairs %/(1—\/5) +\/(3—\/§
A 4-22 B 2 B -2 T 2J2-4
2 2
4. Buaizi a’-b? 5 125, b=17
. HaNI1Th 3HAYEHHA BI/Ipa'Sy + , AKIIIO a= N = .
Ya +3b
A 5+2317 B5 B 17 r 317

5. PosB’sxith piBHAHHA +2x—-1 —6—x =2. fKmo piBHAHHA Mae ge-
KiZbKa KOpEeHiB, TO y BiAIOBiAL 3aIlHUIIThL IX ITOOYTOK.

R G S
9 9
6. Posp’sxiTh HepiBHiCTD VX+3 <3—x.
A (-231)U(6;+0) B (1;6) B [-3;1) r (-31)

7. Posp’sxirh piBHAHHA Vx—1 ++/b—x =a 3aJeKHO Bif 3HaAUeHD Iapa-
MeTpa a (3amuIlliTh PO3B’sA3aHHA).

w MpovaiTh OHNaMH-TeCTyBaHHS Ha cauTi interactive.ranok.com.ua.
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TPUTOHOMETPUYHI OYHKUII

Y LLlbOMY PO3[1J11 BW:

P 03HaMoMUTECS 3 TPUTOHOMETPUYHUMM DYHKLISMU KyTa
| YCNOBOro apryMeHTa Ta BNAaCTUBOCTAMM LIMX DYHKLLIN;

P HaBumMTecs ByayBaTh rpadikyi TPUFOHOMETPUYHUX (DYHKLI;

P fisHaeTecs Npo hopMynv TPUrOHOMETPI|




PAOIAHHA MIPA KYTIB

Tabaumsa 17
1. MNMoHATTA KyTa
Y reomerpii y Tpnronome'rpi'l'*
Kym — reomeTrpuu- B Kym — @irypa, yrBOpeHa BHAaCJIi- B
Ha dirypa, yTBOpeHa JOK TOBOPOTY MIPOMEHs Ha ILIO-
JBOMA IPOMEHSIMHU, IIUHI HABKOJIO MOYATKOBOI TOUYKH.
AKi BUXOOATH 3 Of- 0 A lo) A

Hiel TOuKmH.

£/ AOB yTBOpeHUil yHaACHigoK moBopoTy mpomens OA
£/ AOB yrBopenunii npomenavu OA i OB ' HaBKoo Touku O

2. BumiploBaHHA KyTiB

. 1
I'pagycHa mipa kyrta (1°=E YaCTHHA PO3TOPHYTOTO KyTa)

Koxknomy KyTy craBuTbcs y BiamoBin- + Koskmomy KyTy #aAK @irypi B

HicTb rpagycHa mipa O€ [0°;180°].

CTaBUTBhCA Y BigmoBigHiCTH
B KyT IIOBOPOTY, 3a JOIIOMOI'OIO
AKOT0 yTBOpeHO meit KyT. KyT
TIOBOPOTY OLE (—oo;+oo).

/ AOB=p=90°
(0] A L AOB=v=-270°
/£ AOB=90° L AOB=0p=90°+360°=450°
PagiaHHa Mipa KyTa
B
1 padian — TeHTpaJBLHUN KYT, 1[0 BiAmOBimae nysi, JoB:KUHA AKOI
R IOPiBHIOE pafiycy KoJia.
1 pax / AOB=1 papg. Ile osunauae, mo UAB=0A=R.
¢ 0 R A £ AOC=180°=n (pamiam). L AOC — pO3ropHyTHIA.

o

1 pagian =

~57°;

o T .
1°=—— pagian
180

NOACHEHHA M OBI'PYHTYBAHHA

V¥V rypci reomerpii KyT 03HAUAIOTH AK T'€0-
MeTpuuHy (irypy, yTBOpeHy JBOMAa ITPOMEH-
MU, AKi BUXOOATH 3 omHiel Toukm. Hampu-
Kaan, KyT AOB, 300pasKeHUH y IIepIIoMY
TyHKTI Taba. 17, — 1e KyT, YTBOPEHUI mpo-
meuamu OA i OB. KyT Mo:xHa posriasagaTu Ta-
KOK SIK Pe3yJbTaT MMOBOPOTY MIPOMEHS Ha ILJIO-
MMHI HaBKOJO IoYaTKoOBOI Touku. Hampu-

*

KJiazd, moBepraoun npomiab OA HABKOJO TOY-
ku O Bifg mouaTkoBoro mojioxkeHHA OA mo KiH-
meBoro moJiodkeHHs OB, TeX OHep:KuMO KYT
AOB. 3ayBaXuMO, III0 JOCATHYTU KiHIIEBOT'O
moso:xkernHss OB MoKHA IIPU IIOBOPOTi Ipome-
Ha OA K 3a TOAMHHUKOBOIO CTPiJIKOIO, TaK
i mpotu Hei.

IToxomskeHHA Ta 3MiCT TepMiHa «TPUTOHOMETPisfA» auB. y pyopuri «Bimomocti 3 ictopii» mo

posainy 3, HaBeleHill B iHTePHET-MiATPUMIL MiAPYYHUKA.



§ 15.PagiaHHa Mipa KyTiB

BuMmiploBaHHA KyTiB

HaBegeni Buille pisHi o3HaAUeHHA KyTa
IPUBOAATH OO Pi3HOTO PO3YMiHHS BUMipIo-
BaHHS KYTiB.

Y rypci reomerpii KOKHOMY KYTY BiJIo-
Bimae ¥ioro rpagycHa mipa, sKa MOXKe 3HAxXO-
IUTHUCSA TiabKU B Mexkax Bix 0° mo 180°, i To-
My, HaOpUKJIan, Oad npsamoro xkyra AOB
(muB. m. 2 Taba. 17) fioro mipa 3amucyerbcs
omnosHauHo: £ AOB=90° (maramaemo, II0
1° — 1e ISLO YyacTuHa PO3TOPHYTOTO KyTa).

ITpu BumiplOBaHHI KyTiB IIOBOPOTY TOMO-

BUJINCS BBa’KaTW HANPAM IIOBOPOTY HPOTHU
TOOUHHUKOBOI CTPiJIKM AOZAaTHUM, a 3a TIO-
IWHHUKOBOIO CTPiJIKOIO — Bim’eMHUM.

Tomy mpum BuMipioBaHHI KyTiB, yTBOpe-
HUX IIPU IIOBOPOTi IIPOMEHs HABKOJIO IOYAT-
KOBOI TOUKM, MOKHaA OJiep:KaTu AK MOJaTHI,
TakK i Bix’emMHi 3HaUeHHs KyTiB moBopoTy. Ha-
OpUKJIAL, axkino KyT AOB, y KoMy IpoMe-
Hi OA i OB B3a€eMHO IepIeHINKYJIIPHI, omep-
JKaHo mpu moBopoTi nmpomens OA Ha KyT 90°
OIPOTHU TOAMHHUKOBOL CTPiJIKM, TO 3HAUYEHHHA
KyTa moBopory [P (muB. BigmoBimuuii pucy-
HOK y 1. 2 Tabu. 17) nopiBaioe +90° (abo mpo-
cro 90°). Axmro Toit camuii kyT AOB onmepika-
HO npu moBopoTi mpomeHsa OA uHa KyT 270° 3a
TOAVMHHUKOBOIO CTPiJIKOI0 (3p0o3yMijso, II0
noBHU# 00epT — 1e 360°), To 3HAUEHHS KyTa
noBopoTy Y gopiBHIOE —270°. Toli camuii
KyT AOB Mo:XHa oJlep:KaTh TaKOXK IPU II0BO-
pori npomensa OA TpoTy TOAUHHUKOBOL CTPiJI-
Ku Ha 90° i me Ha moBHUI 00epT; y IIBOMY
BUIIQKy 3HAUYEHHA KyTa IIOBOPOTY ¢ JOPiB-
zroe 90°+360°, TooTo 450° i T. 1.

Bubpasiu Ak 3HaUeHHA KyTa IOBOPOTY
IOBiJIbHE Bim’eMHe U1 HOomaTHe UMCJO0 (Tpamy-
ciB), MW BaBKIW MOKEMO IIOBEPHYTHU IIPO-
mMiEb OA (3a TOOUHHUKOBOIO CTPiJIKOIO YU
npotu Hei) i oxnep:kaTu Bignmosiguuit Kyt AOB.
Omxe, 3HAaUEHHA KyTa IMOBOPOTY (y rpagycax)
MoOKe HaOyBaTH BCiX HifiCHMX 3HauYeHb Bin
—oco IO oo,

s BUMipOBaHHA KYTiB IE€BHUU KYT
OPpUAMAaIOTh 3a OUHUITIO BUMipy 1 3a ii mormo-
MOTOI0 BUMIPIOIOTH iHIII KyTHU. 3a OAUHUITIO
BUMIipy MOKHa HpHﬁIiIHTH OyAb-IKUUA KYT.

Haragaemo, 1o 180 YacTUHA PO3TOPHY-

TOro KyTa — Iie oguH rpanayc (1°). ¥V rexmimi
3a OAUWHUIII0 BUMipy KYTiB NPUNMAIOTh IIOB-

Huit 06epT (3asHaummo, 10 1 rpagyc — 1e
1
—— YacTHHA IIOBHOTO 00epTy).
360
Y mopemnsaBCTBI 3a OMMHUITIO BUMipy Ky-
TiB mpuiimMailoTh PyMO, SAKUN [OpiBHIOE

1 .
5 YaCTHUHI1 IIOBHOTI'O o6ep'ry.

Y maremarumni ta gpisuili, Kpim rpagycHoi
Mipu KyTiB, BUKOPUCTOBYIOTH TaKOX padiaH-
HY Mipy Kymie.

SKIO posTiIAHYTU IesKe KOJIO, TO MOMK-
Ha O3HAUUTHU pajiaH y TaKUi ciocio.

OsHauveHHA. 1 pagiaH — e IeHTpaJbHUI
KyT, I[0 BigmoBimae my3i, MOBKUHA STKOIL
JOPiBHIOE pajiycy KoJia.

Omxe, axino KyT AOB HOpiBHIOE OJHOMY
paxmiany (puc. 15.1), To 1e o3Hauae, II0
UAB=0A=R.

B
R R
1 paxg
C ¢ A
0 R
Puec. 15.1

YeranoBuMo 3B’sI30K MisK pagiaHHUMU
i rpagycHUMU MipaMu KYTiB.

IlenTpanpHOMY posropHyTOMy KyTy AOC
(puc. 15.1), axuit gopiBuioe 180°, BigmosBigae
HiBKOJIO, TOOTO Ayra, HOBMKHHA SAKOI JOPiB-
HI0OE TR, a omfHOMY pajiaHy — Ayra JOBKU-
HOI0O R. OT:Ke, pagiamHa Mipa PO3TOPHYTOIO

. R
KyTa AOC nmopiBHIOE % =T.

Opnepsxkany BiATIOBiMHICTD MisK T'PayCHOIO
i pamiaHHOIO MipaMm KyTa 4YacTO 3alHCYIOTh
Tak:

180°=m pagiaH.

I3 miei piBHOCTI omep:KyeMo Taki Biamo-
BigHOCTI:

b 180°
1°=—— pagian, 1 pagiag = =H7°
180 pan pan .
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Bupasits y pagiamuiit mipi Benumumam Kytis: 30°; 45°; 60°; 90°;

Mpukrad 1 270°: 360°.
. 1 o, T . .
P Ockinpru 30° — me E yactuHa KyTta 180°, Mo, 1o 1 ZE panlaH, TOAL:
To 3 piBHocti 180°=m (pax) omep:kyemo, IO 45°= 5__ (pan); 60°= 6—— (pazn);
, T 180 180
30 i (pan).
. . , 90°=" (pan); 270°=2% (pan);
Ananoriuao MoXHa OOUMCIUTHU ¥ BeJIWUYMHU iH- 2
XX KyTiB. Y 3arajbHOMY BUIIALKY BPaxOBY€- 360° = 27: (pam). <

VYpaxoByroun, m10 pajiaHHUMU MipaM¥ POSTJIAHYTUX KYTiB JOBOAWUTHCA KOPUCTYBATUCS IO-
CUTBb YacCTO, 3aIINIIIEeMO OJeP:KaHi pesyJabTaTH y BUIJIALL JOBIAKOBOI TAOMMIIi.

Tabaumnsa 18
Kyr 0° 30° 45° 60° 90° 180° 270° 360°
y rpagycax
Kyt 0 x r r r T 3 o
y pagiamax 6 4 3 2 2
B ===
3ayBaxkeHHs. Haituacrime y 3anmuci pagianHoi Mipu KyTiB Ha-
3By OJUHMIII BUMipy «pagiaH» (a00 CKOpoOYeHOo paj) He IMHUIIYTh.
. . . E .
Hanpuknan, 3amMicTh piBHOCTI 90°=E pagiadn mumyrts 90°=—
. s . . T 2n  3n
nPL(KAaa 2 BupagiTh y rpagycuiit Mipi BeauumHU KYyTiB: B; ?; T; 5.
) T 1 . ° .
P Ockinbkum — — e — uYacTHUHA KyTa T, magKy BpaxoByeMmo, 1o 1 pagian = , TOJi
T
To 3 pismocri n=180° omepsyeMo, IO 2n _2rn 180° o900, 3T _3m 180° .o,
3 3 T 4 4 i

b1
—=18°. Agajoriuso MoXHa 0o0UUCINTHU 1 Be- . .
10 . 2n 3n 5=5. 180 = 900
JIAYAHU KYTiB ? Ta e V saraibHOMY BU-

= 286°. <

s s

1. IoACHITH, AK MOKHA O3HAUMTH KYT 3a JOIOMOIOI IIOBOPOTY IIPO-
3anumaHHg MeHA. IK Ipu TaKOMY O3HAUYEHHI BUMIipIOIOTH KyTH?

2. SIx Bu posymiere Taki TBepmKeHHA: «BeamumHa KyTa mOpiBHIOE
450°», «Bemuuuua KyTa mopiBHIOE —225°»? 300pasiTh IIi KyTH.
. fIx mMo:xHa o3HauMTU KyT B 1°?

3

4. Nlaiite o3HaueHHA KyTa B 1 pazmiax.

5. Yomy mopiBHIOE rpagycHa Mipa KyTa B n pagian?
6

. IloacHiTh, HA IPUKJIaaxX, K 3a PaJiaHHOI MipOI0 KyTa 3HAWTHU HOTO
rpagycHy Mipy i, HaBmakKu, 3a IPaJyCHOI0O MipOi0 KyTa 3HAWTU HOTrO

pagiaHHy Mipy.



§ 15.PagiaHHa Mipa KyTiB

15.1°. Bo6pasits KyT, yTBOpeHUil mMoBOpoTOM NpoMeHa OA HABKOJO
Bﬂpa&( rouku O Ha:
1) 270°  3) 720°%  5) 225°%  7) 540°%  9) 360°
2) =270°; 4) —90°; 6) —45°; 8) —180°; 10) —-60°.
15.2°. Yomy mOpiBHIOIOTH KYTH IOBOPOTY, IOKasaHi Ha puc. 15.2?
y y y y
A C (2D) @
No’ x ot x \NO x N\ *
a 0 B r
Puc. 15.2
15.3. Bupasits y pagianmiit Mipi BeauumHN KyTiB:
1°) 225°; 3) 100°; 5) —22,5°%
2°) 36°; 4) —240°; 6) —150°.
15.4. Bupasits y rpagycHiii Mipi BeIMuMHE KyTiB:
2n T i
1) 3m; 3) —; 5) ——; 7 ——;
) ) 5 ) 18 ) 8
2) =, 1 = 6) -, 8) 3.
15.5. Ba momomoromo kanpKyasaTopa (a6o TaGIUIL) 3HAKMITL pafiaHHI Mipu
KyTiB:
1) 27° 2) 132°% 3) 43°; 4) 114°.
15.6. B3a momomorom kambKyIsaTOpa (260 TA6IMIB) 3HAHAITE TPALYCHI MipH

15.7.

15.8.

KyTiB:

1) 0,5585; 2) 0,8098; 3) 3,1416; 4) 4,4454.

BuaBiTb cBOlO KOMMNETEHTHICTb

Busunaute KyT (y rpagycax iB pamiaHax),
AKUI YTBOPIOETHCA BHACJHIZOK 00OepTaHHSA
XBUJIMHHOI CTPiJIKM Bijg MoMeHTY udacy 1 ronm
15 xB 1o momentTy yacy 1 rox 40 xB Tiei camoi
mobu. OOroeBopiTh, um OYIAYTH BiApisHATHCSA
3aIKc caMoro KyTa isammc Horo MonyJis? A

MaxoBuk asurysa pooutb 50 obeprTiB 3a XBU-
auny. Ha axkuii Kyt (y rpagycax i B pagiamax)
moBepHeThbes foro cruiisg OA (puc. 15.3) 3a 2 ¢

(HampsaM obepTaHHS MO3HAUEHO HA PUCYHKY)?
Puc. 15.3




API'YMEHTA

1. O3Ha4YeHHS TPUrOHOMETPUYHMX (DYHKLiN

TPUTOHOMETPUYHI ®YHKLUII KYTA | YACNIOBOIO

Tab6aumsa 19

yepe3 OUHUYHE KO0JIO yepes JIOBiJII:He KO0J0

(R=1) (R — pagiye xoxa)
P, (x5 y) P,(x;y)
Yy Yy R
ol \P, o x
0 X 1 x 0 x P,
sinoo=y — opaunara Touku P, ; y
coso=x — abcnuca Touku P, ; sina=%; tgo=—,
x
tgazizsma 5 ctg:lroc:i:c?sOC cosoc=i; ctgoc=i
x  coso. y sina y

yepe3 MPIMOKYTHUN

TPUKYTHUK
(st TocTpUX KYTiB)
B
c
a
o
A b C

sinoczi; tgo=—;

c

b b
cosol=—; ctgo=—

¢ a

2. TpUroHoMeTpu4Hi (YyHKLiT YMCNOBOro aprymeHra

sin (umcaa o) = sin (KyTta B O pamiam);
cos (umecna O) = cos (kKyTa B O pafian);
3. JliHii TaHreHciB i KoTaHreHcis

tg (uucna o) = tg (Kyra B O pamiam);
ctg (umcna o) = ctg (kyra B O paxiam)

yh p A0 Y y \C _ B(xp; 1)
o
1 P,
o p, o
0 1 x 0 x

AP, — ninia ranrencis (AP | Oy);
tga=y, — opaumara BifmosigHOI TOUKHU
JiHii TaHreHCiB

CB — ninia xoranrencis (CB| Ox);
ctga=xy — abcumca BigmoBimHOI TOUKM JiHIl
KOTaHTeHCiB

MOACHEHHA 1 OBI'PYHTYBAHHH

o O3Ha4yeHHA TPUrOHOMETPUUYHMX (YHKLiN

Iz Kypcy reometpii Bam Bimomi o3HaueH-
HSA TPUTOHOMETPUUYHUX (YHKIIA TOCTPOTO
KyTa B NPAMOKYTHOMY TPUKYTHUKY # O3HA-
YeHHA TPUTOHOMETPUYHUX (PYHKIIN KYyTiB

Bim 0° mo 180° uepes KoJio pagiyca R i3 1meH-
TPOM y TOYATKY KoopaumHAT (auB. Tabsa. 19).
AHaJsioriuHo MOJKHA JaTW O3HAUEHHS TPUIO-
HOMETPUUYHUX (PYHKIIA TOBIJIBHOTO KyTa, aje



§ 16. TPUrOHOMETPUYHI DYHKLIT KyTa | Y1CNOBOIrO apryMeHTa

[UIs COPOIIeHHA O3HAUeHb HaluacTiie BuOU- P TOBOPOTI Ha KyT O pasiyc OP, mepexo-
pPamTh pamiyc BiAIMOBIAHOTO KoJia TaKWM, IO

8 . ; . aute y pagiyc OP)) (puc. 16.1).
mopiBaioe 1 (3 GigbIN meTaIbHUMU BiAIIOBin-

HUMU TOJCHEHHAMHU MOYKHA O3HAalOMUTHCSH, OsHaveHHs 1.CuHycOM KyTa O Ha3UBAETh-
3BEPHYBIINCA O iHTepHeT-HiATPUMKHU IIif- ¢ oppunara touku P, (x;y) ommmmunOrO
DPYYHUKA). KoJia: sino=y.

Komno paxmiyca 1 i3 meHTpoM y moyaTky
KoopamHAT OyneMO Ha3uBaTU OOUHUYHUM
KOJLOM.

OsHaveHHAa 2.KocuHycoM KyTa O, Ha3WBa-
erbea abenuca Touku P, (x;y) OMMHHYHO-
ro KoJjia: coso =x.

Hexai#t mpu moBopoTi Ha KyT O TOUYKa
O3HayeHHAa 3.TaHresmcom Kyta O Ha3HWBa-

€ThCA BiJHONMIEHHA OPIMHATH TOYKH
P,(x;y) omumumunoro Kosa mo ii abGcuucwu,

P, (1;0) mepexoauts y Toury P, (x;y) (To6TO

Yy . sino
P (x; y) TOOTO BiJHOIIEHHSA . Orxe,
y ; sino cosa
tgo= (me cosoz=0).
COSs Ol
o PO
O3HauveHHAa 4.KoraHreHcoM KyTa O, Ha3H-
0 2 1 x BAa€ThCA BigHONIEHHA aOCIMCH TOUYKH
P, (x;y) ommmmuHOTO KoOJa 10 ii opauHAa-
. cos ol
TH, TOOTO BigHOIIEHHA - . Orike,
sino
coso .
Puc. 16.1 ctgo=— (me sina=0).
sino

Kopucrymounchs nmumMu 0o3HaUYeHHAMU, 3HAWEMO CHUHYC, KOCHUHYC,

Mpukaad _ on
TQHTEeHC 1 KOTaHTeHC KyTa 3 paziaH.
» Posrisamemo oguHuUYHE KOJo (puc. 16.2). PeXoouTh y TOUYKY PH ). KoopauuaTtu TOuKH
3
P2rr o
Yy Pﬁ MOJKHA 3HAWTH, BUKOPUCTOBYIOUM BJIa-
3
A cruBocTi mpaAMOKyTHOTO TpuKyTHHKAa OAP,
3

b (3 xkyramm 60° i 30° Ta rimorenysorw 1):
2 1 3
x=-0A=-—; y=AP,_ =£ . Tonmi:
Prc. 16.2 . 2n J3 2n 1
sin—=y=——; cos—=x=——
: 2n : 2 3 2
Vracaifok moBopory Ha KyT — pagiyc OF, on
3 sin—
. 2n 3 2n 1
nepexoguThk y pagiyc OP, (a Touka P, me- tg—=—-—2-=-+3; ctg—=—"F~= <
2n 3 2n 3 J3
3 COS—
3
AnHajoriuio 3HaXOOATHL 3HAUEHHS CUHY- TPUTOHOMETPUYHI (PYHKII TiABKM AeIKUX
ca, KOCMHYyCa, TaHTeHca i KOoTaHTeHca KYTiB, KyTriB. Tpuronomerpruni (yHKIIii KOBiJIbHO-
YKasaHUX y BepxXHbOMY pAaky Tabua. 20. 3a- ro KyTa 3a3BHYail 3HAXOAATHL 3a JOIIOMOIOIO

3HAUMMO, IO TAaKUM UYMHOM MOKHA 3HANTHU KaJbKYJIATOpa ab0 TalJINIlh.
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0304
6 4
1
sino 0 E %
cos o 1 £ ﬂ
2 2
tga 0 % 1
He
ctgo icmye 3 1

TpuroHoMeTpuyHi (pyHKUiT 4YmcnoBsoro

apryMeHTa

VBeneni o3HaueHHSA HO3BOJAIOTH PO3TJIA-
naTu He TiJAbKU TPUTOHOMETPHUYHI (PYyHKIIII
KYTiB, a I TPUTOHOMETPUYHI (PYHKILil YMCIIO-
BHUX apryMeHTiB, SKIIIO PO3TJIALATA TPUTOHO-
MeTpuuHi (QYHKIIl umeiaa O AK BigmoBigmi
TPUTOHOMETPUYHI (PYHKIII KyTa B OO pajmiaH.
Omxe:

® CcHUHYC ymcja O — Ile CHHYC KyTa B O
panmiam;

® KOCUHYC YHCJIa 0. — Ile KOCUHYC KyTa
B O pamiaH.

. . (m
Hanpurnan, s1ng = s1n(€ panm ):
=sin30°=5 (muB. Takox 1m. 2 Taba. 19).

6 JliHii TaHreHciB i KOoTaHreHciB

s posB’sidyBaHHA OeAKUX 3amady Ko-
PUCHO MaTu YABJEHHS IIPO JiHII TaHTeHCiB
i KoTaHTeHCiB.

Ta6aumnsa 20

60°  90°  180°  270°

E E T ﬁ 21T

3 2 2
By o . -1 0

2

1 0 -1 0 1

2

He He

\/37 icaye 0 icaye 0
RES 0 _He 0 e

3 icHye icHye

IIposenemo uepes TouKy F, OJUHUYHOTO
kona npamy APF,, mapanenbHy oci Oy
(puc. 16.3). Ilfo npamMy Ha3WBAIOTbL JiHi€IO
mamMezeHcia.

Hexait o0 — poBinbHe uwmcyao (4u KyT),
giusa axoro coso#0. Toxmi Touka P, He Je-
UTh Ha oci Oy i npama OP, mepeTuHae Ji-
Hil0 TaHTEHCIB y TOUIli A.

Ockinpku npamMa OP, HOpPOXOJUTH Uepes
IIo4yaToK KOoopAuHAT, TOo ii piBHAHHA y=Fkx.
Ane nma nmpaMa IPOXOAHUTH depes3 TOUKy P,
3 KooppuHaTtaMu (coso;sino), orike, KOOp-
OUHATH TOUYKH P, 3aJ0BOJBHAIOTL PiBHAHHA
npamoi y==kx, Tobro sino=kcosco. 3Bigcu

sino
k= =tga.
COosS
Orsxe, piBHAHHA npamoi OP, rake:

y=(tgo)x.

Pisuannsa npamoi AP, x=1. 1106 sHaiiTu
OpAWHATY TOUKU A, HOCTaTHHO B PiBHAHHS
npamol OP, mincrasutu x=1. Oxmep:xyemo
y,=tgo.

y p, ALY
o P0
0 1 x

Puc. 16.3
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Omxke, TaHreHC KyTa (4mcsa) o — Ie OpAuHATa BiamoBigHOI Y
TOUKHU Ha JiHiI TaHTeHCIB. c Bxg1)
AmnajoriuHo BBOAATH i MOHATTA JiHil KOMAH2zeHCi8: 1ie TIPs-

ma CB, mo npoxoauts uepes Touky C(0;1) opumrmvHOrO KosIa L P,
napaJjesnbHo oci Ox (puc. 16.4).

Axiio oo — moBidbHe umcyio (UM KYT), M AKoro sino#0
(TobTo Touka P, He nexuTh Ha oci Ox), To npama OF, meperu- 0 X

Hae JIiHiI0 KOTaHIeHCIiB y Aeskiil Touni B(xg;1).

AmnanoriuHo nonepefHbOMY OOIPYHTOBYIOTH, 110 Xz =ctgol.
Or:xe, KoTaHTeHC KyTa (umcja) O — Ie adcrmmca BimmoBimHol
TOUKM HAa JIiHil KOTaHTeHCiB.

Puc. 16.4

1. CohopmymioiiTe o3HAUEHHS TPUTOHOMETPUUYHUX (YHKILil TOCTPOro Ky-
3anumaHHsa Ta B IPAMOKYTHOMY TPUKYTHUKY.

2. CdopmynoiiTe o3HAaUeHHA TPUTOHOMETPHUUYHHUX (DYHKIiH TOBiILHOTO
KyTa:

1) BUKOPHCTOBYIOUM KOJIO pamiyca R i3 IeHTPOM y IIOYATKY KOOPIHU-
HAT;

2) BUKOPUCTOBYIOUM OAWHUWYHE KOJIO.

3. Illo maioTs Ha yBasi, KOJHU TOBOPATH IPO CHHYC, KOCHHYC, TAHTEHC
i Kkoraurenc umcua o ?

16.1°. IIobynyiiTe HA ONUHUYHOMY KOJi TOUKY P, , y ARy IepexoiuTs TOUKAa

By\pa&( Py (1;0) opmHMYHOrO KOJa BHACII/OK IOBOPOTY Ha KyT O.:
n 4r
1) a=3m; 3) o=—; 5) ou=—;
6 3
2) o=—4r; 4) a=-3", 6) a=-".
4 4

¥ akiil koopguHATHIN uBepTi MicTuThCA TOUKA P, y 3aBHAHHAX 3—67

16.2. 3maiigite 3HayeHHA sino, coso, tgo, ctgo (AKIO BOHM iCHYIOTB)

mpu:
1) o=3n; 3) a=-"; 5%) o= — 2"
2 6
2) a=-4m; 4) 0c=5—n; 6%) 0c=3—n.
2 4

16.3°. Kopucryoumnch 03HAYEHHAM CHHYCA i KOCHHYCa, 32 JOIOMOIOIO OJH-
HUYHOTO KOJIa BKaKiTh 3HAKM Sinol i coso, AKIIO:

6 2
1) a="2, 2)a=-L; 3) Ly 4) a=--"; B) o=——.
5 6 6 3 10
16.4*, Kopucryiounch JiHi€l0 TaHTeHCiB, YKaKiTh 3HAK tg0, AKIIO:
4 3 11 7 9
1) a=—"; 2) a=—-"; 3) a=—"; 4) a=——; 5) a=—,
3 4 6 6 4

16.5*. Kopucryounuch JiHi€l0 KOTaHTeHCiB, YKaXKiTh 3HAK ctgo, AKIO:

1) 0(:_4_75; 2) a=3_n; 3) az_ﬁ; 4) a=7_n; 5) q=_Im
3 4 6 6 4



o

BJIACTUBOCTI TPUTOHOMETPUYHUX DYHKLIN

Tabaumsa 21

1. 3HaKM TPUrOHOMETPUUHMX DYHKLIM

Y/ sino YN\ cosa Y tga, ctgo
1T I
+ + - i - +
0 _ 0 x 0 x
m | Iv - y - -

2. MNapHicTb i HenapHiCcTb

Kocunyc — napra @yHkruia
cos(-a) =cosa

Cunyc, maneenc i kKomaHzeHC — HenapHi QPYHKYIL
sin(-o) =—sino;

tg(-a)=—tgo; ctg(-a)=—ctga

3. MNepioanyHicTb

DyHEKIiA f(x) HaA3MBAETHCA nepioduunoro 3 nepiomom T #0, akmo mxasg 6yab-aKoro x 3 obaacti

pusHayenHsa Qysrnii uncaa (x+T) i (x—T) Takomx HamexaTh 06JACTi BU3HAYEHHSA i BHKOHY-
erbea pisuicts f(x+T)=f(x-T)=F(x).

y={x} - /IpOGOBa JacTHuHa 4Yucjaa X

Y

SIS S S S

-2 -1

0 1 2 3 4 5 «x

sin(x+2n)=sinx; cos(x+2n)=cosx

®yuknii sinx i cosx wmarors mepiox T =27

tg(x+m)=tgx; ctg(x+m)=ctgx

dyurnit tgx i ctgx wmarors mepiog T=m

Yepes nmpomiskku moBkumHOIO T (Ha oci Ox)
Buraay rpadika nepiogmuaoi GyHKIII TOBTO-
pIOETHCA

Axmo T — mepiox QyHKmii, to =T, 2T,

13T, ..., kT — rako:x mepiogu Imiel PyHK-
uii (ke Z)
T =21 — coinpHU mepiox ojid BCiX (PYyHK-

miii: sinx, cosx, tgx, ctgx

NMNOACHEHHA M OBI'PYHTYBAHHSA

0 3HaKU TPUrOHOMETPHUYHMX DYHKLIM

3HaKU TPUTOHOMETPUUHUX (QYHKIIIH Jer-
KO BUBHAUUTH, BUXOAAUYM 3 O3HAUEHHA IUX
byHKIINA.

Hamnpukaan, sinot — 1me opamHaTa Bif-

noBifHOl ToukM P, ommEMYHOTO Koja. Toxi
3HAUYEHHA Sino Oyae AOJATHUM, SIKIIO TOY-
Ka P, Mae gojaTHy OpAuHATY, TOOTO, KOJU



§ 17. BnacTMBOCTI TPUFOHOMETPUYHIMX DYHKLLiI

y sino

+ —
-
|j

_ 0 x
IIT1 1A
Puc. 17.1
Yy cos o
1I I
- +
_ 0 + X
IIT1 IV
Puc. 17.2
YN tga, ctga
II I
— +
+ 0] x
IIT IV

Puc. 17.4
Yha
POC
P(x+2nk

0 a

\ P,

o+ 2n

Puc. 17.5

rouka P, posramosana B I a6o II xoopaumHaTHi}I uBepTi
(puc. 17.1). fAxmo rouxka P, posrtamosasna B III a6o IV usepri,
TO ii opAmHATA Big’eMHAa, i TOMy sinol TeX Bim eMHUIA.

AmnajioriuHo, ypaxoByiouu, II[0 COSO. — Iie abciuca Bigio-
BigmOI Touku P, , omepsxyemo, mo coso.>0 B I1iIV ueprax (ab-
cinuca Touku P, pozmartHa) i coso<O B II i III usepTax (abcmuca
rouku P, Bix’emna) — pmc. 17.2.

cos o

Ockinpru tgo= Sl | ctga= , Totgo>0 i ctga>0

cos o sina
TaM, Ae sino i coso. MapTh omHaKOBiI 3HaKwu, To6To B I i III
yBepTax, tga<0 i ctgo<0 Tam, me sino i coso. MamoTh pisHi
3HaKu, To0To B II i IV uBeprax (puc. 17.3).

0 MapHicTb i HenapHicTb TPUroHOMETPUYHMX (DYHKLiM

106 mocaigmTu TpUTroHOMETPUYHI (PYHKIII HAa HapHIicTb
i HemapHIiCcTb, 3a3HAYNUMO, IO HA OJMHUYHOMY KOJi TOuKu P,
i P, posMmimeHO cuMeTpUuYHO BimHOCHO oci Ox (puc. 17.4).

Orike, I[i TOUKK MAIOTh OQHAKOBI abCIIHCH 1 IPOTUIEKHI Op-
nuHatu. Toxi

cos(~a)=xp =x, =cosa,

sin(-o)=yp =-yp =-sino.

TakuM YMHOM, COSX — mapHa (QyHKIid,
sinx — HemapHa (pyHKIida.
. sin(-a) -sina
Toxi tg (o) = = =—tgo;

Cos (—OL) Ccos o

Ctg(—O{,)I COS(—(X) _ cos o

- =———=-—ctgo.
sm(—(x) —sIino
Orxe, tgx i ctgx — wemapui pynrmii. O
ITapHicTh i HemapHiCTL TPUTOHOMETPUUHUX (PYHKIIIN MOIK-
HA BUKOPUCTOBYBATH AJs OOUMCIEHHSA 3HAUEHb TPUTOHOMETPUY-
HUX (PYHKIIH Big eMHUX KyTiB (umces).
T N2

. T . T 1 b4
Hanpuknan, sin| —— [=-sin—=-—, cos| —— |=cos—=——-.
6 6 2 4 4 2

MepiogU4YHiCTb TPUroHOMETPUYHMX (PYHKLiM

BaraTo mporieciB i ABwuii, 1o BigOyBaloThCS B TPUPOIL
M TexHiIi, MalTh MOBTOPIOBAHUU XapakTep (HAIPUKJIAL, PYX
3emiti HaBKOoJ0 COHIIA, PyX MaxoBuKa). [Jisd omucy TaKOro poay
IpOoIleciB BUKOPUCTOBYIOTh TaK 3BaHIi ImepiogumuHi QyHKIIII.

OsHaueHHa. Dymknmia y=7(x) HasumBaeThca nepioduunoro
3 mepiogom T #0, AKII0 Aas OyAb-IKOro X 3 00JacTi BU3HA-
yenna ynknii yncaa (x+7) i (x—T) Takomx HamexkaTs 06-
JacTi BU3BHAUYEHHA i BUKOHYETHCSA PiBHICTH

fle+T)=f(x-T)=f(x).

YpaxoByiouu, M0 Ha OJUHUYHOMY KOJi umcjaaMm (KyTam) o
i oo+2nk, ne ke Z, BignoBimae Ta cama Touka (puc. 17.5), omep-

\\

\\



Po3ain 3. TpPUroHOMETPUYHI PYHKLLT

3asHaunMo, IO OAHIi€I0 i3 BaacTUBOCTel mepi-
oguuHMX (PYHKI[iN € Taka: uepes IpPoMiKork T Bu-
rsan rpadika mepioguuHoi QYHKINT 6yae TOBTOPIO-

sxyemo sin(o+2nk)=sina,
cos(o.+2mk) =cosa.
Toni 2nk (kE#0) e mepiogom pyHKITii

sinx i cosx. BaTucA (AVB. OOIPYHTYBaHHA B iHTEPHET-IIiATPUM-

Ilpu k=1 ogmepkyemo, mo T =2rx — Ui migpyunuka). Tomy s nodysosu rpadika me-
IIe HalilMeHIu# JomaTHUM mmepion GyHKITiH pioguunoi (yHKNii 3 mepiogom T mocTaTHBO 1O-
sinx i cosx. oynyBatu rpagik Ha OyIb-IKOMY NPOMIiKKY [10-

B:KUHOIO T (HaAmpukJad, Ha IIPOMiKKY [O;T]),

OOrpyHTYyMTe iHLWI BNACTUBOCTI TPUrOHOME- ) e
@ a MoTiM ofep:kaHy JIiHil0 ITapaJeJbHO NepeHeCcTU

TPUYHWUX YHKLIM, HaBedeHi B Tabn. 21, ca-
<\ MOCTiMHO. Y pa3i noTpebun 3BepHiTbCa A0 npaBopy4 i aiBopy4 ysmom:x oci Ox Ha Bifcrani

U) iHTePHeT-NIATPUMKI NiAPYYHNKA. kT, ne k — Oynb-saKe HaTypaJbHe uuco (puc. 17.6)
y
M M,
f(x) >
-3T =-2T -T 0 x T x+T 2T 3T 4T x
Puc. 17.6

NMPUKNAAN PO3B’A3YBAHHA 3ABAAHb

Kopucryounchk mepiognuHicTiO, MapHICTIO i HEIApHICTIO TPUTOHOME-

np ukrad 1 TPUYHUX (PYHKI[IN, 3SHAUIITH:
1) sin%; 2) cos(—405°);  3) tg%; 4) ctg(=570°).
Po3p’a3anusa Komenrap

1) YpaxoBywouwn, I10 3HAUYEeHHS QYHKIHI Sinx mo-

BTOPIOIOTHCH, uyepe3 Iepiog 21T, BUALIAMO B 3a-

ITaHOMY apTyMeHTi dYwucJo, KpaTHe mepiomy (To0-

=sin(5-2n+£)= sin®=1. 5 o 10m), a moTiMm cKopucraemocsa piBHiCTIO
2 sin(o+2nk)=sino (ke Z).

1) b sin22% —sin| 10n+ " |=
2 2

2) P cos(-405°)=cos405° = 2) CnouaTky BpaxoBYyeMO IIApHICTh  KOCHHycCA:
— c0s(360°+45°) = cos 45° = \/E 4 .COS(—(‘X)=COSOC, a moTim Horo mepiogUYHICTH

2 iz mepiogom 2m=3860°: cos(o.+360°)=coso..
3) b tg 167 —tg 5+ n —t g£= \/g <] . 3) PyHKIia TaHTeHC IepiofuYHA 3 IepiofjoM T, TOMY
3 3 3 BUJLJIIAEMO B 3aJJaHOMY apryMeHTi UmuCcJI0, KpaTHe
mepioxy (To0TO 5T), a MOTIM BUKOPHCTOBYEMO PiB-

4) P ctg(-570°)=—ctg570°= micts tg(o+mk)=tgo.

=—ctg(540°+380°) = .
4) CmouaTKy BpaxXxOBYEMO HEIAapHICThH KOTaHTeHca:
=—ctg(180°-3+30°) = N . .
ctg(—o)=—ctgo, a morim ioro mepiogmumicTs
=—ctg30°=—/3 .<

iz mepiozom ©=180°: ctg(o+180°-k)=ctgo




§ 17. BnacTMBOCTI TPUFOHOMETPUYHIMX DYHKLLiI

IoBeniTh TBepAKeHHA: AKmMO (yHKmia y=f(x) mepiogmuna 3 me-

*
"P“KAaa 2 piogom T, To dymrmia y=Af(kx+b) Takox mepiommuna 3 mepio-
T
IOM m (A, k, b— pesaki umcma i k#0).
Posp’a3anusa Komenrap

b Hexait ¢(x)=Af(kx+b) i T, :%. 3a o3HAUEeHHAM (PYHKIid (p(x)=Af(kx+7€))
Oyme mepiommunHol0 3 mepiogom Ty =—r7,

Tomi ¢(x+T,)=Af(k(x+T,)+b)= yae mep P %]

AKINO s OyOb-AKOTo X 3 obJiacTi BuU3HA-
YeHHA () 3HaUeHHA Iiel QPyHKIII B TOuKax

=Af(k(x+%)+b)=Af(kxiT+b)=

:Af(kx+biT)=Af(kx+b):(p(x), a Ie i o3Ha-
vae, mo Qyukmia ¢(x)=Af(kx+b) mae mepiog

x i x+7T, pisui, TOGTO (p(x+T1)=(p(x).

Y xoxi oOr'pPYHTYBaHHS BpPaxoBaHO, II[O0 BU-

T T
pas k-—— mnpu k>0 npopisHiOE k-zzT,

| ]

T
a npu k<0 pgopiBaioe k-—=-T. Takox

T .
Ty =ﬁ . 3a3HAYMMO, II[0 OJep:KaHa PiBHiCTH
(p(x+T1)=(p(x) IIpYU mijfcTaHOBII 3aMicTh x 3HA-
ueHHA X—1] IepeTBOPIOETHCA B PiBHiCTH

o(x)=¢(x-Ty). Omxe, ¢(x—T;)=0(x+T;)=0¢(x)

ypaxoBaHo, mo (Qyukmis f(x) sa ymoBowo
mepiogmuHa 3 mepiogmom T, 1 TOMYy

i T, miticro e mepiogom dymkmii @(x).< f(x,£T)=f(xy), ne x; =kx+b.

Bukopucraemo TBepAKeHHA, JOBeAeHe B IPUKJIALL 2, OJIs 3HAXOMKEHHS IepioniB GyHKITIA.
Hanpurnaan,

1) P axmo QyHKIiA sinx Mae HalMeHIINHA 2) P axmo QyHKIiS tgx Mae HalMeHIIHA
nonatHuit mepiog T =2m, 1o QyHKIiA

. . T
. . . . omatuun nepiog T =7, To PyHKIII tg —
sin4dx wMae HaWMeHNIIUII AOZAaTHUI IIe- oA piox ’ dymHKIL g

Ma€e HaWMEHIIIUHA JOJaTHUI Iepion

piox
T 2rn = T b
T =—=—=—; <] = =—= .
a4 2 h=g=g=4n o
4 4
1. HaspiTsh i 06rpyHTyiiTe 3HAKM TPUTOHOMETPUUHUX (QYHKIIH y KOMXK-
3anumaHHg Hill i3 KOOPAMHATHUX UYBEPTEM.

2. 1) fIxi 3 TpUTOHOMeTPUUHNX (DYHKIiH € HapHUMHU, a AKi — Hemap-
muvu? HaBeniTh MpuUKJIaau BUKOPUCTAHHA MApPHOCTI i HemmapHOCTL
I 0O0YMCIeHHA 3HAUEHb TPUTOHOMETPUYHUX (DYHKIIIH.

2) O6rpyHTyiiTe mapHicTh UM HENApPHICTH BiAMIOBiIHUX TpPUTOHOME-
TPUUYHUX (PYHKITIH.
3. 1) Ixa dyHKUIia HasuBaeThbca mepiogumunor? HasemiTs mpuKIagu.

2) OOrpyHTyiiTe NEpioguUUYHICTh TPUTOHOMETPUUYHUX (QYHKIIiH. YKa-
JKiTh HaMEHINIUU AOJAaTHUI Ilepioxd oA cuHyca, KOCUHYcCa, TaH-
remca i KoraureHca Ta OOI'PYHTYHTE, 1[0 B KOXKHOMY BUHAAKY Ilei
mepion mificHO € HAWMEHIIIUM TOTATHUM IIEePiomoM.




Po3ain 3. TpPUroHOMETPUYHI PYHKLLT

17.1. Kopucryounuch mepiofudHicTIO, HapHICTIO i HeIapHICTIO TPUTOHOMe-

Bnpa6u TPUYHOI (PYHKI[iI, 3HAWAITH:
197 197 25n 17w
1) cos—; 3) tg|—— | 5) sin——; 7) ctgl —— |;
) 3 ) g( 5 J ) 1 ) g( . )
2) sin(-750°); 4) ctg945°; 6) cos(-3630°); 8) tg600°.

17.2*. Cepen samaHux (GyHKIiHl BHAHITH mepioAWYHI I YKa'KITH HallMeH-
A JONATHUI Iepiof AJIs KOYKHOI 3 HUX:

1) f(x)=x% 3) f(x)=|x|; 5) f(x)=3.
2) f(x)=sin2x; 4) f(x)=tg3x;
17.3. 3maiifiTe HaiMeHIINH KOJATHUH Iepio] KOKHOI i3 3afaHMX (DYHKITIH:
. X 2x
1) y=cos2x; 3) y=s1ng; 5) y=cos?.
2) y=tgbx; 4) y=ctg3x;

17.4. Ha xoxHOMYy 3 pucyHKiB 17.7-17.10 HaBemeHo uacTuHy rpadika
neAakol mepiogmuHoi (pyHKMil 3 mepiomom T. Ilpomom:kTe rpadik Ha
Bigpisox [-2T;3T].

Yy Yy
T
2 T
2 \
0 1 T «x 0 1 T x
2 2
Puc. 17.7 Puc. 17.9
Yy Yy
T
T 2| /\ 3T
2 2 4
0T T x
0 Z T x _1 4
2 2
Puc. 17.8 Puec. 17.10

@ BuaABiTb CBOIO KOMMETEHTHICTb

17.5. §Ix, ma Bamy AyMKy, IepioguuHicTh (GYHKIil OB’ A3aHa 3 mpodeciii-
HOIO TifJbHICTIO JiKaps-rKapmioaora?



FPADIKA CDYHKLI,II7_I_ CMHYCA, KOCNHYCA, TAHTEHCA
| KOTAHTEHCA TA IX BJIACTUBOCTI

18.1. pacdik yHKUiT Y =SinX Ta T BAacTMBOCTI
Tabauis 22
Mpacdik dyHKUiT y =sinx (cuHycoiaa)

2
l \/
2 4 1 2

BnactuBocTi yHKuUii v =sinx

1. O6racmoe susnauenus: x€ R 6. Ilpomincku 3Haxocmanocmi:
(x — Oymb—sKe mOificHe YMCIIO).
D(sinx)=R sinx>0 npu xe (2nk;n+2nk), ke Z

' sinx<0 mpu xe(n+2nk;2n+2nk), ke Z.

2. O6racmy snauens: ye[-1;1].

’ E(sinx)= [—1; 1] ‘

3. ®yukuia memapua: sin(—x)=-sinx
(rpadik cuMeTpWUYHUIT BiTHOCHO IIO-

YaTKy KOOPAMHAT).
4. dynruyia nepioduuna 3 mepiomom

: 3 MPOMIiKKiB [g+2nk; 3?“+2nkj|, ke Z.

7. IIpomincku 3pocmaHHs i cnadanHA:

dGyHKIiA SinXx 3pocTae Ha KOKHOMY 3 IPOMIiKKiB

[—g + 27k; %+ an] , ke Z i cnagae Ha KoXHOMY

sin(x+2n)=sinx. 8.
5. Touku nepemuny 3 ocamu Koopou-
Ham: Haii6inbpme 3HauenHsa GyHKIii nopisHioe 1 mpu
T
=0 y=0 x=—+2nk, ke Z.
oy [{*=7% 0 ’ ,
v {yzO; * {x:nk,keZ. 2

Haiimenme 3HaueHHA (QYHKIII mopiBHIoe —1 mpu

x=—§+2nk, keZ.

MOACHEHHA 1 OBI'PYHTYBAHHA

XapaKTepuayoouyn BJIACTUBOCTI TPUTOHO-
MeTPUUYHUX (PYHKIiH, MU OymeMo BUIIISATHU
Taki Ix xapaxrepuctuku: 1) obyiacTh BU3HA-
yeHHdA; 2) 00JIacTh 3HAUEHD; 3) MapHICTh YU He-
napHicTs; 4) mepiognYHICTh; 5) TOUKU HEpeTH-
HY 3 0OCAMHU KOOpPAMHAT; 6) MPOMiXKKM 3HAKO-
CTaJIOCTi; 7) MPOMisKKY 3POCTAaHHS i CIIaJaHHg;
8) maiibijyipire i HaliMeHIIle 3HAUEeHHA (PYHKILII.

3ayBaxkeHHA. AOCIHMCH TOYOK Iepe-
TuHy rpadika ¢ysrnii 3 Biccro Ox
(ToOTO Ti 3HAYEHHS apryMeHTa, MPHU
AKNX (PYHKIiA JOPiBHIOE HYJI0) Ha-
3UBAKOTh HYJLAMU QYHKYIL.
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.\ HaBememo oOrpyHTYBaHHA BRacTUBOCTEM
U dyHKUiT y=sinx (oOrpyHTyBaHs BNacT1Bo-
CTel iHWKX TPUrOHOMETPUYHIUX DYHKLIM (AMB.
Tabn. 23—25) NpoBeAiTb CaMOCTINHO, Crnpato-

YMCb Ha IHTEPHET-MIOTPUMKY NiAPYYHNKA).

Haramaemo, 110 3HaYeHHA cCHUHyca — Iie
opAMHATA BiAIOBiIHOI TOYKYW OMUHUYHOTO KO-
aa (puc. 18.1.1). OckinbKu OpAUHATY MOYKHA
3HAUTH OJIg OyIb-AKOI TOUKH OSUHUYHOTO
KojJa, TO o00JacTh BHU3HAUYeHHA QYHKIil
y=sinx — yci giticui uyucaa. Ile moxHa 3a-
mucatu tak: D(sinx)=R.

JJig TOYOK OAMHUYHOTO KOJa OPAUHATHU
Ha0yBaioTh ycix 3HaueHnsb Bimg —1 mo 1, oTike,
o6sacTh 3HaUeHb QYHKIIT y=sinx: ye [—1; 1].
ITe moskHa sanucaTu Tak: E(sinx)=[-1;1].

Sk 6aummo, Hailbinvule 3HAUEHHA QYHK-
uyii sinx popiBHIOEe oxmHuIli. Ilporo 3HaueH-
HA QYHKIiA gocdarae TiIBKU TOXMi, KOJU Bin-
TMOBiTHOIO TOYKOIO OJMHUYHOTO KOJa € TOU-

Ka A, To0OTO TIpHM x=%+2nk, ke Z.

Hailmenwe snavennsa @yukyii sinx po-
PiBHIOE MiHyC OIWMHUIII, SKOTO BOHA [OCATAE
TiIBKHY TOAi, KOJHM BiAIOBiLHOIO TOUKOIO OJM-
HUYHOTO KoJa € ToukKa B, Tob6To mnpwu

x=—§+2nk, ke Z.

OCKinbKM CUHYC — HenapHa (QYHKUYia:
sin(-x)=-sinx, ii rpadix cumeTpwuHHI
BiIHOCHO ITOYATKY KOOPAUHAT.

Y § 17 Gys0 OOT'PYHTOBAHO, II[0 CUHYC —
nepioduuna QyHKIiA 3 HANMEHIITUM JOAAaTHUM
nepiogom T =2m: sin (x+2m) =sin x, omxe, ye-
pes MPOMiKKY JOBXKUHOIO 27T BUTJIAL rpadika
dyuaKIii sinx nmoBropioersca. Tomy mocrar-
HBO 0o0OyayBaTH ii rpadik Ha OyIb-IKOMY IIPO-
MiKKY DOBKHUHOIO 2T, a HMOTIiM ofep:KaHy JIi-

Yy
1A
inx P,
D C
0 1 t
-1|B

Puec. 18.1.1

HiI0 mMapajesbHO IIePeHeCTH IPaBOPYyY i JiBo-
pyu ysmoB:k oci Ox Ha Biacraumi kT =27k,
ne k — Oyab-sike HaTypajbHe YHCJIO.

IITo6 sHaiiTu Mmouku nepemuHy zpairka
PyHKyil 3 ocamu KoopduHam, 3raflaeMo, IIo Ha
oci Oy srauenna x=0. Togi y=sin0=0, T0G-
To rpadik PYHKIII y=sinx OTPOXOaUTH uepe3
IOYaTOK KOOPAMHAT.

Ha oci Ox smauenmna y=0. Orxe, HaM
OoTpiOHI Taxki 3HAUeHHA X, IPU AKUX sinx,
TOOTO OpAMHATA BiAIIOBiZHOI TOUKM OAWMHUY-
HOTO KoJia, AopiBHIOBaTtuMe HyJio. Ile Oyne
TiIBKY TOXAi, KOJU BiAIOBiZHOIO TOUKOIO O~
HUYHOTO KojJa Oyae Touka C a6o D
(puc. 18.1.1), To6ro npu x=nk, ke Z.

Ilpomixcrku snaxocmanocmi. Ik 0yno 06-
rpyaroBano B § 17, sHaueHHA (PYHKIII cuHYC
momaTHi (ToOTO OopamMHATA BiATIOBiHOI TOUKM
onmHMYHOrO Kojsa momatHa) y I i II xKoopmu-
HaTHUX uBepTAXx (puc. 18.1.2). OTxe, sinx >0
npu xe(0;7), a TAKOK, yPaxoByIOUM mepiof,
npu Beix xe (2nk;n+2nk), ke Z .

3HaueHHA (PYHKIIII cuHyC Bix eMHi (TOOTO
OpAUWHATA BiAIOBiTHOI TOUKW OZUHUYHOTO KO-
aa Big’emua) y III i IV uBeprax, oTie,
sinx<0 mpu xe (n+2nk;2n+2nk), ke Z.

IIpomincku 3pocmaHHs i cnadarHHs

® VYpaxoByoum HepioguuHicTh PyHKITIT
sinx 3 mepiomom T =27, TOCTATHLO AOCIiAM-
™1 II Ha 3pocCTAaHHA 1 cIagaHHa Ha OyIb-
AKOMY HIPOMIiKKY JOBKUHOIO 27T, HAIIPUKJIA

Ha IPOMIiKKY [_5.3_7:]
27 2 |

Axrmio xe[—%;%] (puc. 18.1.3, a), To

npu 30iJbIIeHHI apryMeHTa X (x2 > xl) opau-
HaTa BiAIOBigHOI TOUKM OAMHUUYHOTO KOJa

Y
II I
+ + P,
IIT IV
Puc. 18.1.2
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I p, P Y
sinx, P, P, sina, y
sinx; sinx, T 1
| N 2 _
0 Py t 0 Py t - 0o = noXx
2
-1
a 0
Puc. 18.1.3 Puc. 18.1.5

30impIIyeThea (TOOTO sinx, >sinx;, oTie,
y IbOMY IIPOMiKKY (PYHKIIisI Sinx 3pocrae.
YpaxoByoun mepioguvyHicTh, POOMMO BUCHO-
BOK, II[0 BOHA TAKOK 3POCTAa€ B KOYKHOMY

3 IIPOMiXKKIiB [—§+2nk;§+2nk] , ke Z.

Axrmro xe[%;?’?ﬂ} (puc. 18.1.3, 6), TO
npu 30iJbIIIeHH] apryMeHTa X (x2 >x1) opnu-
HaTa BIiAIIOBiZHOI TOYKM OOMHUYHOTO KOJa
3MeHIIyeTbcA (ToOTO sinx, <sinx;), oTe,
y mIbOMY OPOMiKKY (PYHKIiA sinx cmoazmae.
YpaxoByoun IepiognyHicTh, POOMMO BHCHO-
BOK, III0 BOHA TAKOX CIaga€e B KOKHOMY

3 MPOMIiKKiB [§+2nk;3?n+2nk] ,keZ. O

IIpoBegeHe mociifsKeHHsS TO3BOJISIE 00-
I'PYHTOBaHO moOyayBaTum rpadik QyHKIil
y=sinx . YpaxoBymouu mepiogndyHicTh IIiel
GyuKILI (3 mepiogom 2m), ZOCTATHBO CIO-
yaTKy mooyayBatu rpadik Ha Oyab-AKOMY
OPOMiKKY HOOBXKUWHOI 27T, HaOPUKJIAL Ha

ITOBU TOUOK rpad)ika KOPUCTYEMOCSA THUM, IO
3HaUEeHHA CHUHYyca — Ile OpAMHATa BiAmOBim-
HOI TOYKM OgWHUYHOTO KoJsa. Ha puc. 18.1.4
mokasaHo moOymoBYy* rpadika QYHKIiI
y=sinx Ha OPOMiXKKY [O; n] . YpaxoByouu
HemapHicTh (pyukiii sinx (il rpadik cume-
TPUUYHUIN BiJHOCHO IIOYATKY KOOPIMHAT),
o Toro 100 moOyayBaTu rpadik Ha mpo-
MiKKY [—Tc; O] , BimoOpaXyeMo omepiKaHy
KPUBY CUMETPUYHO BiJTHOCHO ITOYATKY KOOP-
nuHat (puc. 18.1.5).

Ockinpbku Mu mobOyayBanau rpadixk Ha
IPOMIiKKY B3aBIOBXKKU 2T, TO, YPaxOBYHOUH
nepiognyHicTh, cuHYyca (3 mepiogom 21), IO-
BTOPIOEMO BUTJIAM rpad)ika HA KOKHOMY IIPO-
MiKKy B3aBHOBXKKU 27 (TOOTO IIePEeHOCHMO
napajenbHo rpadik ysgos:xk oci Ox ma 2nk,
ne k — 1miye umcio).

Opep:xyemo rpadik, HaBeJeHNH B Taba. 22,
KUY Ha3MBAIOTH CUHYC0I0010.

* B i”TepHer-miATpuMI|l MmiAPYYHHKA HaBeje-

HO [OWHAMIiYHy iJgiocTpario BifmoBimgmoi mo-

npomixkky [-m; 7). Hasa 6inbm TouHoi HOGY- 6yxoBH.
Yy
Pn P3n PT[ Pn
1 5 /5 /45 1

4 / /

Py y /
, ¥

x
P o * X 3t = , 3m 3T
8 8 2 4
1

Puc. 18.1.4
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- ]

3ayBaxeHHA. TpuronomerpuuHi (QpyHK-
il MHUPOKO 3aCTOCOBYIOTHh Y MaTeMaTH-
mi, ¢gisuni Tta rexwuini. Hampukaan, 6a-
raTo IpoueciB, TakuxX AK KOJWBAHHSI
CTPYHM, MAasTHHKA, HAIPyTH B KOJi
3MIiHHOTO CTPYMY TOIIO, OIHUCYIOTBCS
dyHKIic0, AKYy 3agaoTh (GopMyJIO0
y=Asin(ox+¢). Taki npouecu Haszu-
BAIOTh 2APMOHIYHUMU KOLUBAHHAMU.

(:7)

I'padir pyrrnii y=Asin(ox+¢@) mox-
Ha oJepskaTu i3 cuHycoigm y=sinx ctuc-
KyBaHHAM a00 PO3TATYBAHHAM Ii B3JOBIK
KOOpPAMHATHUX OCeH i mapajeIbHUM IIepe-
HeceHHAM y310B:K oci Ox. Haiiuacrirre rap-
MOHiUHe KOJWBAHHA € (PYyHKIlielo uacy t.
Tonmi fioro 3aIai0Th dbopMyI0IO
y=Asin(ot+0), e A — ammiityna xKonu-
BaHHA, () — KYTOBa 4acToTa, (¢ — IOdYAaT-

21 .
KoBa (asda, — — mepion KoJuBaHHS (AK-
[0

moA >0, >0, ¢=0).

HaBepiTb iHLWI NpUKNaan peanbHUX NPOUECiB, Ki, Ha Ballly AYMKY, MOXYTb OyTu
OMMCaHi TPUFOHOMETPUYHUMN PYHKLIAMMN.

18.2. I'padik pyHKLIT ¥ =COSX Ta i1 BNacTUBOCTI

Ta6aumnsa 23

Mpacdik PyHKUiT Y =COSX (KOCUHYCOiga)

6.

Y

BnactuBocTi yHKUiT Y =COSX

. O6racmv susnauvenna: x€ B (x — O0yab—saKe

ImificHe 4mco). D(cosx)=R |.

. O6racmo snauenv: ye|[-1;1].

’ E =(cosx)=[-1;1] ‘ .

. Pyukryia napua: cos(—x)=cosx (rpadix cu-
MeTPUYHUM BigHOCHO oci Oy).

IIpomincrku 3naxocmasocmi:

4. dyukyisa nepioduuina 3 nepiodom

: cos(x+2m)=cosx .

5. Touku nepemuny 3 OCAMU KOOPOUHAM:
y=0,

x=0
(0) > O
y{ * x=§+nk,keZ.

y=1

cosx >0 mpu xe(—g+2nk;g+2nk), ke Z;

cosx <0 mpm xe[g+2nk;%+2nk], ke Z .

7

. IIpomincku 3pocmanHHs i cna0aHHs:

(DYHKIIA COSX 3pocTaE Ha KOKHOMY 3 IIPOMIisK-
KiB [n+2nk; 2n+2nk] , ke Z i cnmamae Ha KOX-

HOMY 3 IPOMIiKKIB [2nk;n+2nk] , ke Z

8. | Hait6inpme 3HaueHHA (GYHKIII mOpiB-
uioe 1 mpu x=2nk, ke Z.
Hajimennre 3HaueHHA (QyHKII g0piB-
uioe —1 npu x=n+2nk, ke Z
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18.3. Npadik PpyHKuUiT ¥ =1gx Ta i1 BnacTnsocTi

Tabauisa 24
Mpacdik dyHKuiT Y =1tgX (TaHreHcoiga)
Y y=tgx
3n o kg
2 2 2
- 0 T 3n x
2

BnactuBocTi yHKuii YV =1tgx

1. O6racmv 8U3HAYEHHA:

4. Oynkuyisa nepioduyna 3 mepiogom :
tg(x+m)=tgx.
D(tgx):x;ﬁ%ﬂtk,kez . g g
5. Touku nepemuny 3 ocamu KoopouHam:
2. O6racmy snavens: yeR . | E(tgx)=R |.

o {x=0, Ox {y=0,

3. ®yuxuyia nenapna: tg(-x)=—tgx (zpagirx cu- Y1 y=0; x=Tk,keZ.
MempuyHUil 6i0HOCHO nowamky KoopouHam).
6. IIpomixnrku 3naxocmaJsocmi:

tgx>0 mpum xe(nk;g+nk), ke Z; tgx <0 mpm xe(—%+nk;nk), ke Z.

7. IIpomincku 3pocmaHHs i cnadanHna:

8. | Haiibinvwozo i HaliMmeHUL020
3Ha4YeHdb (PYHKIi He Mae.

dyHKIig tgXx 3pocTrae Ha KOKHOMY 3 IPOMIiKKIB
cBO€l 00JacTi BU3HAUEHHI,

TOOTO Ha KOXHOMY

3 MPOMIiMKKiB (—%+nk;§+nk), ke Z.

18.4. Tpadik pyHKUiT Yy =Cctgx Ta ii BnactuBocTi
Tab6aumnsa 25

Mpadik dyHKLii Y =cltgx (KoTaHreHcoipa)
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Bnactusocti dyHKuii v =ctgx

. Obracmbv 8U3HAYEHHA: 6. IIpomixcxu 3Haxocmaaocmi:
D(ctgx): x#nk, ke Z |. n
ctgx>0 npu xe|nk;—+nk |, ke Z,
. O6nacmo snauenv: yeR . | E(ctgx)=R |. 2
T
. ®ynryia nenapna: ctg(—x)=-ctgx (epa- ctgx <0 npu xe (E-Htk; TH‘ﬂ:k), ke Z .
@ix cumempuyHuil 8i0HOCHO NOYAMKY KOOD-
Ounam). 7. IIpomixcku 3pocmanHs i cnadanHsa:
4. Qynryia nepioduuna 3 nepiodom : dyHKIia ctgx cmajgae Ha KOKHOMY 3 TPO-
ctg(x+m)=ctgx. MisKKiB cBO€l obJiacTi BU3HAUeHHA, TOOTO HA
5. Touku nepemuny 3 OCAMU KOOPOUHAM.: KOMHOMY 8 poMikkie (Tk;T+7k), ke Z.
y=0, L. . .
Oy memae, Ox T 8. Hau6w.Lbuwzo i HallmMeHuw o020 3HAUEHD
x= E+nk’ keZ. dyHknia me maec.
NMPUKNIAAN PO3B’A3YBAHHA 3ABJAAHb
ITo6ynytiTe rpadik GyHKIIT Ta BKAKITh HYai QYyHKIT Ta ITpOMiK-
"P“KMa 1 KU 3HAKOCTAJIOCTI (DYHKITIi:
1) y=2sinx; 2) y=sin2x.
Komenrap

T'padiru Bcix 3agaHuX QPYHKIIIN MOKHA OJep-
JKaT! 3a JOIOMOIOI0 'eOMEeTPUUYHUX [1ePeTBO-
peHb (Tabu. 4) rpadika pyurnii f(x)=sinx.
OT:xe, rpadikoM KOMKHOI 3 Iux QGYHKIIiHA
Oyzme cuHycoifma, omepsKaHAa:

1) y=2sinx=2f(x) posrarysammam rpadi-

ka y=sinx ypgsiui B3goBx oci Oy;

2) y=sin2x= f(2x) cruckysammam rpadika

y=sinx ynBiui B3moB:xk oci Ox.
Hyni ¢pyukmii — 1e abciucu TOYOK Iepe-
TUHY rpadika 3 Biccio Ox.

[I1o6 sammcaTu NOPOMIKKK S3HAKOCTAJJIOCTI
dyHkKIIii, 3as3HauUNMO, 1110 GYHKIA Yy =2sinx
nepioguuna 3 mepiogom T =21, a QyHKIia
2n
y=sin2x nepioguuna s nepiogom T = 5 "

Tomy pmas KoKHOI (PyHKIII ZOCTATHBO
3’sAcyBaTu HA ONHOMY IMepioni, Ae sHaueHHS
dyukiii gomatHi (rpadik posTalroBaHU
Buirie oci Ox) i me Bim’emui (rpadik posrta-
mioBaHuil HU)KYe oci Ox), a mOTiM omepsKaHi
OIPOMIiKKHU IIOBTOPUTHU Uepes3 Iepiof.

Po3sp’a3zanna

1) P I'padik dpyurmii y=2sinx omepsryemo i3
rpadika Qyurnii y=sinx posraryBaHHAM

#ioro BaBiui B3moBXK oci Oy (puc. 18.4.1).
Hyuni ¢pyuxmii: x=nk, ke Z.

ITpomiskKkM 3HAKOCTAJIOCTi:
2sinx >0 mpu xe (2nk;n+2nk), ke Z;

2sinx <0 npu xe (n+2nk;2n+2nk), ke Z. <

Y

y=2sinx

3n

/-

e

Puc. 18.4.1

2
21

o st
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y=sinx
<3 LI 3
/e N % >/
/—Zn T 0 wmx
L1 2

y=sin2x
Puc. 18.4.2
2) PI'padix pyskmii y=sin2x oxgepkyemo i3 IIpomiskku sHaxocrasocri: sin2x>0 npu
rpadika ¢yHKOii y=sinx CcTUCKyBaHHAM T
fioro BrBiui BazOBX OCi Ox (puc. 18.4.2). xe|nk—+nk |, ke Z;
k . T
Hyni ¢pysrmii: xz%, ke Z. sin2x<0 mpu xe E+nk;n+nk) , keZ. <
PosramyiiTe B IOpAAKY 3pocTaHHA uncaa: sinl,9; sind; sin (-1);
npuKAaa 2 sin(-1,5).
Po3p’a3anua Komenrap

» UYucna sinl,9 i sin3 — gogarHi (rouku P, ¢ i P; posramroBai Nna Toro 1106 POSMICTHTH
. . .. . . . 3a7aHl 4ymcaa B MOPALKY IX
B II uBepri), a uucaa sin(-1) i sm(—1,5) — Big’emni (P i P—1,5 A PAAKY

X .
. . 3pOoCTaHHsA, 3 ACyeMO, sAKi

poaramoBani B IV uBepri). p ’ Ay >
3 HHX JomaTHi, a AKi —

Vpaxosyrouu, 1110 £<1,9<TC, £<3<TC i mo QyHKnia sinx cuma- ' Bix’emui, a morim 1mOpiB-

2 2 HAEMO MiK 0000 OKpeMo
Jla€ Ha IIPOMIXKKY [E;n] , 3 mHepiBHocti 1,9<3 ogepsxyemo AOAATHI dUmcna i OKpemo
sin1,9>sin3. 2 Bif’eMHi, KODHCTYIOUNCH Bi-
IOMUMH IIPOMiKKamMu 3pO-
CTaHHA i cmagaHHa QYHKIIT
sinx.

Ky [—3;0] 3pocrae. YpaxoBywuu, o —1>-1,5, ogep:xyemo S
3

sin(-1)>sin(-1,5). Omxe, y HOPAAKY 3pOCTAHHS ayBarkeHHA. Jlasa mopiB-

I[i YKcJia PO3TAIIOBYIOTHCA TaK: HAHHA 3aJaHUX YUCEJ MOK-

. . . . HA TAKOK 300pPa3sUTH TOUYKH
sin(-1,5); sin(~1); sin8; sin1,9. < p

Bg, Py, Py, P, Ha onu-

HUYHOMY KOJIi i mopiBHATH

BigmoBigHi opauHATH (BUKO-

. . HaliTe Take PO3B’sA3yBaHHIA
Mpukrad 3 1lobyayiire rpadix dyrxumii camocriitHo).
Ta BKaXKIiTh IpOMiKKU i

CIIaJaHHS i 3POCTAHHS:

b1 T . .
Taxox _E<_1<O’ —E<—1,5<O. DyHKIIA SinXx Ha TpOMiMK-

1) y=cos(x—%); 2) y=—tgx.

Komenrap
I'padirku 3amanmx (PYHKIIH MOKHA Oomep:Ka- T T
TH 3a [OIOMOTOI0 TEeOMETPUYHUX IEePeTBO- 1) y=cos| x—— |=f| x Y HapaieJbHIM

peHb rpadikiB QyHKITiH:
1) f(x)=cosx; 2) olx)=tgx. o
Toxi omepkyemo rpadikm: oci Ox Ha E ONVHUID;

mepereceHHaM rpadika gyurnii f(x) ysmoBax
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2) y=—tgx=—(p(x) — cumMmeTpiero rpadika T=2r, a ¢ynruia y=-tgx mnepioguuna
dyurnii ¢(x) BigHOCHO OCi OxX. 3 nepiogom T =7. Tomy mns KOKHOI PyHK-
I[To6 sammcaTyd OPOMIKKM CHaZaHHA i 3po- Iii [oCcTaTHBO 3’ACYyBaTH Ha OXHOMY Iepioni,
CcTaHHA (PYHKI[iH, 3a3HAUMMO, IO (QDYHKI[id Jle BOHA cIIaflae i e 3pocTae, a IIOTiM oJep-

T ] ) JKaHI IPOMIKKM IIOBTOPUTHU dUepe3 Iepion.
Yy =cos x—E mepioguyHa 3 Iepiosom

Po3sB’a3zannsa

4 s n
1) > T'padix QysKmii y=cos(x—€) omep- KOKHOMY 3 IIPOMIiKKiB [E+2nk;?+2ﬂ:k:|,
syemo is rpadixa yHKMii y=cosx ioro ma- ke Z, i spocrac Ha KOXKHOMY 3 IIPOMIiXKKiB
paJleIbHUM IepeHeCeHHAM y340Bx oci Ox Ha [—5—n+2nk;%+2nk], ke Z. <

% onuHUIL (puc. 18.4.3). dyHKIia cragae HaA

Y
T
1 y=cos(x——)
4 o m 0 KLA 2
/7\3 : . /7\ ) d
6 2 3 -1+ 6 2 3 3

Puc. 18.4.3

2) P T'padix QyHENii y=—-tgx y
OJleP}KYEMO CHUMETPUUYHUM Bi- &
mobpaskeHHAM rpadika GYHK- ;“%
mii y=tgx sBigHOCHO oOCi OX
(puc. 18.4.4).

NS

dDyukIliga comagzae Ha KOXKHOMY
L b b1

3 IPOMIMKKIB (——+1‘ck; E-Htk} -

keZ. <

Puc. 18.4.4

1. 1) Ilo6yayiite rpadik Gysrmii y=sinx. Kopucryiouucsk rpadikom,
3anumaHHg oxXapakTepuayiTe BJIaCTHUBOCTI i€l QyHKITII.
2%) OOTpyHTYHTEe BJIACTHUBOCTI PYHKIII y=sinx.
2. 1) IobynyiiTe rpadix pyKnii y=cosx. Kopucrymouucs rpadixom,
oxXapaKTepusyiTe BJIACTUBOCTI Ifiei QyHKILii.
2%) OOr'pyHTyITE BJIACTHUBOCTI PYHKII y=cosx.
3. 1) Ilo6yayiite rpadik ¢ymkmii y=tgx. Kopucryouucs rpadixom,
oxXapaKkTepuayiTe BJIacCTHUBOCTI I1iei QyHKITII.
2%) OOTpyHTYHTE BJIACTHUBOCTI PYHKII y=tgx.
4. 1) Ilobyxyiite rpadik pyuKnii y=ctgx. Kopucryouucs rpadikom,
oxXapaKTepusyiTe BJIACTUBOCTI Iiiei QyHKILii.
2%) O0rpyHTyi#iTe BiracTuBocTi QyHKIil y=ctgx.
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Bnpabu

18.1.

18.2.

18.3.

18.4.

18.5.

18.6.

18.7.

18.8.

18.9.

18.10.

18.11.

18.12.
18.13.

18.14.

Kopucryrouncs BiractuBocTaMy QyHKII y =sinx , nopiBHANTe dncia:
. .. . A . 21n . . 12=m

1°) sin100° i sin130°; 2) sinl® i sinl; 3°) smT i sm?.

Kopucryrouncs BiracTuBocTaMu (QyHKII Y =CoSx, TOPiBHANTE UMCIA:

1°) cos10° i cos40°; 2) cos(—2) i cos(-3); 3) cos% icosﬁTn.

Kopucryrounce BracruBoctamu ¢hyHKIiI y=1tgx, mopiBHANTE Yncua:

“’T"; 3) tg(~1,21) i tg(=0,1x).

Kopucryiouncs BiractTuBocTaMu QyHKII1 y=ctgx, nopiBuAliTe ynca:

2
1°) tg15° i tg140°; 2°) tg%r itg

1) ctg3° ictgh°; 2) ctg% ictg%; 3) ctg(~1) i ctg(-1,2).

PosramryiiTe dncsia B HOPAOKY IX 3POCTAHHS:
1) sin8,3, sin3,9, sinl,2; 3) tg0,7, tg(-1,3), tgl,5;
2) cos0,3, cosl,9, cosl,2; 4) ctg0,5, ctg2,9, ctgl,l.

VY saBmanaax 18.6—18.9 mobyxayiiTe rpadik GyHKIII Ta BKAKITH HYJIi
GYHKIIII Ta TPOMiKKN 3HAKOCTAJIOCTI.

1) y=sin(x—§); 3) y=sin(-x); 5°) y=3sinx;

2°) y=Sin§; 4°) y=-sinx; 6*%) y=sinx+|sinx|.

1) y=cos(x+%); 3) y=cos(—x); 5°) y=2cosx;

2°) y=cos3x; 4°) y=—cosx; 6%) y=cosx—|cosx|.
1) y=tg(x—§); 3) y=tg(-x); 5) y=|tgx|.
2) y=tg2x; 4) y=tg|x|;

1) y=ctg(x+§); 2) y=ctg(-x); 3) y=—ctgx; 4) y=3ctgx.

¥V saBmanaax 18.10-18.13 mobyayiiTe rpadik GyHKIII Ta BKRaXKiTh
MPOMiKKY 3POCTAaHHS i crmajaHHsa (PyHKILII.

1°) y=sin3x; 2°) y=3sinx; 3°) y=sinx+1; 4%) y=sin(2x+§).
1°) y=cos%; 2°) y=cosx-1; 3) y=cos|x|; 4%) y=3cos(2x—§).

1) y=tgdx; 2) y=tgx+3; 3) y=—2tgx; 4% y=tgx+|tgx|.

1) yzctgg; 2) y=-2ctgx; 3) y=|ctgx|; 4%) y=ctgx+ctg|x]|.

BuABiTb CBOIO KOMMNETEHTHICTb

CupobyiiTe ysarajsbauTu Marepiaa § 18. CkiamiTe 3BefeHy TaOJIUITIO
BJIACTHUBOCTE!l TPUTOHOMETPUUHUX (DYHKITIHA.




cnisBiAHOWEHHA MDK TPUTOHOMETPUYHUMA
OYHKUIAMWN OAHOIO0 APFYMEHTA

Tabaumnsa 26
2, 2
"ty =1 1 p oy OCHOBHA TPUTOHOMETPHYHA TOTOKHICTH ’sin2 o+cos®o =1
o(X5 )
Y
sino
o P, tgo= ) )
Ccos Ol +to o=
0 * 1 & cos” o
cos o
ctgo=— B 1
sino 1+ctg”a=
sin” o
cosa=x; sinoa=y ’ tgo-ctga=1 ‘
NOACHEHHA M OBI'PYHTYBAHHA
® Ha pucysry B Taba. 26 3so0paskene ctgo= cosa (sina=0).
ONUHUYHE KO0JI0, TOOTO K0oJIo pajziyca 1 3 meH- sino
TPOM y IOYaTKy KoopawHAT. PiBHAHHA IIHOTO o o
. 1n
KoJIa: x2+y2=1. Tonxi tgoc-ctgoczs—~cos =1, To0TO

Hexaii yHacaifoKk IOBOpPOTYy Ha KyT O
touka Py(1;0) ofMHUYHOrO KOJa ePeXOUTh
y Toury P, (x;y) (T0o6TO yHACHIZOK IIOBOPOTY
Ha KyT o pazgiyc OF, mepexoiuTs y pajiyc
OP, . Haragaemo, 1[0 CHHYCOM O, Ha3HBAIOTh
opauHary Touku P, (x;y) ogmHMUHOTrO Koia,
ToOTO sina=y, a KocuHycoM O — abcrucy
miei Toukm, TOOTO coso=x. Koopmumaru
Touku P, 3a70BOJILHAIOTE DIBHAHHA KoJa,

TOI1 x2+y2=1, orke, sin‘o+coso=1. O

coso. sino
tgo-ctgo=1 (sino#0 i cosa=0).

3a IOIIOMOIOI0 I[MX CIIiBBiTHOIIIEHB 1 OCHOBHOIL
TPUTOHOMETPUYHOI TOTOKHOCTI OIepP:KYyEMO:

.2 2 .2
sin“o  cos” o+sin” o 1
1+tg?a=1+ = =

b

2 2 2
cos o cos o cos o

T06TO0 1+tg” 00 = (cosa#0).

Ccos O

AnajoriuHo oTpuUMyeMO:

Ile cuiBBigHOIIEHHA HasnBaforFL 0CHO8- ) cos?o sin? o4+ cos o 1
HOW0 MPUZOHOMEMPULHOI MOMONCHICMIO. l+ctgo=1+———= — =—F,
Haramaemo Takoxx, I10: sin- o sin- o sin- o
. 2 .
tga="""% (1e coso#0); To6T0 1+ctg” oo=—— (sino#0).
cos o sin” o
NMPUKNAAN PO3B’A3YBAHHA 3ABAAHb
2 3Hauy 3HAUYEHHS OAHi€l 3 TPUTOHOMETPUUYHUX (PYHKIIH Ta iH-
”P“KM 1 TepBaJ, Y AKOMY MICTUTBHCA O, 3HAUAITH 3HAUEHHS iHINTNX TPHOX

TPUTOHOMETPUUYHUX (DYHKITIN:

4 1
1) sinoc=g, 90°<a<180°; 2) tgoc=§, n<oc<?.

3m

KomenTap

1) PiBuicTs sin? o0 +cos? o=1 moB’sA3ye sino
i coso. Ta [03BOJISE BHUPASUTH OLHY 3 ITUX
GyHKIiA yepes iHMmIy.

Hanpuraan, cos?a=1-sin?a. Tomi

<2 .o
coso.=*y1-sin“o. Vpaxosywoum, y axiit
YBEPTi MICTUTBCA O , MH MOXKEMO BU3HAUUTU



§ 19. CniBBIAHOLUEHHS MiX TPUFOHOMETPUYHUMM (DYHKLIAMI OAHOTO apryMeHTa

3HAK, AKUHA MOTpiOHO B3ATHM B MpaBiii ua- COSOl 1 m03BOJIAE BHUPABUTU OAHY 3 IIUX
ctuHi (opmynu (e 3HaAK KocuHyca B II byHKIiE yepe3 iHITY.
yBepri). 3Haoun sSino i coso, 3HAXOAUMO 9 1 .
. Hanpukian, cos“o=—. Tonxi
sino cos ol 1+tgla
tgo= ictgo=— . 3a3HaUYnUMO, III0 g
cosa, sino 1
micaa 3HAXOMKeHHsS tgo 3HaueHHA ctgo coso=1 1+tg? o - SHAKOUH, y AKiH uBepTi
MOKHA TaKOK BHAWTU 3i CIiBBiIHOIIIEHHSA
tgo-ctga=1. MiCTHUTBCA O, MU MOXKEMO BU3HAUUTU 3HAK,
2) Pismicte tgo-ctgo=1 mnos’asye tgo AKUI ToTpi6HO B3ATH B MpaBiii wacTuHi dop-
i ctgq i RosBoJIsTe BMPASUTH OAHY 3 HHX myau (ue sHak Kocumyca B III usepri). 11106
HKIIA 4 iHIIT HeHY BeJHu- . . .
dyHKIL epes y Ak obepHeHy Bes 3HAWTH Sin 0, MO’KHA CKOPUCTATHUCS CIIiBBia-
4YKHY.
. 2 1 , sino .
Pismicts 1+tg“ oo=——— moB’s3ye tgo Ta HOIleHHAM tgOl-cosO= -coso=sino .
cos? o cos oL
Posp’a3annsa
. . .2 2 . 1 . N
n» I pl:HOCTl sz o+cos”o=1 omepixye ctgoo=——=3. IlixzcraBasgemMo B piBHicTb
Mo: cos“o=1-sin“o. tgo
4Y 9 2 1 :
3Bigcu coslo=1-| = | === . Ockimprn I+tg” o= 2 sHaueHHA tgo i omepsky-
5 cos” o
) o 1 1 . 9
90°<0<180°, T0 <cosa<0, a oTxe, emo 14— — . Beizcn coso = —.
. 9  cos” o 1
9 3 . sino
coso=—,— =——. Toxi tgo= = 3n
25 5 cos oL Ockinpkm mT<o<—, TO0 coso<0, Toxi
4 2
5 4 coso. 3 9 3
=i=——, ctgo=— =——.< cosO=—,|— =———.
3 3 sina 4 10 10
> sina=tgo-coso= 1 S
2) » 3 pisrocri tgo-ctgo=1 orpumyemo - ' 3 1 T 10
0 . <
I 0 . .4 4 2
puKkAa 2 Copocrits Bupas sin” o—cos” o+ cos” o.
KomenTap
Jns mepeTBOpPeHHA TPUTOHOMETPUYHUX BUPAa3iB Tak, Bupas sin® a—cos? 0. moxna posrasangaTtu
. 2 2
BOJHOYAC 13 TPUTOHOMETPUUYHUMHU (POpPMYyJIaMU AK DISHUITIO KBAMDATIB: (sin2 OL) —(c052 OL) .
BUKOPUCTOBYIOTh TaKOK ajrebpaiuHi popmyian, Toxi #oro MoKHA PO3KJACTA HA MHOMHUKHI
30KpeMa (opMyJiM CKOPOUEHOTO MHOMKEHHHI. (K moOyTOK cyMu i pisHMIL sin?o Ta cos:2 ).

Po3sp’azanna

> sin* o.—cos* o+ cos? o= (sin2 0L+cosoc)(sin2 o — cos> Oc)+cos2 o=

=1~(sin2 o — cos> 0c)+cos2 o=sin? o—cos? a+cos? a=sin®a. <

3 1. BanumiTes i mOBeXiTH CHIBBiJHOIIEHHA MiXK TPHUTOHOMETPHUYHUMU
ANUMAHHA (GYHKIIAMU OTHOTO apryMeHTa.




Po3ain 3. TpPUroHOMETPUYHI PYHKLLT

19.1. Yu icmye umciao o, AKe OTHOYACHO 3aJ0BOJIbHAE YMOBH:

Bnpagu 1°) sinuzi, cosoczl; 4°) tgoczi, ctgoczi;
3 3 5 3
3 4 4 7
2°) sino=—, coso=—; 5°) tgo=—, ctga=—;
) 5 5 ) tg - go=-
3°) sina=0,7, cosa=0,3; 6) tga=2+3, ctga=2-3.

19.2. Bnaroun 3HaueHHA OfHiel 3 TPUTOHOMETPHUYHHX (QYHKIIH Ta iHTep-
BaJ, Y AKOMY MIiCTUTBCSA O/, OOUMCJIITh 3HAUEHHA iHIITUX TPHOX TPHU-
TOHOMETPUUYHUX (DYHKITIT:

12
1°) sino=——oH, 3—n<oc<2n; 3) tg(xzi, Tc<oc<3—n;
2 2 2
o T
2°) cosa=-0,8, E<0c<n; 4) ctga=-0,2, E<0c<n.
19.3. Copocrits BUpas:
1°) 1-sin?o—cos®a; 6) tgo; - ctgo; ;
1+tg”a 1l+ctg” o
2°) (1-cosa)-(1+cosa); 7 M—ctgoﬁcosa;
sin® o
t 2 .2 1 1
3°) w; 8) ( +ctg0c)( —ctgoc);
1-sin®o sino sino
-4 4
4) sin®o-tgoctgo ; 9%) sin_otcos a-l,

b
sin® o+ cos® o —1
1+sino \/l—sinoc

. b
1+sino

5) sin* o+2sin? oicos® o+ costa;  10%) \/ -
1-sino

3n

AKIITO TE<(X<?.

. . 1 . . .
19.4*. 1) Bizomo, 1m0 smoc+cos0c=5. SHafgiTe sino-cosd.

2) Bimomo, mo tgo+ctgo=2. 3HaiigiTe:

a) tg2a+ctg20c; 0) tg30c+ctg3oc.
19.5. Josenits TOTOXHiCTE:
1°) 1 ~1=tg%a; 6°) (sin(x+cosoc)2+(sinoc—cosoc)2=2;
COSZOC
1
2°) “1=ctg?o; 7 (1+tga)’ +(1-tgo)’ =——;
sin” o cos™ o
ctga 2 cos® o.—sin® o .
3) —————=cos“q; 8%) ————————=coso—sina;
ctgo+tgo 1+sinocoso
1+tg? 1
4) g2a= 5 3 9) ctgzoc—coszoczctgzoccos2 o
1-tg“a cos”o—sin” o
5) cos ol +1+sinoc _ 2 . 10%) 1—sin4oc—cos4OL=2tg2a_

1+sina cos o cos o cos* o



20.1. ®opmynn popaBaHHS

OOPMYIIN AOOABAHHA TA HACNIAKN 3 HAX

Tabaumnsa 27

1. KocuHyc pisHMui i cymu

cos(a—PB)=cosacosP+sinasinf

cos(a+pB)=cosacosp—sinasinf

2. CMHYC CyMM i pi3HMUi

sin(o+f)=sinocosB+cososinf

sin(o—f)=sino.cosB-cososinf

3. TaHreHc cyMM i pisHMUi

tgo+tgP
tg(oc+[3)= 1-tgoatgf

_B)= tgo—tgP
l+tgatgP

MOACHEHHA 1 OBI'PYHTYBAHHA

0 KocuHyc pisHuui i cymm
11106 oxmepskaTu popmyny aJis cos(oc—B) R
CIIOUYATKY PO3TJITHEMO BUIMAAOK, Kouau o i 3
posramoBani B mpomixkky [0;7] i a>B. Ha
OJVHAYHOMY KOJIi MO3HAYMMO TOUuKu P, i PB

Ta 300pasumo Bexkropu OF, i OF
(puc. 20.1.1). IIi BekTOPU MalOTh Ti caMi Ko-
opAumHaATH, 1o # Toukm P, i PB , TOOTO:
OP, (cosa;sina) , OB (cosp;sinf).
HoB:xuHU (MOIYJi) IIMX BEKTOPiB AOPiB-
OPﬁ ‘zl , & KyT
MiK HuMH gopiBHioe o-f (To6GTO
L P,OF = o—f). 3uaiigemo craJgApHUN 100y-

HIOIOTH OJMHMUITI: |OPa |=1 R

TOK BeKTOopiBOPF, i OPB IBOMA CIIOCODaMIM:
1) AK cymy HOOYTKiB OJHOMMEHHUX KOOPMIHU-
nat: OF,-OF; =cosa-cosP+sinosinf;

2) ax moOyTOK HOOBXKHH (MOZYJiB) BEKTOPiB

Ha KOCHHYC KyTa MijK HUMU:

y

AR

Puc. 20.1.1

OP, -OF, =| OF, || OB; |-cos. PO, =
=1-1-cos(o.—B)=cos(a—p).

Orixe,
cos(o—PB)=cosocosB+sinosinf. (1)

Opnep:xany ¢opMyay Ha3uUBAIOTH QOPMY-
Ja010 KocuHyca pisnuuyi. CaoBecHo ii MOXKHA
chopmyIroBaTU TakK.

Kocunyc pisnuyi deéox rymie (ducen)
dopienioe 006YymKYy KOCUHYCA NepuLozo
kKyma (wucna) Ha KocuHyc 0pYyz020 naioc
006ymokx cunyca nepuLozo Ha CuUHYyc 0pyz020.

106 ob6rpyHTyBaTH If0 (OPMYyJay B 3a-
raJbHOMY BUIAAKY, HaraJaeMo, IO 3a O3HAa-
YeHHAM KyT MiK BeKTOpaMu (LP(XOPB) MoOXe
OyTu TiJbKH B Mexkax Bix 0 mo T, Tomy mpu

o>f xyr mixk Bekropamu OP, i OPB MOXKe J0-
pieroBatu o.—f (puc. 20.1.1), a6o 21— (o.—f)
(puc. 20.1.2), abo wmo:ke BimpisHaTUCA

y

Py
/] P P
o J1ox
POﬂ
Puc. 20.1.2




Po3ain 3. TpPUroHOMETPUYHI PYHKLLT

BiJ mux 3HAUEHb HA I[ijie YKCJIO 00epTiB (TOOTO
Ha 21k, ne ke Z).

YpaxoByiouu mepiofnuHicTh (3 mepiogom
271) Ta mapHicTb QYHKIII KOCUHYC, OJIePIKYE-
MO, IIT0 B OyAb-IKOMY BUIIAAKY COS LPQOPB =
=cos(0c—[3), oTiKe, HaBeleHe OOI'PYHTYBaHHS
3aJHUIIAETHCA MMPABUIBHUM IJIA OYIb-AKUX
3HaueHb o i f3.

3a momomoro ¢Gopmyau (1) Jerko BuBe-
ctu iHIIL ¢opmMyaum OomaBaHHA, HaBeIeHi

B Tabx. 27, 30KpeMa, QOpMYyry KOCUHYCA
cymu:
cos(o+p) = cos(oc - (—[3)) =coso.cos(—B)+

+sinosin(—B)=cosocosp-sinasinp. Omxe,
cos(0+f)=cosocosPp—sinasinf.
@ DopMynn C1MHyca CyMu i Pi3HULI Ta TaHreHca

CYyMU | Pi3HULI OBIpyHTYMTE CaMOCTIMHO, CMu-
PaloYNCh Ha IHTEPHET-NIATPUMKY MigpYYHMKA.

NMPUKJIAAN PO3B’A3YBAHHA 3ABJAHb

O06uncCIIiTh:

Mpukaad 1

PosB’azanna
1) » sinl15°=sin(45°-80°)=
=sin45°c0s30°-co0s45°sin30° =

BB B Jo-r

2 2 2 2 4

<

2) P cos15°=cos(45°-380°) = cos45°cos30°+

V2 s 21 Jeivz
2

+sin45°sin30° =
2 2 2 4
45°— tg 30°
3) p tg15° = tg(45°—30°) = £ 830" _
1+tg45°tg 30°
V3

I 3-8 (3-43)

_12-6V3

1) sin15°; 2) cosl5°; 3) tglh°.

Komenrap
ITogamo 15° AK pisHUIO:
15°=45°-30°, a 3HaueHHS TPUI'OHO-
MeTpPUUYHUX (yHKIiH KyTiB 45° i 30°
My 3Haemo. Tomy, 3ammcaBIlId CHUHYC
15° aK cuHyC PisHUIN, OJAEPKUMO 3HA-
uyenHa sinlb5°. Amasoriuno 3Halizemo
coslb® i tglh°.
3ayBasKUMO, IO [ 3HAXOMMKEHHS

< tg15° moskHa OyJsi0 O BUKOPUCTATH Ta-
sina
KoK (popmynay tgo= .
cos o

VY saBmanHi 3 B omep:KaHOMY BHpasi

3-3

3py4YHO I030yTHCA ipparrio-

- J3 3443 (3+\/§)(3—\/§)

1+1,?
=2-43. <
Mpukrad 2

PosB’azanna
P co0s37°c0s23°-sin37°cos23°=
=cos(87°+23°) =cos60° =% . <

Mpukrad 3

JloBemiTh TOTOXKHICTB:

1) sin0c+cosoc=\/§sin(0c+£); 2) sinoc—cosoczx/gsin(oc—g).

3+x/§

HAJIBHOCTI B B3HAMEHHUKY HApOOYy, IO
3HAUHO CITPOIIYE BilIOBiab.

3HalifgiTh 3HaYeHHs Bupasy cos37°c0s23°—sin3d7°sin23°.

KomenTap

Bukopucraemo popmMysy KOCHMHYycCa CyMH CIIpaBa HaJiBO:

cosocosf-sinosinB=cos(o+f).

Komenrap

Ons Toro 1mo6 OOIPYHTYBaTHU IIi TOTOKHOCTI,
IToBeIeMO, IO IXHi mpaBi yacTWHU IJOPiBHIO-
IOTh JIIBUM, BUKOPUCTOBYIOUU (hOPMYJIU CUHYyCA

CyMH i cuHyca pisHUII:
sin(o+f)=sinocosBtcososinf .



§ 20. DopMynu oAABaHHA Ta HACTIAKM 3 HUX

Posp’azanuga

1) » ﬁsin(oﬁg):ﬁ(sinoccos%+cosocsin§)= \/g(sinov%-kcosoc-%J:sinoHcosoc;<l

2) » ﬁsin(oc—%)zx/g(sinacos%—cosocsin%)z \/E(sinov%—cosa-%jzsina—cosﬁ <

3anumaHHg

Bnpabu

1.

2%,
3%,

20.1.1.

20.1.2.

20.1.3.

20.1.4.

3anunritTe GopMyJaM TOAABAHHS: KOCHUHYC CYMHU i KOCHMHYC Pi3HMIIi;
CUHYC CYMM i CHMHYC Pi3HUIIi; TaHTE€HC CyMM i TaHTeHC Pis3HUIII.

HoBenits ¢opMyam OomaBaHHS, NPO AKi #gerbca B 3anmuTaHHi 1.

Buxopucrosyoun

iHTepHeT-TiATPUMKY

OigpyYHUKa, OTOBEIiTh

‘ . b
(opmyry asina+bcosoc:\/msin(oc+(p), e s1n(p=2—,

cosQ =

a®+b?

O0YnCIIiTD:

1)
2)
3)
4)
5)
6)
0]
8)

sin13°co0s17°+cos13°sinl7°;
sin16°c0s29°+sin29°co0s16°;
sin78°c0s18°—sin18°cos78°;
sin63°cos33°—sin33°cos63°;
c0s66°c0s6°+sin66°sin6° ;

co0s71°co0s26°+sin71°sin26°;
c0s20°c0s25°—-sin20°sin25° ;
c0s18°co0s12°-sin18°sinl12°;

CropocTiThb:

1°) sinbocos3a—cosbasin3a ;

2)

3) sin(a—PB)cosP+cos(a—P)sinf;
4) cosacos(o+B)+sinasin(o+f);

5°)

cos4ocos20+sin4osin2a. ;

cos7ocos4o +sin7asindo

sinocos20 +cos o sin 200

a®+b?

. HaBemiTe mpukiganu ii BUKOpPHCTaHHA.

tg10°+tg35°
1-tg10°tg35°
tg73°-tg13°
1+tg73°tg13°
1+tg67°tg7°
tg37°—tg7°

10)

11)

sin 8ol cos 200 — cos 8ousin 20,

6°) >
cos20.cos40—sin2a.sin4o
tgda+tg3a |
1-tg4oatg3a ’
tg7o—tg2o |

7°)
8%) —————;
1+tg7atg 20

sin(a+B)+sin(a—p)
sin(o+B)—sin(a—P) ’

sin(o+B)-2sino.cosP

9)

10)

cos(o+B)—2cosacosp

3a gomomoroi (GopMyJ HoZaBaHHS OOUMCJIITH:

1)

2) cos'75°;

sin75°; 3) tg75°;

4) sin105°;

5) cos105°;
6) tg105°.

3HalgiTh HaWOiIbIIe Ta HallMeHIle 3HAUeHHs BUpPa3y:

1) sino+tcosa;
2) sino— \/g cosa ;

3) \/gsinoc +cosa. ;
4) \/Esinoc + \/gcosoc .




Po3ain 3. TpPUroHOMETPUYHI PYHKLLT

20.1.5. oBexiTs TOTOKHiCTD:
1) sin(o+B)+sin(o—p)=2sinccosP;
2) cos(o.—B)—cos(o+B)=2sinasinf;

sin (o +pB)

3) =tgo+tgP;
cosa.cosf

4) MZCth—Cthﬂ;
sinasinf

5) sin(80°-0o)-cos(60°—a)=—/3 sina ;
6) sin(30°-0)+sin(30°+0)=coso.;

7) tg(i—n—a}tga:tg(i—n—a)tgoc—l ;

8) tg(a+%)—tga=1+tg(a+§)tga;

J3 sin o+ 2cos (60°+0)
25in (60°+ o) /3 cosa
\/Ecosoc—2cos(45°+0c) _

2sin (45°+ ) —/2 sino
20.1.6. IIobynyiite Tpadik QyHKIii:

9)

=ctgo;

10)

tg o

1) y=\/§sinx+cosx; 3) y=sinx+\/§cosx;

2) y=sin2x—-cos2x; 4) yzx/gsingﬂzosg.
20.1.7. 3uaiinite o6sacTh 3HAUEHDb (PYHKITII:

1) y=38sinx+4cosx; 3) y=sinTx—cosTx;

2) y=>5sin3x—-12cos3x; 4) y=851n§+15cos§.

20.2. ®opmMmynu NoABiNMHOro aprymeHTta

Tabaumna 28
’ sin20=2sinocosa
’ cos20.=cos® 0,—sin® o.=1-2sin® o.=2cos® 0.1
2tg o
tg20= 2B
1-tg” o
NOACHEHHA M OBI'PYHTYBAHHS
® IIlo6 oxmep:kaTu (opMyam MOABIHHOTO B3ATU P=0 . OIep:KUMO TOTOKHOCTI:
apryMeHTa, JOCTaTHBO y (hOPMYyJIax AOJABAHHIA sin20 =sinacoso +cosasino =2sinocosa.,

sin(o+pB)=sinacosP+cosasinf, TOOTO Ssin20=2sinocoso;
cos(a+pB)=cosacosp—sinasinf,

tgo+tgp cos20 = cosacoso—sinosina = cos? o.—sin? o,
tg(o+B)=—"-—"— o L
1-tgotgP TOOTO COS20.=Cc0s” OL—sin” o ;



§ 20. ®opMynu 0oOaBaHHS Ta HACIAKN 3 HUX

tgo+tgo 2tgo IIi dopmysn HaA3UBAIOTE QOPMYLAMU NO-

tg20= l-tgatgo 1—tg’ o To6To HUXCEHHA CMeNneHA.
SKio B ocraHHIX (hopMyIax IO3HAUUTH

b 20, = 2tga o x
gao= 1—tela 200=x, TOOTO OL.=—, TO MOXKHA 3alluCcaTU Ta-

— g‘ a . 2

I3 dopmyau cos20=cos>o—sin®o, xo- Kl popmysu:

PHUCTYIOUUCH OCHOBHOIO TPUTOHOMETPUYHOIO 1—cosx=2sin2 > 2 X (3)

—, 1+cosx=2cos
2 2

roroskuicTio cos?o+sina=1 , MOKHA ozep- ;
3azHauumo, 1110 GOPMYJIN CUHYyCa i KOCH-

JKaTu QOPMYJaH, AKi MO3BOJNSIOTH BUPA3UTHU

cos20. TimbKH "epes sino. afo TiTBKH uepes Hyca TOJBIHOTO apryMeHTa CIpaBelIuBi

cosda. . Insa OyAb-AKUX 3HAUEeHb apryMeHTa, TOMi K
® JlificHO, 3 OCHOBHOI TPUTOHOMETPUYUHOIL ¢dopmysna TaHreHca NOOABIMHOTO aprymMmeHTa
TOTOKHOCTL OIep:KyeEMO sin2oc=1—cos20c, cIpaBeJJiBa TiNbKU JJIg TUX 3HAaUeHb apry-
cosZo=1-sin?q. Toxi cos 20, = cosZ o—sin? o = MeHTa O, IJs AKuUX o3HaueHo tgo i tgla,
=cos®o—(1-cos? a)=2cos? .1 , TOOTO TOOTO TiMBKM IpU ot Ztmk i 20#~+mk ,
cos20.=2cos’ o —1. (1) ne ke Z. 2 2

3a3HAaUMMO TaKOK, IO, AK 3aBXKIU,
omep:kaHi GopMyJaM MOMKHA BUKOPUCTOBY-
BaTHU AK 3JIiBa HAIIpaBoO, TaK i cpaBa HaJiBO.

.2
cos200=1-2sin"o. O (2) Hanpuknaz, samicTs Bupasy 2sindocos3o
Iz popmyn (1) i (2) MmosxkHa omepsKaTu Ha-

CIIOKM, K1 KOPUCHO 3amaM’ TaTH’:

) 1-cos2a 2 1+ cos2a
sin azT, cos a:T.

cos20=cos? a—sin®? o=1-sin? a—sin o =
=1-2sin?a , TOOTO

MosxkHa samucatu sin(2-3a)=sin6o., a sa-

MicTb BUpasy cos?1,50—sin?1,500 samucaru
cos3a .

NMPUKNAAN PO3B’A3YBAHHA 3ABJAHb

m 21 O6uuCTiTh:
UKAQ T . 9™ .
P 1) cos? ——sin®?—; 2) sin15°cos15°.
8 8
Po3B’a3anusa Komenrap
- - - Y nepmoMy 3aBmaHHI HOCTAaTHLBO «BIi3HATH» IIPaBy
1) » cos? E —sin? E = cos(Z . g) = yacTuHy (GopMysau KOCHMHYyca IIOABIMHOTO apryMeHTa

¥ 3ammcaTu pesyJibTar.

oL \/E Y npyromy 3aBIaHHI CJIif 3BepHYTHU yBary Ha Te, IO
ZCOSZZ 5 < 3afaHUil BUpa3 BiApisHAeTbCA BiJ IpaBoi YACTHHU
1 ¢dopmynu cumHyca HOABiNIHOTO apryMeHTa TiJIbKHU Bif-
2) P sinl15°cos15°=—-2sin15°cos15°= ' cyrmicrio gBifiku. Tomy, AKINO Ieli BUpPa3 IOMHOMKH-
2 ™1 i mominuTu Ha 2, BiH He 3MiHUTBLCSA, ajie Temep 3a

— lsin (2.15°) = lsin 30° = l . < (OPMYJIOI0 OZIEePIKYEMO: .

2 2

2sinl5°cos15°=sin(2-15°)=sin(30°)=E .

1 4
nPL(K/\aa 2 JloBefiTh TOTOMKHICTE ~Teosta =ctg2o.

sin4o
Posp’azanna

1+cosdo 2cos? 20, _ cos2o

> =ctg2a. <

sin4o 2sin20cos200  sin2o
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3anumaHHg

Bnpabu

1.

2.

20.2.1°.

20.2.2°.

20.2.3.

20.2.4.

20.2.5.

20.2.6.

20.2.7.

20.2.8*.

20.2.9*.
20.2.10.

3anumnritTk PopMyJsin CUHYCa, KOCUHYCA i TaHTeHca HMOABiHHOTO apry-
MeHTA.

HoBenits opmysiu cCMHyCca, KOCHHYyCA i TaHTreHca IOABIHOTO apry-
MeHTA.

O0unCIiTh:
1) cos?15°-sin?15°;  3) (cosl5°+sin15°)%;  5) %,
1-tg215°
i T 2 tgﬁ
2) 2sin—cos—; 4) (cos75°—-sin75°)"; 6) 8
8 8 1—to? n
VYV zaBmamuax 20.2.2—-20.2.3 goBeniTh TOTOKHICTb.
1) c0s2§—sin2§=cosx; 3) (sinx+cosx)2=1+sin2x;
2) sin5xcos5x=%sin10x; 4) (sinx—cosx)® =1-sin2x.
1) sinda =cos0cos 20 ; 3) (ctga—tgo)sin20=2cos 20 ;
4sinao
2) sin 4o =sinocos2a ; 4) tgo+ctga= .
4 coso sin2a
CupocriTh Bupas:
sin2a . sin20—2sina
1°) —sina; 3) —;
cosal coso—1
2°) cos? a.—cos20.; 4%) w.
cos4o
. 4 . T .
3Haouu, IIo s1n0t=€ i ae(g;n), O0UYMCIIITE:
1) sin20; 2) cos2a; 3) tgl2ua; 4) ctg2o.
5 . 3n .
3Haouu, IIo cosoc=—§ i ae(n;;), 00UUCIIiTh:
1) sin2a; 2) cos2a; 3) tg2o; 4) ctgo.
3Haouu, IIo tgaz% i ue(n;%), 00YMCIIiTD:
1) sin20; 2) cos2a; 3) tgl2ua; 4) ctgo.
3HaHAITE cos20, AKIIIO Mzi’».

sino—coso
3HalgiTe HaKbOiabIIe i HallMeHIle 3HAUEHHS BUpPa3y cosZoc—| cos0c|.
IToGynytiTe rpadik GpyHKILII:

1) y=sinxcosx; 2) y=sin4x—cos4x; 3%) y=tgxsin2x.
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20.3. ®opmynu 3BeaeHHS

Tab6aumnsa 29
Dopmynramu 36edenHs HA3UBAOTH (OPMY- i (2k+1)£ioc (ke Z) sBogaTh K0 TPUIOHO-
J¥, 3a [OIOMOTOI0 SKUX TPUTOHOMET- 2 .
puuHi QyHKIil Big aprymeHntis Bumy EmEol MeTPUYHUX (QYHKIiN Bif aprymMenTa a.
OpieuaTup IIpuxkaanu

1. fAkwo [0 4mcna o [O0Oa€TbCA 1. CupocriTs 3a dopmynamu 3BefeHHsa Bupas tg(3m—o).

KOCNHYC, KOCMHYC Ha CMHYC, TaHIreHcC

: Huit y Il uBepri, me TaHTeHC BiA’eMHUI, TOMY B IpaBiil
Ha KOTaHreHC | KOTaHreHC Ha TaH-

YacTUHI (POpPMyJIM B3ATO 3HAK <«—».

sucno km, ke Z (10670 4ucno, ske : | P tg(8n-o)=-tga.<

: 306paxyeTbCA Ha rOPU3OHTANIbHOMY : p Y

: AjaMeTpi 0AMHWYHOrO Kona), TO Ha- : Komenmap n-o

: 3Ba 3aAaHOI (hyHKLIT He 3MiHIOETbCH, Haspa samamoi GyHKmI mHe P

:a AKLLO OOAAETHCA YNCIIO (2k+1) % @ ' smiHioeThCA, OCKimBKH 3T * “

2 !  3o0paxyeTbCA Ha TOPHU3OH- Py, O\_/ X
: (10610 YMCno, AKe 300paxyeTbca Ha : | ranmpHOMY Hiamerpi (sxiBa)

: BEPTUKA/bHOMY AiaMeTpi OAWMHWYHO- : | opmHWYHOTO Koia (AMB. pH-

: TO KOna), TO Ha3Ba 3aAaHOI (yHKLIT : | CYHOK).

: 3MIHIOETbCA Ha BIANOBIAHY (CMHYC Ha : | frmo o — rocrpuit kyT, To Kyr (8n—0!) posramosa-

. 3n
2. 3HaK 0ofepXaHoro BMpasy BU3HA- 2. Cmpocrits COS(7+(X)-

: : y
¢ YaETbCA 3HAKOM MOYAaTKOBOrO BMPa- -
© 3y, AKLWO YMOBHO BBa)aTW KyT . 3n .
2 3, Aklo Ty yroo : P cos| = +o |=sina.<
¢ rocTpuM. : 2
Komenma, K \
P . \ >0 x
HasBa saganoi (yHKIIiI 3miHrO-
. 3m o
€TbCs, OCKIIBKHU ? 300pasKy- P,
—+a
€ThCS HAa BEPTUKAJIBHOMY Jiame- P, 2
. ¥
Tpi (BHMBY) OOUHUYHOTO KOJa Y
(IUB. PUCYHOK).
. 3n
Axio o0 — rocTpuil KyT, TO KyT 7+0€ posTaiiroBa-
Huit y IV uBepTi, Je KocuHYyC JOJaTHHUI, TOMY B IpasBiii
YacTUHI (pOPMyJI B3SITO 3HAK «+».
MOACHEHHA U OBI'PYHTYBAHHA
® dDopmyau mogaBaHHS LO3BOJISAIOTH 00- PosrisaHeMo gexigbKa OPUKJIIALIB.
rpyHTyBaTH (POPMYyJSiN 3BENEHHS, 38 AKUMU sin(n—o)=sinncoso—cosmsino =

TpUTroOHOMETPUYHI (PYHKIII Big aprymMeHTiB . .
T =0-coso.—(-1)-sino.=sina;
Bugy knto i (2k+1)-=+o (ke Z) 3Bomars ) )
2 . cos(m+a) =cosmcoso—sinmsino =
IO TPUTOHOMETPUUYHUX (PYHKIiH Bim apry-

MeHTa O . =(-1)-coso.—0-sino.=—coso.;
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- 7 7 HeT-TMiATPUMKY IIiAPYyYHHUKA). Yci iHmi Bu-
cos o +o =cos—2 cosoc—sm—z sino = MaJK¥ MOYKHA 3BECTU JO OCHOBHUX (POPMYI,
BUKOPUCTOBYIOUM MEPIOAUYHICTD BiATIOBIZHMIX

~0-coso—(=1)-sino =sino ; TPUTOHOMETPUUYHUX (DYHKILI.

3a dopmysniamMu 3BeIEHHS OLEPIKUMO (OPMY-
3 .
i sin(n+oc) AU O0ONOBHAALHUX apzymeHmis (apTryMeHTHU
_ _ . T b
tg(—+oc)— = O i ——0 JOMOBHIOIOTH OAWH OJHOTO IO — ):
9 ( 3n ) 9 2
cos| —+ o
. o . . [
. 3m 3n . smoczcos(——oc), cosoczsm(——oc)
sin—-coso+cos——sina 9 9
__ 2 2 coso _
cos 3—“ cos o —sin 3—n sin o sino T T
9 92 tgazctg(g—a); ctgaztg(g—(x)
=—ctgo.
Hanpukaazn, sin60°=cos(90°—60°)=cos30°;
Anainiz omep)kaHHX pPe3yJbTaTiB T03BO- c0s89°=sin(90°-89°)=sin1°.
Js1€ OOT'PYHTYBATH OPi€HTHUP AJIA (popMyJI 3Be-
IeHHs, HaBeleHUH B Tabn. 29, Ta oCHOBHI @ O6rpyHTYrTe (OPMYNN OOMOBHANBHUX apry-
dopmynu 3BeneHHA (meTanbHiIIEe AWB. iHTEP- MEHTIB CaMOCTIHO.

NMPUKJIAAN PO3B’A3YBAHHA 3ABJAHb

O6uunciiTs 3a momomorow (opMyJ 3BEeIeHH:

Mpukaad 1 .
1) cos210°; 2) th.
Posp’a3anHa KomenTap
1) » c0s210°=cos(180°+30°) = ITogamo 3amaHi apryMeHTH TaK, 100 MOKHA OYJIO
\/g BUKopuUcTaTu GQopmyau 3BeeHHS (TOOTO BUIIJIMMO
=—COS30°=—?; < B apryMeHTi YaCTUHU, AKi 300pasKyiOTbCs Ha TOpU-

30HTAJBbHOMY YW BEPTUKAJBHOMY [IiaMeTpi OAUHUY-
B HOTO KOJa).
)z —ctgz =-1.< Hampurmaan, 210°=180°+30°. 3suuaiino, MoKHA
OyJIo moZaTH 1eil aprymMest e i rak: 210°=270°-60°
i Tesxk BuKopucTaTu (GOPMYJIU 3BEIEHHS.

N

3T o
2) Ptg—=tg| —+
) g 1 g(z

(n
- . . cos(3n—a) s1n(2+(x) o 8
npuwa 2 IloBeniTh TOTOMKHICTE . . —cos 5 o |=cos20. .
tg ( +o )

Komenrap
IoBemeMo, 10 JIiBa YAaCTMHA TOTOKHOCTL 70- BUDPa3} 3a oromMororo dopmyr: tgo-ctgo=1
piBHIOE mpaBiii. CmouaTKy BUKOpPUCTAEMO (hop- i cos?o—sin?a=cos20a. Ilig wac cmporen-
MyJIU 3BeJIeHHS, a MOTiM CIIPOCTUMO ofiepsKaHi Ha Bupasie cos(8n—a) i tg(n+o) moxma
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3aCTOCyBaTH #AK 0e3mocepesHbo  (opMmyan piogoM (QYHKIHII cosx € 21, OmepIKYEMO:
3BelleHHdA, TaK 1 NepioguYHiCTh BiAIOBigHUX cos(8n—0)=cos(2n+m—0)=cos(n—0) =
dyukuiti. Hanpukaan, ypaxoByoUu, IO Ie- — oSOl

Posp’azanuga

. (m
> cos(n—o) 's1n(2+0c)_ 0S2(3_Tc_ ): (—cosoc).cos(x_(
(~ctgo)-tgo -

=cosZ a—sin? o =cos20, . <

1. IIpoimocTpyiiTe Ha HPHUKIafaX BUKOPUCTAHHA (OPMYJ 3BejeHHH.
3anumaHHg IloscHiTH Omep:KaHUNA pPe3yJIbTAT.

2*. IoseniTh mekinbka GopMyJ 3BefeHHH.

20.3.1. O6unciTh 3a HOIOMOTOI0 (hOPMYJ 3BEIEHHH:
B"Pa&‘ 1) sin240°; 3) cos330°; 5) cos4—3n; 7) tg%n;

2) tg300°; 4) ctg315°; 6) sin(—%); 8) ctg(—i—n}

20.3.2. O6uucaiTs:
1) cos8°co0s37°—co0s82°co0sb53°; 2) sin68°sin38°—-sinb2°cosll2°.
20.3.3. Copocrits BUpas: 5
. . T
s1n(31r+(x)sm(2—(x)

sin(n+o)cos(n—a)

3n ’
ctgl ——o
3m

sin(&t—(x)cos(nﬂx) tg(—(x)—cos(n—oc)sin(3n+(x)
2°) 2 2 . 4) 2 - .
tg(n—a) (cos(8,5m—0a)+sin(1,5n+0)) -1

10) 30)

sin(n-2a)

20.3.4. [loseiTh TOTOKHICTS:
1°) 2sin(90°+o)sin(180°+ o) =—sin20.;
2°) ctg20°-ctg70°=1;

sin(n—20()—2sin(12t—oc)

T .2
cos| ——o |-sin” o
sin2(n+oc)—cos2(a—n) 1
4%) 2 2 =Zsin22oc.

T 2 T
tg2 —+0o |[-ctg” | a——

3) =—2ctga;
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20.4. dopmynu cymu i pi3HUL OQHOMMEHHUX TPUrOHOMETPUYHUX
¢byHKUiIN Ta dopMynn nepeTBOpeHHs JOOYTKY TPUrOHOMETPUUYHUX

byHKUIn Yy cymy

Tabaumna 30

1. ®opMynnM cyMu i pi3HMULi TpMroHoMeTpuuHMX YHKLiM

. . .o+ o-
s1noc+sm[3;=2smTBcos—B

o+ o-
cosoc+cos[3=200sTBcosTB

tg o+ tgp Sl +B)
cosocosf

sina—sinf=2sin cos

o-f o+p
2 2
+B . a-PB
2

coso—cosf=-2 sinaTsm
sin(a—p)

cosocosf

tgo—tgP=

2. NepeTBOpeHHA A06YTKY TPUrOHOMETPUYHMX (YHKLUIM Yy CyMy

sinocsinB=%(cos(0c—[3)—cos(oc+ﬁ))

cosoccosB:%(cos(a—BHCOS(Oﬁ"'ﬁ))

sinoccosB=i sin(o—B)+sin(o+p)
2

NMOACHEHHA M OBI'PYHTYBAHHSA

dopMynn cyMM i pisHMLi

TPUrOHOMETPUYHMUX (PYHKL,iM

3a dopmysaMu fOLaBaHHA:

sin(x+y)=sinxcosy+cosxsiny;

sin(x—-y)=sinxcosy—cosxsiny .
Jomaroum MOUJIEHHO IIi PiBHOCTi, OJEPIKYEMO:

sin(x+y)+sin(x-y)=2sinxcosy. (1)
SKIIO MO3HAUUTU:
x+y=a, (2)
x-y=, (3)
TO, momaiouu i BimHiMarouwm piBHOCTi (2) i (3),
o+p o—P
MaeEMO: X = 5 = T .

Tozi 3 hopmynu (1) oxepsxyemo popmyry
nepemeopenms cymu cuHycis y 000ymox:
o+p cos B . (4)

2 2

CioBecHo i1 MokHA cHOPMYIIOBATH TaK.

Cyma cunycie 060x apzymenmis
dopieéHloe nodeéocHomy 000YymKy CuHnyca
niécymu yux apzymenmié Ha KOCUHYC ix
niepisnuuyi.

SIkmo saminutu y dopmyri (4) B ra (-B)
i BpaxyBaTu HeHapHIiCTb CHMHYycCA:
sin(—B)=-sinpB, To ogeprumo Gopmyry

sino+sinf=2sin

2B os OFB
-

sinoc—sinBzZsin?cos
Amnajoriuno, 101a104YH IIOYJIEHHO PiBHOCTI
cos(x+y)=cosxcosy—sinxsiny, (5)
cos(x—y)=cosxcosy+sinxsiny, (6)
OJIEPIKYEMO:
cos(x+y)+cos(x—y)=2cosxcosy, (7)
i, BuKouytouu 3aminu (2) i (3), maemo:

o+ o-B
2

coso.+cosfP=2cos cos .

2
@ IHWi hopmMynu, HaBeneHi B Tabn. 30, obrpyH-
TYWTe CaMOCTIMHO, CMUPAIOYUCh Ha IHTEpHeT-
NiATPUMKY NigPYYHMIKA.
3asHauMMo, 1110 B IIpolleci oOrpyHTyBaH-
HA (opMyJI IEPETBOPEHHA CyMHU Ta Pi3HUILL
CHUHYCiB i KOCUHYCiB y JOOYTOK MU (PaAKTUUHO
orpuMaau i (GopMysu TIEepeTBOPEHHSA A00yT-
KiB TpuroHoMeTpuuyHuX (PyHKIi y cymy. Ha-
ONPUKJIAL, SKINO MOLLINTH OOMIBI YacTHUHU
piBaocTi (1) Ha 2 i 3ammcaTu ojepsKaHy pPiB-
HiCTBH cIIpaBa HaJIiBO, MAEMO:

sinxcosy = %(sin(x —y)+ sin(x+ y)) .
Amnajoriuno 3 popmyau (7) omep:KyeEMO:

cosxcosy:é(cos(x—y)+cos(x+y)) .
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NMPUKNIAAN PO3B’A3YBAHHA 3ABJAAHb

ﬂpuK/\aa 1 IlepeTBOpPiTH 3amaHy CyMy UM Pi3HHUIIO B JOOYTOK i, AKIIIO MOXKJIUBO,
CTIPOCTiTh:
1) sin75°+sin15°; 2%) cos® oi—cos®P .
Komenrap
1) ¥V mepmromy 3aBmaHHI Mo:kHA Oesmocepen- TiM [0 KOKHOTO 3 OJlep:KaHuX BUpPasiB

3acrocyBaTu (opMysnu  OepeTBOPEHHHA
pisHMIII UM CyMH KOCHHYCIiB y 100y-
=2sin o+p cosa—_B, a IoTiM BHUKOpH- TOK. [T MOZAJBIIIOTO CIIPOINEHHS OHep-
KaHOTO BHpa3y BUKOPHUCTOBYeEMO (op-
MyJly CHUHyca TOIBIAHOTO apryMeHTa,

HBO 3acTocyBaTu (opmyay sino+sinf=

craTl  TaOJM4YHI 3HAYEHHS sin45°

i ° . o+ + )
i cos30°. ) ) a cawme: 2s1na—Bcosa—B=sm(oc+[3)
2) Slkmo Bupas cos“o—cos“B  posruisa- 2 2
HYTU SAK pPIiSHHUIIO KBajparTiB, TO ¥OTO i 9] o—P o-B .
MOKHA DPO3KJIACTH Ha MHOKHHUKHU, a IIO- 1 asin cos =sin(a-p).
Posp’a3anna
. . . 75°+15° 75°—-15° . 2 3 6
1) P sin75°+sin15°=2sin cos =2s1n45°cos30°=2~§~7=7. <
+ - + -
2) P cos?o—cos?p= (coso.—cosB)(coso +cosf)=—2sin ocz P sin oaz P -2cos ocz P cos ocz P_
=—sin(o+p)sin(a-p). <
ﬂpu;(/\aa 2 IIepeTBOpiTL ¥ HOGYTOK cymy sinoi+cosp.

KomenTap

Mwu BMiemMO mepeTBOpPIOBATH B AOOYTOK CyMY (= . T
cuHyciB um KocuHyciB. a4 Iepexozy o cosf=sin E_B (abo sino=cos E_Oc )-

TaKWX BHUpPasiB [mOCTaTHLO 3ragaTu, IIo

Po3sp’a3zannsa

. . . (m .
> sm0c+cos[3:s1n(x+s1n(5—[3)= 2sin

=2sin(a—_[3+£)-cos( o+p —l). <
2 4 2 4

(sin80.—sin 2a) (cos 20, — cos 8ar)

I puK/\aa 3 Cupocrith Bupas
1-cosb6o

Posp’azanuga

> (sin8a —sin 20.) (cos 20, — cos 8a.) _ 2sin3ocos5o- (-2)sinb5asin(-30,) — 9c0s50.5in50. = sin 100 . <]

1-cos60 2sin’ 80
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1. BanumiTts i goBeAiTH (GOPMYJIU IepeTBOPEHHA CYMHU i PisHUII CHHY-
ciB, KocuHYyCiB, TaHTeHCIB y moOyTok. HaBemiTh mpuKrIagu BUKOPU-

3anumaHHs
CTaHHA OUX (POPMY.JI.
2. BamumiTh i KoBeAiTH (OPMYJNM IepeTBOPEHHA AOOYTKY TPHUTOHOME-
TPUUYHUX (PYHKIIHA y cymy.
20.4.1. IleperBopiTh cymy (260 Pi3HMIIO) TPUTOHOMETPUYHMNX (GYHKIIiH y m0-
Bnpa6u OyTOK 1 cIIpocTiTh:
in25°+sin15°
1°) cos152°+cos28°; 4) u;
sin25°-sin15°
2°) cos48°—cos12°; 5%) sin®a—sin®B;
3) c0s20°-sin20°; 6%) sino+sin20+sin3a+sin4o;

7*) coso+cos20.+cos30.+cos4o .

20.4.2. NToseniTs TOTOMHICTS: a—p
sin75°+sin15° sino+sinf €08
1) 2227500 3 4) - 2 .
cos75°—cos15° sin o .cosP+ cosasin 3 oS o+p
2
2) sino, +sinf _tg a+B . 5 (sin 20+ sin 60.) (cos 20t — cos 60) _sindo:
coso. +cosf 2 1-cos8a
3) cos60.—cos100 —2sin2a; 6%) sino —cosf _tg a-p m :
sin8a coso.—sinf 2 4

sino+sin3o+sinbo+sin 7o
7%) =ctg2o.
cos oL —cos 30+ cosHo,— cos T

20.4.3. IleperBopiTh y CyMYy:

1) cos45°coslb®; 3) sin20°sinl0°;
2) sinlcosﬁ; 4) cosicosl.
24 24

20.4.4. O6uuctiTs:
1) 2c0s20°-cos40°—cos20°; 2%) 4sin10°-sin50°-sin70°.

20.4.5%. NosexiTs, mo mpu O.+B+Y=T BUKOHYETLCA DiBHICTDH:

B Y

1) sinoc—sinB+siny=4sin%coszsin5;

p Y

2) cosoH—cos[3+cosy=1+4sin%singsin— .

20.4.6. IosexiTs opmyIu:

sin(B+0c) .

sin(B-a)

1) ctgo+ctgp= sinasinB

; 2) ctga—ctgP=
sinasinf



dOPMYNN MOTPINHOIO TA NONOBUHHOIO APIYMEHTIB.
BUPAXKEHHA TPUTOHOMETPUNYHUX DYHKUIN YEPE3
TAHIEHC NMNONTOBNHHOIO API'YMEHTA

Tabaumsa 31
1. ®opMy/IM NOTPiMHOrO aprymMeHTa
sin30.=3sino—4sin® o cos3o.=4cos® a—3cosa
3 3
- - k
tg30=80"t8 o T (9h+1), heZ | ctglu="SBLE L o TR ey
1-3tg“ o 6 1-3ctg”a 3

2. ®opMy/NU MOHMUKEHHA CTemneHs

1—cos20 2 1+ cos2a
s cos“ o=—m
2 2
3. ®opMy/aI1M NONIOBUHHOIO apryMeHTa

.o 1-cosa o 1+cosa
sin—=%,[—— cos—= }—
2 2 2 2
_ i (o4 1+cosa sino
tg&=i,/1 coso. _ SN riomk, kez | ctg— == = , a2k, ke Z
2 1+coso.  1+coso 2 l1-cosa 1-coso

1—- 1+
o _ cosoc’ axnk, ke Z ctg&:ﬂ, oznk, ke Z
2 sina 2 sino

sin? o=

I+

I+

(3uak mepeJ KopeHeM BHOUPAIOTH 3aJIE}KHO BiJi 3HAKAa TPUTOHOMETPUYHOI (GYHKIIii, IIT0 CTOITH
y JiBi#t vacTuHi piBHOCTI.)

4. BuparkeHHA TPUrOHOMETPUYHUX (DYHKLiM Yepe3 TaHreHC MoJIOBUHHOrO aprymeHTa

Ztgg 1—tg2g
sinocz—z, azn+2nk, ke Z cosocz—z, azn+2nk, ke Z
1+tgFZE 1+1;g22
2 2
2tg i 1-tg> &
tgo= 2 , 0 —+T7n, neZ, ctgocz—z, oa#nk, ke Z
1—‘cgZg 2 2tgg
2 ozn+2nk, ke Z 2

NOACHEHHA M OBI'PYHTYBAHHSA

0 ®opMynn NoTpiMHOro aprymMeHTa
BHROpHCTOByIOqI/I dopmysiu mTomaBaH- sin3a =sin (Z(X + (X) =sin2o-cosa+cos20-sino =
HaA, (opmMysaM TOJBIHOTO aprymeHTa, =2sina-cos? o+ (1 —2sin? oc) -sino =
OCHOBHY TPUTOHOMETPUUYHY TOTOMKHICTH
i popmyay tgo-ctgo=1, ogep:KyemMo Taki
dopMmyan:

=2sinoc-(1—sin2 0c)+(1—2sin2 oc)-sinaz
=3sina —4sin®o.




Po3ain 3. TpPUroHOMETPUYHI PYHKLLT

Orxe, sin30.=3sino.—4sin® o .
cos30. = sin(20.+0.) = cos 20.- cos o —
—sin20c~sinoc=(2coszoc—1)~cos0c—
—2sin2Oc-cosocz(Zcoszoc—l)-cosoc—
—2(1—cos2 a)-cosoc=4cos30c—3cosoc.
Oraxe, cos3a,=4cos® 0.—3cosa .

tg200+t
tg30 = tg (204 0) = 224 TE%
1-tg2o0-tga
2tgao
_1-tg’o _ 3tga—tg’a
1 2tg20c 1—3tg20c '
l—tgz(x

3tgo—tg®
OToxe, tg3a:L§a.
1-3tg” o
3
1 1-3tg2o L,
ctg3o = = 7= g
tg3a  3tgo-tg’a 3 1
ctgo ctg30c
_ (ctgzoc—3)ctgoc _ 3ctgoc—ctg3oc
3ctg20c—1 1—3ctg20c '
3ctga—ctgda
Or:xe, ctha:&.

1—3c1;g2 o

N sS—

3ayBaxkeHHA. DyHKIIl sin30 i cos30 icHYIOTHh mpU OyAb-IKUX

. . . T
3HAUYeHHAX o, a tg30 icHye Timbku TOmi, Koau 30 #—+Tk,

ne keZ, Tto6TO a¢§+%k, oT:Ke, ai%(2k+1), ke Z. Ana-

Joriudo ctg3o icHye Tiasku TOmi, Komu 30~ Tk, ne ke Z. To-

. k
oi oc;é%, ke Z.

0 DOpMy/IM NOHUMKEHHA CTeneHs

3 popmys cos2o=1- sina rta cos20=

=2cos®a—1 oJlepKyeEMO (POPMYJIN MOHUIMKEH-
HS CTeTeHs:

. 1—cos20
sm20(=70;)s , 1)

1+ 200
coszaz%. (2)

OopMy/IM NOJIOBUHHOIO0 apryMeHTa
Axrmo y popmyaax (1) i (2) samicTts o

o
B3ATHU apTyMeEHT P TO OJEPKUMO:

1-

sm?%z—{?ﬁ, (3)
1

Cos2%:$' (4)

I3 dhopmya (3) i (4) omep:ryeMo opmyIu
TIOJIOBUHHOT'O apryMeHTa IJisd CUHYyca i Kocu-

Hyca:
1- g
sin &=+ |- 2% (5)
2 2

2 V 2

Y nux dopmysax 3HAK IIepes KOpPeHeM
BUOWPAIOTH 3aJIe’KHO BiJl 3HAKa TPUTOHOMeE-
TpuuHOI (GYHKIIiI, 1110 CcTOITh y JiBi#l wacTuHi
piBHOCTI.

Axmro mouwsnernHo poaxiautu popmyan (5)

sing
. 2 o
i (6) Ta BpaxyBaTu, IO =tg—,
o cos— 2
cos—
2 o
a =ctg— , To ozmep:KyeEMO:
sing 2
2
tggzi 1-coso , (7)
2 1+cosa

cthZi 1+cosa ] (8)
2 1-coso

Y dopmynax (7) i (8) sHaxk mepenm Kope-
HeM TaKOXX BUOMPAIOTH 3aJle’KHO Bin 3HaKa
TPUTOHOMETPUYHOI (PYyHKIIiI, IO CTOITH Y JIi-
Bilf yacTuHi piBHOCTI.



§ 21. Dopmynm NOTPIMHOIO Ta NONOBUMHHOIO apryMeHTIB...

3asHaummo, 110 popmyau (5) i (6) mox-
HA BUKOPHUCTOBYBATHU MIPU OYyAb-AKUX 3HAUEH-
HAX o, a popmyau (7) i (8) TinbKu TOAi, KO-

. o o .
JN1 ICHYIOTh 3HAQUEHHS tg; Ta ctg— Bigmo-

BimaOo. OToRKe, popmyay (7) MOKHA BUKOPU-

o T
CTOBYBAaTH, SKIIO Ei;ﬂtk, TOOTO

azn+2nk, ke Z, a popmyay (8) — AKIIO
%ink, To0TO O 2Nk, ke Z.

3ayBasKuMo, IO AJA TaHTeHca i KOTaH-
reHca IIOJIOBUHHOTO apryMeHTa MOJKHAa Ofep-
KaTtu QOPMYyJIH, IKi He MICTATH KBaApaTHUX
KopeHiB. Hampuraan,
o sino

tg &= 0% 9)

2 1+cosa
HiticHo, ypaxoByOUHU, III0 apryMeHT O

s e . o o
BAB14Yl OiMbIIUE 3a aprymMmeHrT -—, MAaeMo:

Lo o Lo
. 2sin—cos—  sin—
Smo 2 2 2 _ ’l:gg AKIITO
- - b
1+cosa 2 O o 2
cos—

2cos” —
2

l1+cosa#0. Tobro popmyay (9) moKHaA BuU-
KOpPUCTOBYBaTH Ipu O.#n+2nk, ke Z.

AmnajioriuHo OGI'PYHTOBYIOTH (POPMYIY
o  1l-coso

tg—= (10)
2 sino
.2 O .o
1 2sin® — sin—
—coso _ 2 _ 2 =tg&
sina .o o o 9’
2sin—cos—  cos—
2 2 2

akmo sina#0, Toéro Gopmyay (10) moxxHA
BUKOPUCTOBYBATHU IIPU OL#Tk , REZ .

1
» OLEPIKY-
o

to —
g2

o
YpaxoByrouu, 10 ctg— =

€eMO )OPMYJIN:
Ctgg* sino Ctggilwhcosa
2 1-cosa 2 '

sino
Bupa)keHHA TpUroHoMeTpUYHUX
(PYHKLiN yepe3s TaHreHC MoJIOBUHHOIo
aprymeHTa
11106 oxep:kaTu BigmoBigHi opmyaum s
sino i coso, 3amMUIIIEeMO KOKEH i3 ITUX BUpa-
3iB 3a (popmysaaMm IOABIiIHOTO apryMeHTa

. . . oo o )
i mominmmMmo Ha 1=sm2?+cosz—. ITorim,

006 ImepelTH OO TAHTeHCiB, HOAIIMMO YH-
CeJIbHUK i 3HaMEeHHUK OJep:;KaHoro Apody Ha

2 o o 2 O
cos E (3Buuaiizno, 3a yMOBH, IO COS EiO .
TOOTO TIPpU CL#T+2nk , ke Z).

Lo o
Zsmzcos—

. sino 2
sino = = =
.2 O 2 O
sin® —+cos” —
2 2
.o o .o
2sin—cos— sin—
2 2 9 2
9 O o
cos” — cos—
.2 O 2 O .2 O
sin® —+cos” — sin® —
2 2 +1
2 O 2 O
cos” — cos” —
2
a
2tg—
_ 2
o
tg2—+1
2
Orxe,
2tgg
sina= , O£T+2nk, ke Z. (11)
1+tg2—
sz——sinZE l—tgz—
cosal 2
cosQ = = =
o o
sin® = +cos® — tg2—+1
2 2
Omxe,
1-tg> &
cosoL = , O£T+2k , ke Z. 12)
9 O
1+tgz—
2

Ao mounenHo moxinuTu piBHOcTi (11)
i (12), To omep:kumMo hopmyam:

o
2tg —
T
tga= sy U#E—+TnN,
1-tg? & 2
neZ, o#zn+2nk, ke Z, (13)
lftg2g
ctgo= , 0zTk, ke Z .
o
2tg —
g2

3ayBaxkumo, 1o ¢opmyay (13) mokHa
omep:kaTH i 3a (POPMYJIOI0 TaHTeHCa IMOIBiii-

. o
HOTO apryMeHTa, OCKinIbKM o0=2-—.
2

137




Po3ain 3. TpPUroHOMETPUYHI PYHKLLT

NMPUKNA/A PO3B’A3YBAHHA 3ABJAHDb

nPMKAaa O0unCIiTh, He KOPUCTYIOUNUCH TAOMUIAMU i KAJbKYJIATOPOM:
1) sinl5°; 2) coslb5°; 3) tglbh°.
Po3B’a3anHa Komenrap

Ockinbku aprymenT 15° cTaHOBUTH ITOJIO-
BuHY Binm aprymenrta 30°, a xocuryc 30°
HaM BifjoMuii, TO MOKHAa 3HAWTH NIyKaHi
3HAUeHHA 3a (OpMyJlaMU IIOJOBUHHOTO
aprymMeHTa. ¥YpaxOBYIOUU, IO apryMeHT
15° poaramoBaruit y I uBepti (me 3Ha-
YeHHSA BCiX TPUTOHOMETPUUHUX (QYHKIiN
momatHi), v dopmynax (5) i (6) mepern
3HAKOM KBaJAPATHOTO KOPEHA BUOMPAEMO

1) b sinl5°= /1—cos30 _
2
2) » cos15°=‘f1+cc;S3O =

\/g 3HaK «+». [jaa Toro mio0 3HaWTHM TaH-

_v° reHc 15°, mMoikHa 3acToCcyBaTU OYIb-IKY

o_ 1—cos30° 2 . i-

3) » tgl5°= ‘ = =2_\/§_ < 3 gopmya: (7), (9) abo (10), ame 3pyuHi
sin 30° 1 e Bukopuctatu ¢opmyau (9) ado (10),

2 3amnuc SKUX He MICTUTh KBAAPATHUX KO-

peHiB. Ilicaa Toro AK 3HaAWIEHO 3HAUEHHS
sinl15° i coslb°, MoKHA TAKOMK CKOpPUC-
sin15°

cosl5°

Tatuca popmyiaorno tg15°=

B i S s ——

3ayBarkeHHs. 3amucu Bigmosimeit maa sinlb5° i cosl5° MosKHA Hel[o0 CIPOCTUTH, 3a-
NMMCABIIN ITii 3HAKOM 30BHIIIHHOTO KBAJAPATHOTO KOpeHA KBaapaTt asouieHa. II[o6
nmoJgaTu, HampuKJIaa, BUpPas3 2—\/§ Y BUTJISITI KBaJApaTa JBOUIEHA, IOMHOKUMO i T0-
OimuMo 1eil Bupas Ha 2 (Ta po3risHeMO BUpa3 2\/§ AK TOJABOECHHUI TOOYTOK YHCeJ
\/5 i 1). Omep:xyemo:

oA zf (J§—1) oy \/5_4+2J_ (V3 +1)’ 2-4/3

2-+3 . Tomi sinl5°="——""=
2 2

2
3—1

2\/_1\/_\/_

2

V6 +/2
R

BukoHyoouu aHAJOTiUHI IEepPEeTBOPEeHHS, MaeMo cos15°=

1. BanumiTs GopMyau IOTPifiHOrO Ta IOJOBUHHOIO apryMeHTiB i gop-
3anumaHHg MyJIU BUPa’KeHHS TPUTOHOMeTPUUYHUX (YHKIiNI uepe3d TaHTeHC IO-
JOBUHHOTO apryMmenra. IIpoismtocTpyliTe Ha IpPUKJIagaX 3aCTOCYBaHHA

nux QPOpMy.JI.



§ 21. Dopmynm NOTPIMHOIO Ta NONOBUMHHOIO apryMeHTIB...

21.1.
Bnpabu

21.2.

21.3.
21.4.
21.5.
21.6.

21.7.
21.8.

21.9.

&

O6rpyuryiiTe ¢GopMyJau MOTPIAHOTO Ta IIOJOBUHHOIO apryMeHTiB
i hopmysin BUpAKEHHS TPUTOHOMETPUUYHUX (PYHKIIH Uepe3 TAHTEHC
TIOJIOBUHHOTO apryMeHTa.

O6uMCaiTh, He KOPUCTYIOUNCH TAOJIUIAMHU i KAJIbKYJISATOPOM:
1) sin22°30";  2) cos22°30";  3) tg22°30°.
3HaUIITh sing; cosg; tgg, AKIIO:
2 2 2
1) cosocz—E in<oc<3—n; 2) cosoczi 13—n<oc<2n.
5 2 13 2

1
O6uncaiThL tg(a+§), AKIITO cos2a:§ in<0c<%.

. o . 12 . 3n
O0unCIiTh cosE, AKIITO smocz—E i TE<0L<7.

1
O6uncaiTh sino, SKIIO tg%zg .

. o . 1 . 3rn
O6unCaiThL th, AKIOI0 sino+coso=— i —<o<2m.

. in2
O6umCHiTy — o . _cosa , AKIO tg & 2.
l+coso 1+cos2o 2

YpaxoByiouu, 1m0 sin36°=cosb54°, oduucaite sinl8°.

BuaBiTb CBOIO KOMNETEHTHICTb

BanTax macoro 0,16 Kr KoJuMBaeTbCcs Ha NPYKUHI 31 MBHUIKiCTIO,
. . 2mt .

fAKa BMIHIOETBCA 3a BAKOHOM U=, s1nT, Ie t — yac i3 MOMeEHTY

IoYaTKy KoJuBaHb, T'=24 c — mepiof KoausaHb, v, =0,5 m/c. Ki-
HeTUUYHY 3Heprioo E (B IKOyJAsaX) BaHTAKy OOUHMCIIOIOTHL 3a GopMy-
2

Jowo E= , e m — Maca BaHTa)Xy B Kijorpamax, v — IIBHUI-

KicThb pyxXy BaHTaXy (B M/c). S3HAWAITh KiHETUUHY 3HEPTii0 BaAHTAXKY
yepes 4 ¢ micsua mouaTky KojawBaHb. BinmoBins momadiTe y OiKOyJIAX.

[lopaTkoBi 3aBAaHHA [0 TeMU «TPUrOHOMETPUYHI (YHKLII» Ta BILOMOCTI 3 icTopii
HaBeLeHO Ha canTi interactive.ranok.com.ua.

3ABJAHHA 418 NIATOTOBKU A0 OLIHIOBAHHS

Teem N2 3 1.

2.

Kytom saxoi uBepTi € KyT, pagiaHHa Mipa aAKoro mopiBuioe 3,5 pa-
miana?

Al BII B III rv

Ccos| —— |— ?
3HaliTh 3HAUEHHSA BUPA3y .

)

A0 B1 B-1 T -3




Po3ain 3. TpPUroHOMETPUYHI PYHKLLT

3.

VYcraHoBiTH BiAMOBigHiICTE MiK (yHKIiAMU, 3amganuMmMu GopmyJia-
mu (1-3), Ta BractuBocramu (A-T') mux QyHKITi.

1 y=sinx A ®Dyukiig He Mae HaUOiJBIIOro 3HAUYEHHS

2 y=cosx b ®yuKuia € cmagHolo Ha Bcil obJsacTi BU-
3HAYEeHHA

3 y=tgx

B Haiibinbine suavenua Gyukiii gopisaioe 1
npu x=§+2nn, neZ

I' dyarmia mapua

3HaigiTe coso, Arimo sino=-0,8, g <Oo<T.

A0,2 b-0,2 B-0,6 ro,6

CupocriTe Bupas sin2o-tgo .

A cos?a B sin?0. B 2sino T 2cos?a

Cupocrtits Bupas 16sin15°-cos30°-sin75°.
A4 B2/3 B4J/3 T2

3HaliiTE HaMEeHITHiT JoAaTHIH epiox QyHKII y = 5005(4x _%J - 2.

A 2 g2 gl I 8n
5 2

YcramoBiTh BigmoBimmicTh samammmm Bupasamu (1-3), Ta TOTOMKHO
piBauME im Bupasamu (A-T).

1 sin25°+sin35° A sin20°
2 c0s25°—co0s35° B cos20°

2 o
3 co0s40°+cos80° B sind
T' cosb®
. . ..  |cosx] . ,
ITo6ynytiTe rpadik GyHKIII y= (BanuIiTh po3B’sA3aHHS).
COsXx

MponaiTb OHNaMH-TeCTyBaHHS Ha cawnTi interactive.ranok.com.ua.

TeMMn HaBYa/IbHUX MPOEKTIB

1. ®imancoBa maTeMaTHUKa.

2. ExoJioria Ta MmaTemMaTHKa.

3. 3abpyaHeHHA HAaBKOJUIITHHOTO cepenoBulna: reorpadiuamii i mare-
MaTUYHUHA acIeKT.



Po3nin 4

TPUTOHOMETPWU4HI PIBHAHHSA
| HEPIBHOCTI

Y LLlbOMY PO34J1I BA:

P o3HanomuTeCs 3 06epPHEHUMU TPUFOHOMETPUYHMU DYHKLISMN,
IX rpaikamu | BNaCTUBOCTAMU;

P HaBYMTECH PO3B'A3yBATY TPUTOHOMETPUYHI PIBHAHHSA
Ta IX CUCTEMM | HAVMPOCTILWI TPUTOHOMETPUYHI HEPIBHOCTI




OBEPHEHI TPUTOHOMETPUYHI ®YHKLLIT

s omep:KaHHA 00epPHEHUX TPUTOHOMETPUUYHUX (DYHKIIA AII KOXK-
HOI TPUTOHOMETPUUYHOI (PYHKIIil BUAIIAIOTHL MPOMIiKOK, Ha AKOMY BOHA
3pocrae (abo cmagae). [yia mo3HaueHHA OO0EPHEHUX TPUTOHOMETPUUHUX
(byukIiii mepen BiAHOBiZHOIO (PYHKI[I€I0 CTAaBUTHCA OYKBOCIOJYUYCHHS
«arc» (YUTaAEThCA: «apK»).

22.1. dyHKuia y =arcsinx

Tabauma 32
1. Mpadik
y=sinx y=arcsinx
y TAY
_To1r 2
2z N\
R -1 .
T-1 2 ' 0 N
1
. T T .
Ha mpowmikKy [——;—] sinx 3pocrae. T
2 2 9
2. 3HauyeHHAa arcsina ﬂa|<1)
OpienTup IIpukaanx

©00000000000000000000000000000000000000000000000000000000000000

. . T T
arcsina — LUe Take 4naio 3 NpoMIKKY I:_E;E:ll

eeccccsccce

. . 3 b4 .
CUHYC §KOro [OPIBHIOE a. arcsmT:E, OCKLIBKH

eeccccccccccce o

n 16[_1.1] L)
arcsina=¢, sxwo {7375 |, 3 2’2 3 2
sinp=a

©00000000000000000000000000000000000000000000000000000000000000

esecccscccccccccse

eecccccccce

3. HenapHictb ¢yHKUiT y =arcsinx

Yy
a arcsina
arcsin (—a) =—arcsina
0 t
—-a
arcsin (—-a)




§22. OBGepHEHI TPUIOHOMETPUYHI PYHKLLT

NMOACHEHHA M OBI'PYHTYBAHHSA

0 Mpadik PyHKUiT Yy =arcsinx
. . . Tom, y 3
DyHKIIA y=sinx 3pocTae Ha TPOMIKKY —E;E i Ha- v
OyBae Bcix sHaueHb Big —1 mo 1. OT:Ke, Ha IILOMY IPOMIKKY
dysKIia y=sinx Mae obepHeHy QyHKIiI0 (ZuB. 1. 2.3), AKY

MO3HAYAKOTh Y =arcsinx, 3 0061acTi0 BUSHAYEHHA [—1; 1] i 06- _E 1
T

JIaCTIO 3Ha4Y€Hb [—E; —:| . 0 1

L]

2

onmep:xatu 3 rpadixka GyHrnii y=sinx (ma 3agaHomMy Ipo- -
MiKKY) CHUMETPUUYHUM BifoOpakeHHAM BiZHOCHO TpPAMOIL y=arcsinx
y=x (puc. 22.1.1).

Puc. 22.1.1

é 3HaueHHa arcsing

. .1 = .
3a o3HaueHHAM obepHeHOI (GyHKIII (Ha Hanpuraan, arcsin—=—, ockinbku
BUOpPAHOMY IPOMIiXKKY), AKIIO sin@=a, TO 2 6

arcsina =@, npuuoMy (peli—l;1 i |a|<1. el =11 Sinlzl_
2 2 6 6

Or:xe, 3anuc arcsina =@ (|a|<1) o3HAauae,
T oT| . .
10 @e[——;—] i singp=a. TobTo
2 2
. . L T
arcsina — uye makxe wucno 3 nPOMiHKY ——e[——;g] i s1n(—§)=——.

A .
[_E;_] , CUHYC AK020 OOPiGHIOE a.

0 HenapHicTb yHKUiT y =arcsinx
s sHaXOKeHHA apKCUHYCIB Bil’eMHUX YnCceJ MOXKHA KOPUCTY-
BaTHCS TaKOJK HeIapHicTio (QyHKII arcsina, To6To QopmMyJioio
arcsin(—a)=—-arcsina . a A

® Ile BumiawmBae 3 Toro, mo rpadirk GyHKIiI y=arcsinx
(puc. 22.1.1) cuMeTPUYHUN BiTHOCHO MOYATKY KOOPAMHAT, a TOUKU @

i (-a) ma oci Oy (puc. 22.1.2) cumerpuuHi BigHOCHO oci Ox. Toxi Bix- 0 ¢ t

L . . . T
moBigHi Touku A i B Ha ofmHUYHOMY KOJIi (y IPOMiKKY [_E;_])

TeX OyOyTh cUMeTpuUYHUMHU BigmocHo oci Ox. Orixe, L COA=~2COB. Puc. 22.1.2

Ane arcsina=/COA, arcsin(-a)=—2COB (puc. 22.1.2 HaBereHO

naa Bunagky a>0). Omepsxyemo arcsin(—a)=—arcsina. O

. 1 .1 T
Hanpukaan, arcsin| —— |=—arcsin—=—-—.
2 2 6
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<\ IHWi obepHeHI TPUrOHOMETPUYHI (YHKLIT PO3rNsHbTE CaMOCTIMHO 3a Tabn. 33—
35 Ta rpadikamu, HaBedeHUMU Ha puc. 22.4.1-22.4.3, BUKOPUCTOBYIOHN iHTEp-
HeT-NIATPUMKY NiIAPYHHMKA.

22.2. OyHKLiA Y =arccosx

Tabaumna 33
1. T'padik
Yy=cosx Yy =arccosx
Yy
1Y 1

Ha mpomiskky [0; Tc] COSX cmajae. f !

2. 3HauyeHHA arccosa (|a|<1)

OpienTup IIpurman

arccosa — Lie Take 4ucno 3 npomixky [0;7],

KOCWHYC AKOrO OOPIBHIOE a. 2 n .
arccos?zz, OCKiJIBbKK

¢e[0;m],

arccosa =@, KLU0 {
cosp=a

T T
Zel0sn] i cos—="—.
E[ TC] 1 COS4

e0ccc00c0000000000000000 0
e0ccc0c000c00c00000000 00

©00000000000000000000000000000000000000000000000000000000000

3. ®opmyna ana arccos(—a)

—
<

arccos(—a) arccosa

=

arccos(—a) =T —arccosa




§22. ObepHeHi TPUrOHOMETPUYHI YHKLLT

22.3. dyHkuia y =arctgx

Tabaumna 34
1. Fpadik
y=tgx y=arctgx
Y
b1 3 Yy z
- — 2
- 2 2
BCANYANE IRy T x
_r
2

. T T
Ha npowmixkky (_E’E) tgx 3pocrae.

2. 3HayeHHA arctga

OpienTup IIpurnanx

. T T
arctga — Ue Take 4YMCNo 3 MPOMIXKKY (——;—),
TaHreHC AKOro [OPIBHIOE a. 2 n
arctg+/ =§ , OCKiJIBKU

ze(_l;z) P tgT=y3
2 3

— (PE(—_;_)a
arctga=¢, aKwWo 2 3 D)

tgo=a

©000000000000000000000000000000000000000000000000000000000

e0c0ccc0cc00c00000000000000
e0c0ccc0cc0ccc000000000 0000

3. HenapHictb ¢yHKUiT y =arctgx

<
S]

arctg(—a)=—arctga
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22.4. OyHKuia Y =arcctgx

Tabaumna 35
1. Fpadik
y=ctgx y=arcctgx
Y
Y

I
- 2 2
T
AN n x \—

Ha npomixkky (0; n) ctgx cmamae.

2. 3Ha4yeHHA arcctga

OpienTHUp IIpurman

©00000000000000000000000000000000000000000000000000000000000

arcctga — Ue Take 4ncno 3 npomixky (0;7),
KOTaHreHC SIKOro JOPIBHIOE a.

arcctgf = % , OCKiIBKM
9e(0;m),
ctgo=a

©00000000000000000000000000000000000000000000000000000000000

arcctga=@, akuo { %G(O;n) i ctg%=x/§.

e0cec00c000c00000000000 0
ee0000ccccc000000000000 00

3. dopmyna ana arcctg(—a)

Q |

arcctg(—a)=n—arcctga
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T

Y =arccosx -
Tty _ t
3 y=x
T //* 2 ) yzarm
2 Y —
i Y arctgx 2
1 - 2 y= g
i 0 p
! 2 f — E * & 0 l T *
-1 /o 1 nox =L S 2
yY=CoSX ( 2
y=tgx y=ctgx
Puc. 22.4.1 Puc. 22.4.2 Puc. 22.4.3

NMPUKNAAN PO3B’A3YBAHHA 3AJAM

TIpuKAaa 1 BHaiigite: 1) sin(arcsin%); 2%) cos(arcsin%).

Posp’a3annsa Komenrap

; 1 . i = i ( < ) -
1) P Hexait arcsin—=¢. Tozi 3a osmauennsm 1) OCKITBKE samme @ =arcsina |a[<1) osma

moT]., .
) 1 yae, mo Q€| ——;— | i sinp=a, To 3aBKAM
apKcHHyca OLepIKyeMo, 1[0 sin@=—. 2 2
3 BUKOHYETHCA PiBHICTH

. .1 1
Oraxe, Sln(arcsmg)zg. <

sin(aresina)=a, |a|<1
IIpore 1mio (opmysy MOKHa He 3amaM ATO-
BYBATHU: MOCTATHBO IIO3HAUYUTU BUPA3 Y IYK-

Kax Yepes () i BUKOpPHCTATH O3HAUEHHS apK-

. .3
2%¥)p Hexait arcsin—=¢. 3a ozHaueHHAM cuHyca.
2) SIxmio mosHAUMTM BUpPaAd y JAYKKax de-
ADKCHHYCA OFEpIKYEMO, IO € _£ R pes ¢, TO 3a BHMOIOIO 3amaui moTpi6HO
2’ 2 3HaTH COS@Q. BuKopucraBmu O3HAUEHHHA

apKCHUHYyCa, OIEeP:KYyeEMO CTaHAAPTHY 3aja-
vy: 3HAIOUN CHUHYC KyTa, 3HAWUTHU HOT0 KOCHU-
HYyC, SKIIO KYT PO3TAIIIOBAHUIN Y IPOMIiKKY

Maemo: cos@=1/1-sin®¢ =,/1-| = [_l-ﬁ]

3
i singp=—. VYpaxosyroum, mo cos@=>0,

2”2
Orsxe, cos(arcsm ) Cos(P—_ Tor cos(p=im- Do
5 5
n =
(pe[_E;E] , TO B IIbOMY IIPOMiKKY

cos@=>0, a omxe, cosq)—\ll—sinz(p .
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Mpukrad 2

o . 2
SHaAITE: COS arccosg .

Po3p’a3anua Komenrap

; 2 . i = ( < )
P> Hexaii arccos§=(p , TOfi 33 OBHAUCHHAM OckinbKu 3amuc @ =arccosa |a|\1 o3Hauae,

110 (pe[O;Tc] i cos@=a, TO 3aBXKAM BUKOHY-
erTbest piBHicTh cos(arccosa)=a, |a \ <1.

IIpore 110 dhopmMysTy MOKHA He 3amam’ATOBYBa-
TH: JOCTATHBO MO3HAUUTU BHPaA3 y AYKKaAxX Ue-
pe3 ¢ i BuKOpHCTATH O3HAUEHHA apKKOCHHYCA.

2
apKKOCHHYCa OJEP’KYEMO, IO COS( = 3

2 2
Orxe, cos(arccosg)zg. <

. T
ﬂpuw\aa B Hosexmits, 1o arctga+arcctga= R
Posp’sa3anna KomenTap
T 3amnuIiieMo 3aJaHy PiBHICTB Y  BUIIALL
P Hexait ¢=——arcctga. -
2 arctga = . arcctga . SIKImO HOBHAYUTH

T T
1) Ockineru arcctgae(0;m), To (pe(——; —) . -
2 2 0= e arcctga, To AasA JoBeleHHA DiBHO-

2) dxmro arcctga=p, to ctgf=a i (ng—[?).
Toxi tg(pztg(g—ﬁ)zctg[_’):a.

3a O3HAUEHHSM AapKTaHTeHCA OIEePyKYEMO

cri arctga=¢ 3a o3HaUEHHAM apKTaHTEHCA
JOCTATHBO HOBECTH, IIO:

1) (pe(—%;%) i2) tgp=a.

Ilig wac moBemeHHS CJIi TaKOXXK ypaxyBaTu

T
arctga=¢@. Omxe, arctga=— —arcctga a 1e
2 03HAYEHHS APKKOTAHTEHCA:

% osHayae, 1[0 arctga+arcctga=£.<] akmo arcctga=p, ro Be(0;n) i ctgf=a.

1. HOHCHiTB, AKe YMCJIO IIO3HAYalTh BHPAa3M:

3anumaHHg 1) arcsina; 2) arccosa; 3) arctga; 4) arcctga .

IIpm AKuX 3HaUEHHAX @ iCHYIOTH 1i Bupasu? IIpoimtocTpyiiTe mosc-
HEHHSA TPUKJIaTaMU.

2. TloscHiTH, AK MOXKHaA ofep:KaTH Trpadikm oGepHEHHX TPHUTOHOME-
TpuuyHUX QYHKIiN. OxapaKTepmsyulTe BJIACTUBOCTI HuUX QYHKITINA.

3. O6rpysnryiite hopMyIH:
1) arcsin(—a)=—arcsina; 3) arccos(—a)=m—arccosa ;
2) arctg(-a)=-arctga ; 4) arcctg(—a)=n—arcctga .
VY saBpamuax 22.1-22.9 o6uucaiTe:

Bnpabu 5
22.1°. 1) arcsinO; 3) arcsinT; 5) arcsin(-1);
3 2

2) arcsinl; 4) arcsinT; 6) arcsin(—%).
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22.2°.

22.3°.

22.4°.

22.5.

22.6.

22.7.

22.8.

22.9*.

22.10*.

22.11.

1) arctgO;

2) arctgl;
1) arccosO;

2) arccosl ;

1) arcctgO;

2) arcctgﬂ;
3
. . 2
1) sm(arcsm—);
7
.1
2) cos(arcsmg);
1) tg(arctg7);
1
2) ctg(arctgg);
2
1) cos(arccos7);
1
2) tg(arcctgg];
1) ctg(arcctgﬁ) ;
2
2) tg(arcctgg);

1) arcsin(sinm);
7

2) arcsin(sin7);

3) arccos(cos%) ;

4) arccos(cos8);

3) arctg\/§ ;

4) arctg(—\/g) .

5) arccos(—1) ;

6) arccos(—%) .

2
3) arccosT ;

3
4) arccos? ;

3) arcctg\/g ;

4) arcctg (—\/g) .
.1
3) tg(arcsm—);
4
. 4
4) ctg(arcsmg).
. 3
3) sm(arctgg);
4) cos(arctg\/g) .
3
3) tg(arccosg);
1
4) ctg(arccosg) .
3) sin(arcctgh);

4) cos(arcctg%) .

5) arctg(tg%);
6) arctg(tg4);
7) arcctg(ctg—lgn ) 5

8) arccos(cos8).

. . I
HoBemiTs, mo arcsina+arccosa = > apu | a | <1.

BuABiTb CBOIO KOMMETEHTHICTb

CupoOyiiTe y3aragsbauTu mMarepiaa § 22. CkaagiTs TaOJUITIO BIACTU-
BOCTEHN 00epHEHUX TPUTOHOMETPUYHUX (DYHKILii.




PO3B'A3YBAHHA HAMMPOCTILLNX TPUTOHOMETPUYHUX
PIBHAHb

Jo HaimpoCcTimuX TPUTOHOMETPUYHUX PiBHAHB HaAJIEKATh PiBHAHHA

cosx=a, sinx=a, tgx=a, ctgx=a.

1106 mMipkyBaHHA HIOJ0 3HAXOIKEHHS KOPEHIB IMX PiBHAHB OyJu
OiJBIII HAOUHKMMMU, CKOPHCTAEMOCA rpapikamMu BigmoBigHmux (GyHKITIH.

23.1. PiBHAHHA COSX =a
Tabaumna 36

1. F'padivyHa inocTpayia i po3B’A3KM piBHAHHA COSX =a

I'padiuna imrocTpamisa

\ | a

\y/xz 0 xl\\c/ x,+2n x 421 \x
11

Yy=cosx —arccosa - arccosa

y=a (a<-1)
Posp’sa3kn IIpukaamxu
_ 1 1
cosx=a 1. » cosng, x=iarccos5+2nn, neZz,

x=i£+2ﬂ:n, nez. <l
la|>1 la|<1 3

2. P cosx=+3.

KopeniB Hemae x=z*arccosa+2nn, neZ Kopenis Hemae, ockimpru 3 >1. <

2. OKpeMi BMNagKM po3B’A3yBaHHA PiBHAHHA COSX =4

Y
A
cosx=0; x=§+nk, keZ (B Tourkax A i B);
D ¢ cosx=1; x=2nk, keZ (8 Touni C);
-1 0 1 ¢
cosx=-1; x=n+2nk, keZ (8 Touni D)
B
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MOACHEHHA 1 OBI'PYHTYBAHHA

0 Po3B’A3KU piBHAHHA cosx=a

IIpu |a|>1 PiBHAHHA He Ma€ KOPEHiB,
OCKiJIBbKU |cosx|<1 Ias1 Oyab-aKoro x (mps-
Ma y=a Ha PUCYHKY o u. 1 tabn. 36 npu
a>1 abo mpu a<-1 He meperumHae rpadik
dyeEIii y=cosx).

Hexait |a|<1 . Toxi npama y=a nepetu-
Hae rpadik pyHKIil y=cosx. Ha nmpomisxkky
[0; n] ¢byaKIia y=cosx cmagae Bim 1 mo —1,
TOMY PiBHAHHA COSX=a Ma€ TiJIbKU OIUH
KOPiHB X; =arccosa Ha IbOMY IPOMIiXKKY

(pucyHok mo 1. 1 Taba. 36).

Kocunyc — mapHa QYHKIiA, TOMy Ha
IPOMIiKKY [—n;O] PiBHSAHHS COSX=a TexX
Ma€ TiJIbKU OAWH KOPiHb — YMCJIO, IIPOTU-

JexHe 0 X; TOOTO Xy =—arccosa.

OT:xe, Ha MIPOMIKKY [—TC; n] (IOBKUHOIO
2n) piBHAHHA cosx=a 1pH |a|<1 Mae Tigh-
KU KOpeHi x =Zarccosa .

YpaxoByiouu, 110 QyHKIIig y=cosx Iie-
pioguuna 3 mepiomom 27, a oTiKe, yci imrmi

KOpeHi BiApisHAOThHCS Big 3HalgeHHUX Ha
2nn (neZ), omepxyeMo Tary (HOpMYIy KO-
PeHiB PiBHAHHA COSX=a IIpU |a|<1:

x=xarccos+2nn, neZ. 1)

OkpeMmi BMNaaKU po3B’A3yBaHHA
PiBHAHHA cosx=a

KopucHo mam’ATaTu cHeljiaJbHiI 3amucu
po3B’a3KiB piBHAHHA cosx=a npu a=0,
a=-1, a=1, aKki MOXHa JIerKo OJepIKaTu,
BUKOPHUCTOBYIOUM OIUHUYHE KOJO.

VpaxoByrouu, 1110 KOCUHYC HOPiBHIOE a6-
ciuci BiATOBiZHOI TOUYKM OLWHUUYHOIO KOJa,
ozep:KyemMo, 1o cosx=0, AKIIO Bigmosinm-
HOIO TOYKOIO OMHUYHOTO KoJia € Touka A abo
Touka B (pucyHoK mo m. 2 Ttabis. 36). Toxi
x:g+nk, keZ . Anamoriuno cosx=1, Ko-

JW BiATOBiZHOI0 TOYKOIO OAWHUYHOTO KOJAa
e Touxka C, ot:ke, x=2nk, ke Z.

Takoxk cosx=-1, Koau BimmoBimHOIO
TOYKOI0 OJUHUYHOTO KoJia € Touka D, oTike,
x=n+2nk, keZ.

NMPUKNAL PO3B’A3YBAHHA 3ABAAHb*

Mpukaad
Po3B’a3zanna

1
| 2 x=iarccos(—5)+2nn, neZ;
'
x=i(n—§)+2nn, neZz;
2
xzi?n+2nn, neZz.

2
Bionosiov: i?n+2nn, neZ. <

1
OcKinpku ‘ — E

pucratuca (HopMyJaoro:

. . 1
Po3B’s:KiTh PiBHAHHS COSX = 5

Komenrap

<1, TO B3amaHe PIBHSAHHA BUIY

COSX =@ Mae KOpeHi, AKi Mo:xHa 3HalTU 3a hopmy-

1
Joio (1). s obumciaeHHA arccos _E MOJKHA CKO-

arccos(—a) =T —arccosa .

1 1
Toni arccos(—;) =T— arccos(;) =T——=—".

3 3

* [luB. TaKOK NPUKJIAAU B iHTEPHET-MIATPUMI TiJpydYHUKA.




Po3ain 4. TpUroHOMETPUYHI PIBHAHHS | HEPIBHOCTI

23.2 PiBHAIHHA Sinx =a
Tabauma 37

1. MpacdiyHa intocTpayis i po3B’A3KM piBHAHHA SinXx=a

I'pacdiuna imrocrpamisa

y y=a(a>1)
1
=+ y =aq
N, a
T 0 x, m «x, 3n x 421 x,+21 \ x
2 2
s ar o2 N
y=sinx arcsina T —arcsina y=a(a<-1)
Po3B’azku* ITpurkmamu**
. . 1
sinx=a 1. » s1nx=5,
1
x=(-1)"arcsin—+nn, neZ.
la|>1 la|<1 2
x:(—l)n%+nn, neZ. <
Kopenis memae | | x=(-1)" arcsina+nn, neZ 2. P sinx=+3 .
Kopenis Hemae, oCKiIbKHT \/§ >1.<
2. Okpemi BMNagKM po3B’sAi3yBaHHSl PiBHAHHA SinXx =a
Y
1A
sinx=0; x=nk, keZ (B Tourax C i D);
D ¢ sinx=1; x=£+21ck, keZ (B Toumi A);
0 7 2
sinx=-1; x=—§+2nk, keZ (B Toumni B)

fAx Bumao 3 rpadiumoi immpocrparii, mpu |a|< 1 xKopeHsMU PiBHAHHA SinX=a € TiILKKN 3HAUYEH-
Ha x=arcsina+2nk i x=n—arcsina+2nk, ke Z . O6unsi cepii KopeHIiB MOKHA 3aLaTA OLHICIO
dopmysno0 X = (—1)” arcsina+nn, neZ . [liticao, mpu n =2k (IapHe Y4MCJIO) 3 OCTAHHBOI (GopMY-
JIA OJIePKYEMO IEPIINy cepilo KopeHiB, a mpu n=2k+1 (HemapHe umcyo) — Apyry cepiro (6iabIm
IeTaJbHO MWB. B iHTePHET-HiATPUMII HiApy4YHUKA).

# JlMB. TAKOMK MPUKJIAAM B iHTEPHET-TMiATPUMIII TigpyYHUKA.
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23.3. PiBHsIHHA tgx=a i ctgx=a

Tabaumsa 38

1. IpacpivyHa intocTpauia i po3B’A3KM piBHAHHA tgx=a

. y ®dopmyna IIpuxnan
y=tgx
a y=a _
} T 3n tgx=a. > tgx—l.
_/ 0 2 2 x=arctga+nn, neZ. x=arctgl+nn, neZ;
_r x, X, +n x . .
2 OkpemMuil BUIIAIOK: x=—+nn, neZ. <l
tgx=0. 4
arctga x=mn, neZ

2. lpadivyHa inocTpayia i po3B’A3KM piBHAHHA Ctgx=a

y=ctgx N DPopmyaa IIpuxnanx
\ L ctgx=a. P ctgx="7.
x=arcctga+nn, neZ.
e x=arcctg7+mnn,
0| x X 4T ¥  OKpeMuii BUIIANOK:
1 1
T ctgx=0. nez <
arcctga

T
x=E+nn, neZ

<\ [oknagHile NoscHeHHs 1 OOrpyHTYBaHHS PO3B'A3yBaHHS 3a3HayYeHUX PIBHSHb
OMB. B IHTEPHET-NIATPMMUI NMigPYYHMKA.

NMOACHEHHA 1 OBI'PYHTYBAHHH

Po3B’A3KM piBHAHb tgx=a i ctgx=a
® Posraamemo piBHamua tgx=a. Ha
. L .
OPOMIKKY (_E; E) dyHKOiga y=tgx 3po-
crae (Bify —oo 10 +o0), TOMY PiBHAHHA tgx=a
npu OyAb-AKOMY 3HaUEHHi @ Ma€ TiJIbKU ONUH
KOpiHBb X, =arctga Ha IbOMY IPOMiKKY (pu-
CcyHOK gm0 1. 1 Tab6a. 38).

3 ypaxyBaHHSM TOTO, IO QYHKIIA
y=tgx mepioguuHa 3 mepiogoM T i Bci iHII
KOpeHi BiApisHAIOTHCA BiJ 3HAWIEHOTO HA TN
(neZ), omepxxyemo Taxy (GopMyJy KODEHIiB
piBHAHHA tgx=a:

x=arctga+nn, neZ. (1)

IIpu a=0 arctg0=0, orike, piBHAHHA
tgx=0 mae xopeui x=mn, neZ. O

® Posrusmemo piBHsaaHa ctgx=a. Ha
npomiskky (0;7) dyHkmia y=ctgx cmazae
(Bi +eo mO0 —oo), TOMYy piBHAHHA ctgx=a
npu OyAb-AKOMY 3SHAUEHHI @ Ma€ TiJIbKU OOUH
KOpiHb Xx; =arcctga Ha IbOMY NIPOMIiNKKY
(pucyHok nmo m. 2 Taba. 38).

Ypaxosyrouu, mo GyHKIig y=ctgx me-
piogmuHa 3 mepiomoM T i Bei iHIII Kopeni
BiIpPiBHAIOTHCA BiJ 3HAWAEHOTO HA TN (neZz),
OZIep:KYyEMO TaKy (POPMYJIy KOPEHiB PiBHAHHS
ctgx=a:

x=arcctga+nn, neZ. (2)

ITpu a=0 arcctg0=—, omke, piBHAHHA

ctgx=0 mae xopeui x=—+nn, neZ. O

EER NI
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NMPUKNIAAN PO3B’A3YBAHHA 3ABAAHb

UPMK/\aa 1 Po3B’siTh piBHAHHS tgx=—/3 .
Po3sp’sa3anna KomenTap
> - arctg(—\/§)+nn neZ PiBuanua tgx=a mae po3B’a3KU IIpU OYAb-IKOMY 3HAa-

YeHHI @, OT)Ke, 3aBXKAW MOXKHA CKopucTatucsa (opmy-

x=—§+nn, neZ. gow (1): x=arctga+nn, neZ.

s 3HaXOmKeHHA arctg(—\/3) MOXKHA BWKOPUCTATH

Bidnosidv: ——+mn , neZ. < bopmyay arctg(-a)=-arctga .
3
Toni arctg(—\/g) = —arctg\/7 = —% .
”PMK/\aa 2 Po3B’sa:xkiTh piBHAHHS ctg(3x + %) =-1.
Posp’s13aHHA KomenTtap

b CmouaTkKy 3a ¢opmyJoio (2) 3HalgeMO 3HaAUEHHSA
P 3x+—=arcctg(-1)+nn, neZ, -
6 BUpAa3y 3x+g , & IIOTIM 3 OZep:KAHOTO JIiHifHOTO

n_3n . o
3x+E=T+TCTL > P1BHAHHA — 3Ha4YE€HHA 3MIHHOL X.
r wn Inst Toro 1mo6 suaiitu arcctg(—1), moxHa cKopH-
x =36 +—3 , NeZ. crarucs (opmyisowno arcctg(—a)=mn—arcctga .
. T 3n
‘ 7 mn Toxni arcctg(-1)=n—arcctgl=n——=—.
Bionogiov: —+—, neZ. < 4 4
36 3
1. Sxi piBHAHHA HA3MBAIOTh HAHIPOCTIIIMMHE TPUTOHOMETPUUHIMU?
3anumaHHg 2. HassiTh GopMyaH pPO3B’A3yBaHHA HANMIPOCTIMIMX TPUTOHOMETPUY-
HUX PiBHAHB. ¥ SKUX BUIAJKAX He MOKHA 3HAWTU KOPeHi Haumpo-
CTillIOT0 TPUTOHOMETPUYHOrO PiBHAHHSA 3a UMM (QopmyaaMu?
3. BuseziTs dopMyau po3B’A3yBaHHA HAHIPOCTIIINX TPUTOHOMETPHUY-
HUX DPiBHAHB.
4. O6rpyaryiiTe GopMyanu po3B’A3yBaHHA HAHIPOCTIIINX TPUTOHOMe-
TPUYHUX PiBHAHB [IJIs OKPEMUX BUIAJKiB (IjaA sinx=a i cosx=a
punaaku a=0; 1; -1, gma tgx=a i ctgx=a Bumamzox a=0).
VY szaBmamuax 23.1-23.11 pos3B’s:kiTh piBHAHHA.
Bnpabu Jz

23.1°. 1) cosng; 2) cosx=+3; 3) cosxz—%; 4) cosx=-—"-.

J5

1
23.2°. 1) sinxzz; 2) sinng; 3) sinxz—%; 4) sinxz—T.
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23.3°. 1) tgx=1; 9) tgx=——; 3) tgx=-1; 4) tgx=—3.
J3
23.4°. 1) ctgx=1; 2) ctgxz%; 3) ctgx=-1; 4) ctgx=—3.
3
23.5.1) sinx=-0,6; 2) cosx=0,3; 3) tgx=-3,5; 4) ctgx=2,5.
23.6.1) c0s2x—% 2) sin4x=0; 3) tgdx=1; 4) tg4x=3.
23.7.1) sin(—i)z—ﬁ; 3) tg(—i]zi;
4 2 3) 3
t \/5 x
2) cos—=——— 4) ctg—=1.
) - > ) g
23.8°. 1) sin2x=—2; 2) cosiz—l; 3) sinizl; 4) cos4x=0.
2 3 2 4 2
2 1
23.9.1 sin(—i)z—; 3) tg(—4x)=—;
) Y ) tg(—4x)= N
2) cos(—2x)=—73; 4) ctg(——) 1.
23.10.1) 2003(%—%):\/§; 3) 2sin(3x—%):—\/§;
2) ﬁtg(i—1)=3; 4) s1n(———] 1=0.
3 6 2 6
23.11.1) cos(l—Zx)z—l; 3) 2sin(£—£)=\/§;
6 3 4
2) tg(i—ﬁ)z—l; 4) 2cos(1—3x)=ﬁ.
4 2 4
Y saBmamuax 23.12-23.13 3HaAWAITHF KOPEeHi PiBHAHHA Ha 3aJaHOMY
TIPOMIXKKY.
23.12%. 1) sin3x=g, [0; 2] ; 3) tg%:é, [-3m; 3n] ;
2) cos3x=§, [-m 7] 4) ctgdx=-1, [0;x].
23.13%. 1) sin3x=—%, [~4;4]; 3) cosx=1, [-6;16];
2) sin%zO, [-12;18]; 4) cos3x=—%, [1;7].
23.14*. Po3B’sukiTh DiBHAHHA 3aJ€:KHO Bij 3HAUEHHA a:
1) sinx=2a; 4) ctg3x=2a;
2) cosx=1+a?; 5) asinx=a?;

3) tg2x=3a; 6) acosx=a’+2a.




PO3B'A3YBAHHA TPUTOHOMETPUYHUX PIBHAHb

fAx mpaBumo, Po3B’sA3yBaHHS TPUTOHOMETPUUYHUX PiBHAHL 3BOLUTBLCS
IO PO3B’sA3yBaHHA HANIIPOCTIIIINX PiBHAHD 34 JOIOMOIOIO IIEPETBOPEHb TPH-
TOHOMETPUYHUX BUPA3iB, PO3KJIASAHHSA Ha MHOKHUKN Ta 3aMiHU 3MiHHUX.

24.1. 3aMiHa 3MiHHUX Mpn po3B’'A3yBaHHIi TPUFOHOMETPUYHUX PiBHSAHb

Caig mam’siTaTy 3araJibHUII OPi€HTHUP, KOJIU 3aMiHy 3MiHHHX MOJKHA
BUKOHYBATH 0€3 IMepeTBOPEeHHSA 3aJaHNX TPUTOHOMETPUUYHUX BHPAa3iB.
: Akwo ao PIBHAHHSA, HepPiBHOCTI abo TOTOXHOCTI 3MiHHAa BXOAWTb B OAHOMY :
: 1 TOMy CaMOMY BUMAAI, TO BIANOBIOHWI BUPA3 3i 3MIHHOK 3PY4HO MO3Ha- :
 YUTK ofHielo BykBOK (HOBOIO 3MIHHOIO). :

ITpuKAaa ik PosB’skiTh piBHaHHA 2sin®x—T7sinx+3=0.

Po3p’a3anua Komenrap

s . Amnajisyooun BUTIJIS bOT'O PiBHAHHA
P Hexait sinx=t, Toxi ozepxyeMmo: 2t2-7t+3=0. JH3Y A I b o
1 IoMiYaemo, IO [0 HBOI'0O BXOAUTH TiJb-

3Bincu t; =3, t, =E. KM OJHA TPUTOHOMETpHYHA (PYHKIiA —
sinx . OT:Ke, 3py4YHO BBECTH HOBY 3MiH-

1. IIpu t=3 maemo: sinx =3 — 1e piBHAHHS He Mae HY sinx=t¢.
ITicia Toro sAK KBaApaTHe pPiBHAHHS
posB’s3aHe, HeOOXimHO BHMKOHaATH 06ep-
HeHy 3aMiHy i po3B’s3aTu ojep:KaHi Hali-
OPOCTIIlli TPUTOHOMETPUYHI pPiBHAHHA.

KOPeHiB, OCKiIbKU |3|>1.
1 . 1 .
2. Ilpu t:E MaeMo: smx=E, TOIi
n . 1 n T
x=(-1) arcs1n5+nn, x=(-1) E+1tn, neZz.

Biodnosiov: (—l)n%+nn , neZ. <

3ayBarkeHHA. 3anmucyoouyu Po3B’sA3aHHA IMPUKJIany 1, MOKHA IIPU BBe-
IIeHHi 3aMiHM sinx =t ypaxyBaTu, 110 |sinx | <1, i sammcaT oOMeKeHHSA
|t | <1, a maJi 3a3HauuTH, 1110 OAUH i3 KOpeHiB ¢ =3 He 3aJ0BOJIbHAE YMO-

.. . . 1
BY |t | <1, i micas nporo obepHeHy 3aMiHy BUKOHYBATU TiJIbKU OJIA { = E .

UPMK/\aa 2 Posp’sokiTh piBHAHHA tg3 2x—tg2x=0.
KomenTap
Io 3agmaHoOTro PiBHAHHA 3MiHHA BXOJUTDH TiJIBKU HOI 3aMiHM 1 PO3B’A3yBaHHS OAep:;KaHUX Haii-
y Buriani tg2x. Orsxe, 3pydyHO BBECTH HOBY OPOCTIIIIMX TPUTOHOMETPUUYHUX PIiBHAHBL CJIifT

sminny tg2x=t. Ilicia BukKoHaHHA obepHe- 3amucaTy O BiATIOBiZmi Bci omepskaHi KopeHi.
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Posp’azanuga

T Tm
P Hexait tg2x =1t . Toxi omep:xyemo t3-t=0. Orxe, x=§+T, meZ.

. 2 _ _ 2 41
3Bigcu t(t 1)—0, To0TO t=0 a6o t“—-1-0. 3. TIpu t=-1 maemo tg2x=-1, Toxi
3 OCTaHHBOTO PIBHAHHS MAaEMO t2=1, 3Bigcu

'
=1 ao f=—1. 2x=arctg(-1)+nk, 2x——z+nk.

n Tk

Bukonyemo obepHeHy 3aMiHy: Orixe, x:_§+?’ keZ.

1. IIpu t=0 maemo tg2x=0, Tomi 2x=nmn,
nn
Z.0 , x=—0f Z. , .

ne ToRe, X 2 ne Bionosiov: n_n’ neZ; £+n—m, meZ,;

2. Ilpu t=1 maemo tg2x=1, Toxi 2 8 2
T Tk
2x =arctgl+mnm, 2x=%+nm. —§+7, kezZ <

Ckiaagaoun IJaH PO3B’A3yBaHHA OiJBINI CKJIAJHUX TPUTOHOME-
TPUYHUX PiBHAHDB, MOKHA CKOPUCTATUCS TAKUM OPi€HTHPOM.

1. Mpobyemo 3BeCTU BCi TPUFOHOMETPUYHI dyHKLT [0 OHOO apryMeHTa.

2. $KWo BHAnNocs 3BecTu 4O OAHOro aprymMeHTa, To NpobyeMo BCi Tpuro-
HOMETPUYHI BMpPa3M 3BeCTU A0 OOHIEl yHKLI.

AKWO OO0 OOHOro aprymMeHTa BOANOCHA 3BeCTW, a A0 OAHIEl yHKUiT —
Hi, TO NpoOYEMO 3BECTU PIBHSHHSA [0 OAHOPIAHOIO.

4. B iHWWX BMMNagKax NepeHoCMMOo BCi YneHW PIBHAHHSA B oauH OiK i npo-
OyemMo ofepkaTu [00YTOK, IO AOPIBHIOE HyMto, abo BMKOPUCTOBYEMO
cneujanbHi MPUNOMM PO3B'A3YBaHHS.

w

24.2. Po3B’'A3yBaHHA TPUrOHOMETPUYHUX PiBHSIHb 3BE€AEHHSAM
DO opHiei PpyHKUiT (3 0 AHAaKOBUM aprymMeHTOM)

lTpuKAaa Posp’s:kiTh piBHAHHA cos2x—5sinx—-3=0.

P BuxopucroByioun GopMyJIy KOCHHyca IoABiiiHoro , ¥ci rpuroHomMerpuuHi QyHKIII 3BOAUMO

apryMeHTa ¥ OCHOBHY TPUTOHOMETPUYHY TOTOKHICTH, ' MO OAHOTO apryMeHTa X, BUKOPHCTOBY-

OZIEPIKYEMO: oun GopMyay cos2x = cos?x—sin®x .

ITorim yci TpuroHomMeTpuuHi BUpa3u

cos?x—sin?x—5sinx—3=0, o s
3BOAUMO A0 oxHiel pyHKIII sinx (ypa-

2 2

1-sin“x—-sin“x—-5sinx—-3=0,

XOBYEMO, IO cos?x=1-sin?x ).
—2sin®x—-5sinx—-2=0. B oxep:xkaHe piBHAHHSA 3MiHHa BXOAUTH
B OOHOMY I TOMYy caMOMy BUIJIALL —
sinx , omxe, 3pYy4YHO BUKOHATH 3aMiHY
sinx=t.

Bamina sinx =t npae piBHAHHS -2t —5t-2=0.
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1
Tomi 2t*+5t+2=0, t;=-2; ty=—".

Bukonyemo obepHeHY 3aMiHy:
1. Ilpu t=-2 wmaemo Ssinx=-2 — KoOpeHiB HeMae,

OCKIJIBKU | -2 | >1.

1 1
2. Ilpu t=—— maemo sinx=-——.
2 2
. n . 1
Tomi x(-1) arcsm(—;)+nn ,

x=(—1)n(—%)+nn, neZ.

3as3HaunMo, IIO0 AJIS PO3B’sI3yBaHHS 3a-
JTaHOTO NPUKJIAAY MOKHaA OYyJIO TaKOMXK
BUKOpPHUCTATU (POPMYJTY

cos20.=1-2sin o s
II10 OO3BOJIUTH 34 OOJMH KPOK 3BECTHU BCi

TPUTOHOMETPUYHI BUpasu i IO OJHOTO
apryMeHTa, i 70 omHiel (QPyHKILii.

Bionosiov: (—1)”(—%)+nn , neZ. <

3ayBarkeHHA. 3a OakaHHS Biamo-

BiIb MOJKHA 3amucaTu y BUTIJISAIL

(—l)nﬂ%ﬂtn , neZ.

24.3.Po3B'3yBaHHA OAHOPIAHNX TPUTOHOMETPUYHUX PIBHAHDb
Ta 3BeeHHS TPUrOHOMETPUYHOro pPiBHAHHA A0 OAHOpPIAHOro

Posrnanemo piBHAHHA
.2 : 2. _
sin“x—sinxcosx—2cos“x=0. 1)

s MOIIyKY IJIaHy PO3B’sI3yBaHHS IIHOI'0 PiBHAHHS
(ayie He oA HOro pos3B’A3yBaHHS) BUKOHAEMO 3aMiHI:
sinx=u, cosx=v. Toxi piBHauua (1) MmaTuMe BUTJIAL

u?—uv-20%2=0 (2)

VYeci omHOUNEHM, SIKi CTOATH y JiBi#l yacTHHi IIHOTO
PiBHAHHA, MalOTh cTeleHi 2 (Haragaemo, IO CTEeIliHb Of-
HOUJIeHA UV TeXK OOopiBHIoE 2). ¥ IbOMY BUIIAAKY PiB-
HaHHA (2) (1 BignoBiguo piBHAHHA (1)) HABUBAIOTH OLHO-
pimHUM, i nnA po3midHaBAHHA TAKWMX PIBHAHL Ta IX
po3B’A3yBaHHA MOKHA BUKOPHCTOBYBAaTH TAKWUU Opi-
E€HTHP.

AKLWLO BCi YNeHW PIBHAHHSA, Yy NiBiM | NPaBin YacTUHAX
IKOrO CTOSITb MHOrO4fIeHn Bif ABOX 3MiHHMX (abo Big
[BOX (hYHKLi OfHI€El 3MIHHOI), MalOTb OAHAKOBUM Cy-
MapHUN cTeniHb®, TO PIBHSIHHA HA3UBAETbCSi OOQHO-
piaHUM. PO3B'A3yI0Tb OAHOPIOHE PIBHAHHA AiNEHHAM Ha
HaVBULLMWM CTeNiHb OAHIEI 3i 3MIHHWX.

" 3BMYANHO, AKLWO piBHAHHA Mae Burnag f=0, i0eTbca Tinbku
Npo CTeniHb Y/1eHIB MHOro4neHa f, OCKinbKW Hyb-MHOro-
yneH (TobTo 0) CTeneHs He Mak.

3ayBaxeHHA. Horpu-
MYIOUHCH I[bOTO OPi€eHTH-
pPa, AOBOOUTHCA IOiJIUTHU
00UBi UaCTUHY PiBHAHHA
Ha BHpas3 3i BMiHHOIO.
IIpu mpomy MOKHa BTpa-
TATH KOpPeHi (AKIIo Kope-
HSAMU € Ti UncJia, Ipu mif-
CTAHOBIIl AKUX TIJIBHUK
nopiBHioe Hyao). 1106
VHUKHYTHA IIbOTO, HEo0-
XiTHO OKPeMO PO3TJISAHY-
T BUIIAJOK, KOJU BUPA3,
Ha AKuil Mu 36mpaemocs
oiauTu o0MABI UyacTUHU
piBHAHHA, DOPiBHIOE HY-
JII0, 1 JiuIle micjas IIbOTro
BUKOHYBATH [AiJIeHHS Ha
BUpas3, III0 He JOPiBHIOE
HyJa0 (OUB. TaKOXK IIPU-
KJaJ B iHTepPHET-TiATPpUM-
i TiApyYHUKA).
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MpukAad

Po3B’a3zanHa

. . .. 2 .
Posp’axiTe PIBHAHHA S1N X —SINXCOSX — 2cos

2x=0.

Komenrap

P IIpu cosx =0 piBHSHHS He Mae KOpeHiB, Tomy , SaJaHe DIBHAHHSA OJHOPifHe, OCKiABKM BCi

posmiaumMo o6MABI HIOTO YacTUHU Ha cos?x#0.

OnepiryemMo
.2 . 2
sin“x sinxcosx cos” x
- -2 =0,
2 2 2
cos” x cos” x cos” x
.2 .
sin“x  sinx
TO0TO ———— -2=0.
cos“x cosx

Toni tgzx—tgx—2=0.
3amina tgx=t nae piBHAHHA tz—t—2=0;

t=-1, t,=2.
Bukonyemo obepHEHY 3aMiHy:
1) IIpu t=-1 maemo tgx=-1, roxmi

x=arctg(-1)+nn, x=—§+nn, neZ.

2) Ilpu t=2 maemo tgx=2, Toni
x=arctg2+mm, meZ.

Bidnosiov: —§+nn, neZz;

arctg2+nm ,meZ. <

Woro ujJeHM MAaOTh OJHAKOBUH CyMapHUU
crerninb 2. Mloro MoskHa po3B’A3aTy AiJeHHAM

.2 2
000x yacTuH Ha sSin“x abo ma cos”x.

Ao Mmu 6ygeMo OiaiuTu Ha cos®x , TO, 11100
He BTPATUTU KOpeHi, Bumamok cosx=0 pos-
rigHeMo okpemo. Iligzcrasasmoum cosx=0
B 3a/laHe PiBHAHHSA, ofepkyemo sinx=0. Axe
OJHOYACHO SinX i cOSX He MOMKYTh JOPiBHIO-

BaTU HYJIO (OCKiIbKHU sin2x+cos2x=1). Ta-
KM YMHOM, 3HAUEeHHA 3MIiHHOI X, OIS SKHX
cosx=0, He € KOpeHAMH 3aJaHOr0 PiBHAH-
Ha. A npu cosx#0 wmoxkHa posgisuTu 0o0u-

. . 2
IBi yacTUHY 3a7aHOT0 PiBHAHHA Ha cos” x #0
i omep:kaTu piBHOCUJIbHE PiBHAHHSA (Ta Bpaxy-
inx

BaTU IIPU I[LOMY, IIO =tgx).

cos
B opmep:xaHe piBHAHHA 3MiHHA BXOAUTH B Of-
HOMYy U TOMYy camMoMy BUIJIAAI tgx, Tomy
3pyYHO BUKOHATHU 3aMiHy tgx=t.

24.4.Po3B'3yBaHHA TPUrTOHOMETPUYHUX PiBHAHb BUAY f(x):O
3a AONMOMOrol po3knagaHHa Ha MHOXXHUKU

MpukAad

Po3B’a3zaHHa

x+3 x—3x

. X
p 2sin 5 cos

—sin4x =0,

2sin2xcosx—sin4x =0,
2sin2xcosx—2sin2xcos2x=0,
2sin2x(cosx —cos2x)=0,

sin2x=0 a6o cosx—cos2x=0.
I3 mepimmoro 3 MuUX PiBHAHB:

nn
2x=T7n, x=7, neZ.

Hpyre piBHAHHA IIEPETBOPUMO TaK:

. Xx+2x . x-2x
—2sin sin >

. 3 .
3Bincu s1n?x=0 abo s1n§=0.

3
=0, 2sin—xsini=0 .
2 2

Posp’skiTh piBHSHHA sinx+sindx=sin4x.

KomenTap

Bingpasy ckopucTaemMocsa 4eTBEPTUM HYHKTOM Opi-
€HTUpa, HaBegeHoro B m. 24.1: nepenocumo &ci
YjeHU DiBHAHHA 6 00uH OiK i npobyemo odepica-
mu 000ymox, wo 0OpiHIOE HYJIO.

Haa mporo 3acrocyeMo (GopmMysay IIepeTBOPEHHSA
CyMH CUHYCiB, AKa CTOIThb y JIiBili wacTuHi piB-
HAHHSA, HA JOOYTOK:

o+p

sino+sinf =2sin cos

o—p

2
(i Bpaxyemo, 110 cos(—x)zcosx).
Hasa Toro 1mio6 BuHeCTH AKUI-HeOyAb BUpa3 3a
OVsKKH i ofep:KaTu JOOYTOK, JOCTATHHO 3aIIMCATU
sin4x ax cuHyc moaBiliHOro aprymesnTra (Toai 3a
IYKKU MOXKHA BuUHecT:H Sin2x ).
Ao mo0yToOK MOPiBHIOE HYJIIO, TO Xoua 0 OAUH
3i CIIiBMHOKHHUKIB JOPiBHIOE HYJIIO.
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I3 mux piBHAHDL OMEPIKYEMO: Y npyromy 3 ofepsKaHUX PiBHAHL II€PETBOPUMO
3x x pisHHUITI0O KOoCcumHYCiB Ha moOyTOK. ¥ KiHIi Bpa-
—=mm, meZ abo —=Tnk, keZ. . L. . .
9 9 XOBYEMO, IO BCi 3ajaHi @ omep:kaHi Bupasu ic-
2nm HYIOTh Ha BCifi MHOKMHI mitichux uwmcena. OTike,

» meZ abo x=2nk, keZ. 3aJlaHe DPiBHAHHA Ha Iill MHOKUHI piBHOCHJIbHE

onm CYKYIIHOCTi DiBHAHB:

Bidnosiov: n?n, neZz; , meZ;

sin2x=0 ab6o sin37x=0, abo sin£=0,

2nk, keZ. < i romy go BigmoBini morpi6HO 3ammcarn Bei Kope-
Hi KOXXHOTO 3 IIUX PiBHAHB.

B R ESSEE————

3ayBarkeHHsA. 3amuc BigmoBimi moixHA ckopoTuTu. Tak, AKIIMO 300pa-
3UTH BCi 3HalifleHi po3B’A3KM HA OAMHUYHOMY KOJIi, TO mOGAUYMMO, IO

. . o n
po3B’s130K x =27k mae Ti cami TOuKwH, 10 i (Qopmy.aa x=7 npu n,

2
kparaomy 4 (n=4kF), a6o popmyna x = "M TPH M, KpaTHOMY 3 (m=3k).
Or:xe, popmysaa x=2nk He Iae HOBUX PO3B’sA3KiB IIOPiBHAHO 3 hopMyIa-
2 . . .
MU xz%l abo ngnm , 1 Tomy BigmoBimb MoOKe OyTH 3ammcaHa y BHU-

MIAAi TiAbKM ABOX OCTaHHIX (popmysi. AJle TaKe CKOPOUEHHS BiAmoBiai me
€ 000B’IBKOBUM.

24.5. BipGip KOpeHiB TPUroHOMETPUUYHUX PiBHSAHb

SAKmIo mpu posB’sA3yBaHHI TPUTOHOMETPHUUHHUX PIiBHAHL HEOOXimTHO
BimOupaTu KopeHi, To Haluacrilie 1e pobJaTh TaK: 3HAXOAATh CIiIbHUI
nepion (6a'kaHO HAMMEHIIINIT) YCiX TPUTOHOMETPUYHUX (PDYHKILIH, IO BXO-
IATH Y 3aluc PiBHAHHA (3BUUYAHO, AKIINO Iell CIiJIbHUII mepiox icuye);
IOTiM Ha IIbOMY IIepiofi BimOuparoTh KOpeHi (BifKuIaOTh CTOPOHHI), a Ti,
110 3aJIUINIAIOTHCA, IIEePIOAUYHO MPOIOBIKYIOT.

. [puknagy BigOOPY KOPEHIB Mpu PO3B’A3yBaHHI TPUrOHOMETPUYHUX PIBHSAHb
U) HaBefeHi B iHTepHET-NIATPUMLI MiAPYYHMKA.

1. $Iki cmoco6fu BUKOPUCTOBYIOTH IIPM PO3B’sA3YBaHHI TPUTOHOMETDPUU-

3ANUMAHHS HuX piBHAHL? HaBeniTh mpuxaagu.

2. SIky saminy 3MiHHMX MOKHA BUKOHATHU IIPH PO3B’A3yBaHHI piBHAHHSA
8cos?x—2cosx—1=07? fxe PiBHAHHA ONEP:KUMO HicJid 3aMiHU?

3. 1) IoscHiTs, YoMy piBHAHHSA 3sin?x —sinxcosx —2cos?x=0 e oxro-
pimHHM.
2)* Sk MoiKHa PO3B’A3aTHU Ie OJHOpigHe PiBHAHHA?

4. $x Mo)xHaA BUKOHATH Bifbip KOpeHiB TPUTOHOMETPUUYHOTO PiBHSH-
ua? IlpoinxrocTpyiiTe BifmOip KOpPEHIB TPUTOHOMETPUUHOTO PiBHAHHS
Ha IIPUKJIAII.
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Bnpabu

24.1.

24.2.

24.3.

24.4.

24.5.
24.6.

24.7.

24.8.

24.9.

24.10.

24.11.

24.12.

VY zaBmamuax 24.1-24.20 pos3B’s:kiThb piBHAHHAI.

1)° 3sin?x-5sinx-2=0;
2) 3sin?2x+10sin2x+3=0;
1)° 6cos®x+cosx—1=0;
2) 2cos?3x—5c083x-3=0;

1)° 2sin®x+3cosx=0;
2) 8sin®2x+cos2x+1=0;
1)° 3tg2x+2tgx—-1=0;

2) ctg?2x—6¢ctg2x+5=0;

1) 3cos2x="Tsinx;

3)° 4sin®x+11sinx—3=0;

4) 2sin®X —3sin>+1=0.
2 2

3)° 2cos?x—cosx—3=0;

4) 2cos® = +3sin—-2=0.
3 3

3)° 5cos?x+6sinx—6=0;
4) 4sin3x+cos®3x=4.
3)° 2tgZx+3tgx—2=0;

4) Tetg? X1 2ctg X =5,
) g 5 g2

2) 2cos2x="Tcosx.

1) sin? x + 2sinxcosx —3cos®?x=0;

2) sin? x —4sinxcosx+3cos?x=0;

3) sin? x +sinxcosx—2cos®x=0;

4) 3sin®x+sinxcosx—2cos?x=0.

1) cos%=1+cosx;

7
2) tgx—tg(?n—x)zl;
1) 1—cosx=2sin%;

2) 1+cosx=200s% ;

1) cosx+sinx=0;

2) cos?x—3sinxcosx=-1;

1y —2 9,

3cosx+4 -

3sinx+4
3 —

5tgx+8
3 —

Sctgx+8 B

1)

2)

1) 2sinx+7

1,5sinx+3 -

2) 2cosx+7 _2.
1,5cosx+3

3) bcosx+12sinx=13;

4) 3cosx—2sin2x=0.

1
3) cos2x=2§sinx ;

4) \/gsinx—cosx=0.

3) 3cos?x=4sinxcosx—sin®x;
4) 4cos®x—Tsin2x=2.

2

3) ————=1;
3\/§sinx—1
2
4) ———=1.
3\/§cosx—1
4 1
3) ———=—;
J3tgx+s 2
2 1
4) ———=—.
)\/gctgx+5 4
3) 2sinx+7
1,5sinx+3 ’
4) ini—ctgx.
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24.13.

24.14.

24.15*.

24.16*.

24.17*.

24.18.

24.19.

24.20.

24.21.

1) 15 =11-2sinx; 3) =2ctgx-1;
sinx+1 tgx+1

2) — 1 _11-2cosx; 1) 10 _3_ctex.
cosx+1 tgx+2

1) sinx+sin3x=0; 3) cos2x —cosbx=0;

2) sinbx—sinx=0; 4) cos4x+cos2x=0.

; 2) |sin2x|=|\/§cos2x|.

1) |sinx|=|cosx
1) sin(2x—£)+cos(&—2x)=0;
6 6
2) sin(i-kl):\/gcos(ﬂ—i).

2 3 3 2
1) sin?x—5cosx =sinxcosx—5sinx;
2) cos?x—Tsinx+sinxcosx="Tcosx .
1) sin2x+cos(g—x)sin(%—x)—Zsinzxz0;
2) sin23x+3cos2x—4sin(%+3x)cos(%+3x):0;
3) sin?x+2sin(n-x)cosx—3cos®(2n-x)=0;
.92 . .2 31
4) sin (21t—3x)+5s1n(7|:—3x)cos3x+4s1n ?—336 =0.
1) 3sin2£+sin£sin(£—i)=2;
2 2 2 2
2) 2cos2i—3sin(ﬂ:—i)cos(Zn—£)+7sin2£=3;
2 2 2 2
3) 4cosz(§+x)+\/gsin(%t—x)sin(n+x)+3cos2(n+x)=3;
. 9 3n 3n .2
4) 3sin x—7 —2cos 7+x cos(m+x)+2sin(x-m)=2.
1) sinz(n+x)—5cos(§+x)+2=0; 3) 20032x+sin(§—x)—1=0;

2) 2coszx+5cos(%—x)—4=0 ; 4) 5-5sin3(n—x)=cos?(n-3x).

BuaBiTb CBOIO KOMMETEHTHIiCTb

CuopoOyiiTe 3ampoIOHYBaTU IJisi OSHOPiIAHUX PiBHAHBL (BmpaBa 24.6)
iHmui cmoci® pos3B’sA3yBaHHs, AKUN He Oyle IIOB aA3aHUM i3 mijeH-
HSIM Ha Bupas 3i sminHO00. Brasiska. Cipo0yiiTe PO3TJIAHYTH IIi PiB-
HAHHA AK KBaApaTHi BigHocHO sinx abo cosx.



CNCTEMU TPUTOHOMETPUNYHUX PIBHSAHD. )
CKNAAHIWI TPUTOHOMETPU4YHI PIBHAHHA TA IX CUCTEMWA

25.1. Po3B’A3yBaHHA cUCTEeM TPUrOHOMETPUYHUX PIBHAHDb

CucrteMu TPUTOHOMETPUUYHUX PIBHAHD
PO3B’A3YIOTEH 3a AOIIOMOTOI0 THUX CAMHUX METO-
IiB, 110 ¥ aarebpaiuHi cucTemMu, 30KpeMa Iie
BUKJIIOUEHHSA HeBiZoMmuX i 3aMiHa 3MiHHUX.

BUPAa3UTHU AKechb HeBimome (abo (pyHKIIIIO Big
HBOTO0) i mimcraBuTH ¥ioro B iHIII abo mepe-
TBOPUTHU 3aJaHiI PiBHAHHA i HOTIiM CKJacTu
3 HUX KOMOiHAIlii, y AKUX YMCJIO HEBiIOMUX

BuraroounTyu HeBigoMi MoKHA 3a JOIIOMOI'OIO 3MEHITYETHCA.
OJHOTO 3 IBOX IIPUIOMIiB: 3 OJHOTO PiBHAHHS
xX+y= r
nPUK/\aa ik Po3B’s3KiTh crucTeMy PiBHAHB y==

Posp’a3annsa
P I3 mepiroro piBHAHHA 3HAXOLMO

T . .
y= E —Xx i migcraBisgeMoO B apyre.

(=
OnmepxyeMo cosx+ sm(E - x) =1,
TOOTO cosx+cosx=1; 2cosx=1;

1
cosx = IR Oraxe,

x=i§+2nn, neZ. (1)
1) Axmro x=§+2nn, TO
y:l—le—(£+2nn)=£—2nn.
2 2 \3 6

2) $xmo x=—§+2nn , TO

y=£—x=£—(—£+2nn)=5—n—2nn.
2 2 3 6
Bionosiov: (§+2nn; %—ZTcn) R

(—£+2nn; 5—“—21cn), neZ. <
3 6

cosx+siny=1.

e

3ayBaxkeHHA. SIkOu niasa 3HAXOMKEeHHS 3HA-
YeHHA J MU He po3ryaHyau dopmyay (1) oxpe-
MO 3i 3HaKOM «+» i 3HAKOM «—», TO Pa3oM
i3 mpaBUJABHUMHU PO3B’A3KAMHU ofep:Kaaum 0
i cTopoHHI PO3B’sA3KU 3aJaHOI cuCTEMMU.
HificHO, Yy TaKOMYy BHUIAIKy MaeMO

x=i£+2nn,
n3 i neZ.

=—- i—+2nn),
EaE

Toni, manpuraan, upu n=0 oxep:xyeMo
x=i£, x=i£,

3 TOOTO 3

=£_(+£) y=" ago y= "

,y 2 \U"3) 6 6

Omike, KpiM po3B’A3KiB, AKi BBIAMOLIU [0
BifmIOBimi, MU MaeMo Ime ABi Imapw 3HAYEHb:

T T

x=—, |x=-——,
3 3
LI
y 6’ Y 6

Aure i mapu 3HaueHb X i y He € po3B’A3Ka-
MU 3aJaHOI CHCTEMHU, OCKiJIbKM BOHU He 3aJ0-
BOJIBHAIOTH IIepIlle PiBHAHHS.

Tomy cuaig s3amam’sATaTh: KOJM PO3B’A30K
PiBHAHHA COSX=a IOBOAUTHCA BUKOPHUCTOBY-
BATH JJIS1 MOJAJBIINX TE€PEeTBOPEHb, TO 3PYYHO
3aIMCyBaTU HOro y BUIJIALL ABOX (POPMYJI: OK-
peMo 3i 3HAKOM «+» i OKpeMoO 3i 3HAKOM «—».
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Mpukrad 2

Pozp’azannga

P BukoHacMO IIOUYJIEHHO JOLABAHHS i BigHiMaHHSA

nux piBHAHB. OMepP:KUMO PiBHOCUJIBbHY CHUCTEMY
cos(x—y)zl, x—y=2nk, keZ,

1 3sigcu

2
cos(x+y)=—2 x+y=i?n+2ﬂ:n, neZ.

ITogamMo ocTaHHIO CHCTeMY y BUTJIALL CYKYI-
HOCTi IBOX CHCTEM, 3alUCYIOUM PO3B’SA3KHU APYTO-
ro PiBHAHHA OKPEMO 3i 3HAKOM «+» i OKpeMo 3i

x—y=2nk, keZ,

3HAKOM «—»: abo

CcoSXCcosy =
Posp’s:kiTh cucteMy piBHSAHB
sinxsiny =

b

ook =

— ]

3ayBarkeHHA. [lo samwucy
BimmoBimi BBifimIM aBa mapa-
MeTpu n i k, 110 He3aJerKHO
OIMWH Big oOmHOro «IIpobira-
I0Tb» MHOMKUHY I[LJINX YKCe.
dAxmio copobyBaTu mpu pPo3-
B’s3yBaHHI 3aJaHOI cucTeMu
CKOpHCTATHCS JIUIIEe OTHUM
mapamMeTpoM, HampukJag 7,
TO Ie CIPUYUHUTH BTPATY

2
x+y=?n+2nn, neZ

pos3B’a3kiB. OTiKe, Y KOXKHO-
MY BUNAAKY, KOJAU CUCMeMa
MpPU2OHOMEMPUYHUX DiBHAHD
3800umubca 0o cucmemu, U0
cknadaemosves 3 esemeHmap-
HUX MPUZOHOMEMPULHUX PLE-
x=—£+nn+nk, HAHb (TOOTO 3 PiBHAHB BUALY
abo 3 sinx=a, cosx=a, tgx=a,
ctgx=a), npu posg’a3ysanti
KOMCHO20 3 YUX PIBHAHb HEO0O0-

) ] - - xi0HOo 68ukopucmosysamu
Bionogiov: (§+nn+nk;§+nn—nk) , ceiii  yinowucaosuil napa-
memp.

x—y=2nk, keZ,
x+y:—2?n+2nn, nelZ.

ITounenno momaroum i BimHiMamuu PiBHAHHA
IUX CUCTEM, 3HAXOAUMO X 1 y:

T
x=§+nn+nk,

i T
- + —nk =——+mnn-—rk.
y 3 TTn—Tm Yy 3

(—§+nn+nk;—§+nn—nk), neZ, kez. <

1. ki MeTomM BUKODHCTOBYIOTH A PO3B’A3yBAaHHA CHUCTEM TPUTOHO-
METPUUYHUX PiBHAHDL?

3anumaHHg

2. IoscHiTL, Yy AKOMY BHIAAKY Ipu (GOpPMAIbLHOMY PO3B’A3yBaHHI cu-

sin(x+y)=0,

1 MH MOYKe€MO BTPATUTH YACTHUHY pPO3B’ A3KiB,

cos(x— y)=—
2

a B AKOMY — OJep)KaTh CTOPOHHI po3B’sa3Ku. Po3B’sKiTh 110 cu-

cTemy.

cTeMu

¥V sapgamuax 25.1.1-25.1.8 poss’sKiTh cucTeMy PiBHAHB.

Bnpa6u 25.1.15 1) {sinx+siny=1, 2) {cosx+cosy=1,

x+y=m; x+y=2m.
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25.1.2°.1) [tgx+tgy=1,
eyt
Y 1’

25.1.3°.1) [sinx+siny=0,5,
sinx-siny =-0,5;

25.1.4. 1) [sinx+cosy=0,

1
sin? x + cos? y—E

25.1.5. 1) cosxcosy=0,75,
smxsmy 0,25;

25.1.6. 1) [sinx+cosy=0,

1
sin? x + cos? y—E

25.1.7*%.1) |cosxcosy= sm Y,
sinxsiny = cos? y;

sin x+s1n Y =Cosx;

25.1.8*%.1) {cos x+cos’y=1,

1
2) cosx—cosyzE,
o™
y 3

2) cosx+cosy— -0,5,
cosx cosy=-0,5.

x+y_—
1
tgx+tgy——

2) |sinxcosy=0,75,

sinycosx=0,25.

1
sinxcosy — cosxsmy—E
2) |sinxcosy= sin? y,

cosxsiny = cos? y.

2) |sin?x+cos?y=1,

COS x+s1n y= sinx.

2) {smxsmy cosxcosy=-1,

25.2. Mpuknagn po3B’a3yBaHHA Oinbll cknagHUX

TPUrOHOMETPUYHUX piBHSIHb

st po3B’A3yBaHHA NeAKUX TPUTOHOMETPUYHUX PiBHAHL MOYKHA 3a-
CTOCOBYBATH BJIACTWUBOCTI (GyHKITiN (BimmoBimHi saranbHi migxomu I0
po3B’A3yBaHHA OyJ0 PO3TJIAHYTO B § 4), 30KpeMa OIiHKY 3HaUeHb JIiBOI

i mpaBoi yacTWH PiBHAHHAI.

. . . D
UPMKAaa 1 Po3B’aKiTh piBHAHHA cos6x+ sm?x =2.

Po3sp’azanna

» Ouinumo 06sacTh 3HAYEHb (PYHKIIiI

f(x)=cosbx+ sin % .

<1, ToO

. . . bx
OcKinpku |cos6x|<1 i s1n7

|

<2, to6To -2<f(x)<2

3’scyeMo, UM iCHYIOTH TaKi 3HAUeHHS X,

opu axux ¢yHKmia f(x) mMoske HaGyBaTm
HalbiabImoro suauenua 2. Ko cosbx Oyme
MeHIIu# Big 1, To maa Toro, mob6 cyma

. bx . .
cos6x+s1n? IopiBHIOBaJia 2, HeoOXimHO,

. bx .
1100 3HaYeHHA s1n7 Oyso GimbiuMm 3a 1,

110 HEeMOJKJIMBO. AHAJOTiUHO, AKIIO HPUILY-

. bx ..
CTUTH, IO sm? MeHIIu# Bix 1, To aasa To-

. b5x .
ro, 1mob cyma cosﬁx+sm? IopiBHIOBaJIA 2,

HeoOXximHo, 1100 3HAUeHHsa cos6x OyJo 0inb-
mum 3a 1, mo memo:xauBo. OTike, piBHiCTH
y IaHOMY PiBHAHHI MOKJIMBaA TOAL ¥ TiIbKM

. . . bx .
TOmi, Ko cos6x i s1n7 ITOPiBHIOIOTH 1.
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Tomy 3amaHe PiBHAHHSA PiBHOCUJIBHE CU-

cosbx =1,
cTeMi piBHAHB { ., 5x 3Bigcu
sin—=1.
k
6x=2nk, keZ, x:%,
5 Toxi
—x=£+2nn, neZ. A T+4nn
2 2 x=——-—:.

5
IIpupiBHIOIOUM TpaBi YacTHMHU WX PiB-
nk _ m+4mn

HOCTeH, OIep:KyeMO ? = T . 3Bigcu
3+12n
k=——.
5

OckinbKu k i n — 1miai umucaa, To capody-
€MO IIiICTaBUTH B IIPAaBy YACTUHY OCTAHHBLOI

HYBLUMCb 0 iHTEPHET-NIATPUMKN MiapyyYHMKa.

Imomi masa Toro, 100 pPo3B’sA3aTH TPUTOHOMETPUUHI
PiBHAHHSA, TOBOJUTHCA 3aCTOCOBYBATU TPUIOHOMETPUUHI
dopmynu, Aki mpusBoATH mo 3BYy:KeumHaA O[3 3amanoro
piBuauHA. Taxki mepeTBOpPeHHA MOKYTH IPUBOLUTH IO
BTpaTu KopeHiB piBHaHHsA. I[[06 11boro He cTamocs, CIiA

KOPUCTYBATUCA TAKUM OPi€HTHPOM.

3 HWWMW NpUKNadamMin po3B’a3yBaHHs Oinbll CKNAAHUX TPW-
FOHOMETPUYHNX PIBHAHb BU MOXETe O3HaMOMWTUCS, 3Bep-

piBHOCTI 3amicTh n 1mijai umena i 3HanTH, O
SAKUX 3HAUEHDb 11 3a Ili€l0 (QOPMYJIOI0 £ TaKOMK
Oyme minmum uwmciaom. Ilpu n=1 omep:yemo
k=3. VY Bunaaky, Koau Koedimieur 12 mpu
3MiHHIN n y 4YHMCeIBbHUKY Opo0y i sHameH-
HUK 5 — B3a€EMHO IIPOCTi UMcja, IOBTOPEHHS
MOAiIBLHOCTI HAaIijo Oyae TiIbKM uepe3 3Ha-
MEeHHUK, ToO0To ueped 5. Tomy ocramHe piB-
HIHHA Ma€ PO3B’A3KH B I[LINX YNCJIAX BU-
raany n=1+b5m, meZ . IligcraBasooun 3Ha-
YeHHS N B OAUH i3 po3B’A3KiB cucTeMu, ofep-
KyeMo x=T+4nm . 1li 3HaueHHA i € po3B’A3-
KaMH OCTaHHBLOI CHCTeMH, a OTKe, i pPo3-
B’sA3KaMU 3aJaHOTO PiBHAHHS.

Bionosgiov: n+4nm, meZ . <|

FKWO Ans po3B'S3yBaHHA piB-
HAHb (41 HepiBHOCTEN) [oO-
BOOMTHLCA BUKOHYBaTW nepe-
TBOPEHHS, WO 3BYy>XXYyloTb O[13
MOYaTKOBOrO  PIBHAHHSA  (4n
HEPIBHOCTI), TO Ti 3HaYeHHs,
Ha ski 3ByXyeTbcs O[3, no-
TPIOHO PO3rNAdaTN OKPEMO.

( Y Taba. 39 ykasaHO TPUTOHOMETDPUYHI (opmyau, AKi moxiymsv npueodumu 00 38YHeHHA
O/[3, Ta BigmoBigHi 3HAaUeHHA 3MiHHOI, AKi CJiI MepeBipATH IPU BUKOPHUCTAHHI ITUX (HOPMY.I.

dopmyaa
(BMKOPHUCTOBYIOTH 3JIiBa HAIIPaBO)

1
ctgx=——
tgx

tg(xioc)z—
lxtgx-tga

tgxttga b
gx-te (a¢5+nn,neZ)

2tgx

tg2x = 5
1-tg“x

tgx=

ctgx

ctg(x+o)= StEX ClgOFl (a#mn, neZ)

ctgoatctgx

tg?x—1
ctg2x=cg—x
2ctgx

Tabaumna 39

3HauyeHHA 3MiHHOI, AKi Tpe®a mepeBipuTH

OKpeMo, K0 BOHU BXOmATh m0 O3
IMOYATKOBOTO PiBHAHHSA

x:%mk, keZ

x=mk, keZ
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3HauyeHHsI 3MiHHOI, AKi Tpeb6a mepeBipuTH
OKpeMo, SKII0 BOHH BxomgaTh g0 O3
MMOYATKOBOTO PiBHAHHS

dopmyna
(BMKOPHCTOBYIOTH 3JIiBa HAIIPABO)

x 1+cosx
ctg—=—-—— x=n+2nk, keZ
2 sinx

x 1l-cosx

tg—=——— x=2nk, keZ
2 sinx
2tg 2tg
sinx=——2 tgx=—2
1+tg2£ 1—tg2£
2 2
x=n+2nk, keZ
1—tg2£ 1—tg2£
cosxz—i ctgx= xz
1+tg2 = 2tg
& 2 g2

1106 ymeBHHUTHCH, 10 HaBeleHi GOPMyJaH IPUBOAATH A0 3BYIKEHHS
OI13, mocTaTHRO MOPiBHATH 00JIACTi OTYCTUMHUX 3HAUEHb IX JiBUX i mpa-
BUX YACTUH.

1
Hanpurnaazn, posrasaeMo opmyny ctgx= t_ .

gx
. 3 TE
® OJII3 miBoi yacTuHuU: X#7n, neZ. IaTKoBe OOMeKeHHS x¢E+nk . Orxe,
11106 suatiTu O[3 mpaBoi yacTuHu GOPMYJIH, IIpU Iepexofi 3a Iiero GopMyaoro Bif il aiBoi
yPaxoByeMoO, 1[0 3HAMEHHUK APO0y He AOpiB- YaCTUHU [0 MPaBoi Bif0OyBaeThbCcd 3BYKEHHA
Hioe Hymaio: tgx#0, omke, x#nn, neZ, O13 (BimkKumamThCS caMe Ti 3HAUEHHdA, AKi
a TaKOX YMOBY ICHYBaHHS TaHTeHcAa: T
y y y BKasaHo B Tabs. 39: x=5+nk , keZ). II1o6
T .
x;tEJrnk » keZ . Tobro OI3 mpasoi yacru- He 3ary0uTU KOpPEeHi 3aJaHOro PiBHAHHSA, BU-
HU 3aaHO CHUCTEMOIO oOMeKeHb 1
KOpHUCTOByIOUHM (Qopmyay ctgx=——, 3Ha-

tgx

X#nn, neZ T .
’ ’ YEeHHSA X = 5 +7k, ke Z, noTpiGHO POITIAHY-

x¢%+nk, LeZ. ITopiBaOOun OJI3 xaiBoi

TU OKpPeMO (3BUYAIHO, TIIBKU B TOMY BHIAI-
i mpaBoi yacTHUH PO3rJIAAHYTOI (popmyJim, Oa- Ky, Kosu BOoHO BxoauTh no OJI3 samanoro
yuMmo, 110 O3 mpaBoi yacTUHU MiCTUTBH IO- piBHAHHT).

i I3 MP1KNAAOM BUKOPWUCTAHHSA 3a3HA4eHOro OpIEHTVPa BM MOXETE 03HaNOMUTU-
U CSl, 3BEPHYBLUNCH A0 IHTEPHET-NIATPUMKM AiOPYHHMKA.

HeaKi TpuroHoMeTpUYHI PiBHAHHS BJAETHCA PO3B’A3aTU, BUKOPUCTO-
BYIOUN TAaKWUU OPi€eHTHP, AKUIl YMOBHO Mo:kHa HasBaTu «lllykaliTe KBa-
IPaTHUHU TPUUJIEH»:

CcnpobynTe pPO3rMsSHYTU 3afaHe PIBHAHHA $iK KBadpaTHE BIAHOCHO $KOICh
3MiHHOT (41 BIZHOCHO AKOICh (PYHKLT).
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lTpuKAaa 2 Po3B’siKiTh piBHAHHA X2 —2X sinTE?x +1=0.

Po3B’a3annsa Komenrap

P PosrisHeMo piBHAHHA AK KBajpaTHe Bif- ' MojkHa 3acToCcyBaTH AeKiJbKa MigXomiB M0 po3B’s-
9 . mx 3yBaHHA 3a/JaHOTO PiBHAHHA:

HOCHO x: X _(23111?)"“'1:0 . 1) posriAHyTH 3ajaHe PIBHAHHA #K KBajpaTHe
BimHOCHO 3MiHHOI X 1 BpaxyBaTu, M0 BOHO
MOKe MaTH! KOpPeHi Tomi U TiAbKM TOHi, KOJII
#oro AUCKpUMiHAHT OyAe HeBim eMHUM;

2) AKRIO B JiBiii vacTUHI PiBHAHHA BUIIJIUTU ITOB-

Ile piBHAHHA MOXKe MaTH KOpeHi Toxi i Tijab-
KM TOMi, KOJIW HOTO0 AUCKPUMIiHAHT Oyme He-
Bix’eMHUM:

. 9 MX . . 9 TX
D=4sm2——4>0.To,u1 sin?==>1. T 2
2 2 HUU KBagpar (x —sin 7) , TO OJEPKUMO PiB-

. 9 TX .
Ane s1n2? He MoiKe OyTu Ginbimum 3a 1. HAHHA

2
nx Tx (x—sinn—x) +(1—sin2n—x)=0 .
sin? ? =1, Tob6TO sin? =1 ab6o 2 2

Or:xe,
Ypaxyemo, II[0 3aBKAU
. WX 1. I . T 2 X
sin—-=-—1. 1ACTaBJAAIOUYN 1 3HaA4YeHHdA . . .
2 A 1 (x—sm—) >0 i 1-sin?2—>0.

B 3aJaHe DPIBHAHHS, OLEPKYEMO, IO BOHO

. . . ;
piBHOCHJIbHE CYKYIIHOCTi cHCTeM: A cyma xiavkox Hegid’emHux QYyHKUYiill dopis-

nx nx HI0€ HYA10 moli i minvku modi, KoAU 6Ci PYHK-
sin?zl, 6 sin?:—l, uii o0HovacHo OOpPi6HIIOMb HY.JLIO.
a6o .
TaxkoXk MOKHA OCTAaHHE DIBHAHHS B3amucaTh

x2-2x+1=0 x2+2x+1=0.
. . . . .. 2 X
13 ,l:[py1‘OI‘0 plBHHHHH Hepm01 cCucreMm MaeEMoO y TaROMy BUTJIAOL: (x—sm?) =Ss1in 7—1
x=1, mo 3af0BOJBHAE i Iepiie pPiBHAHHA . . . . .
CHUCTEeMMU. TaKI/IM YMHOM, X= 1 _ pOSB’H' 1 OIIlHUTH JIlBy 1 npaBy YaCTHMHMU IIbOTI'O plB'

30K IIepIIOl CHUCTEeMMU, a OTiKe, 1 PO3B’SI30K HAHHS.

3aaHOT0 DPIiBHAHHS. AHAJOTIYHO OIEePIKy-
emo x=-1 — po3B’AB0K Jpyroi cucremu, @ BrKoHamnTe po3B’'A3yBaHHS, 3aMpONOHOBaHI B M. 2,
a OTsKe, i PO3B’AB0K 3a/JaHOTO PiBHAHHSI. CaMOCTIVHO.

Bidnoside: 1; —1. <

Posp’sa3youn piBHAHHA 3 00ePHEHUMH TPUTOHOMETPUYHUMHU (PYHK-
. . T,
IisIMH, KOPUCHO IaM’ ATaTH, 1[0 IPHU |a|< 1 arcsina+arccosa= 5 i ma

. T
JIOBLIBHUX 3HaUeHb a arctga+arcctg = o

Taxosx mpu po3B’s3yBaHHI PiBHAHL 3 00ePHEHMMM TPUTOHOMETPUU-
HUMUY QYHKI[IAMU YacTo OyBae 3pyYHUM BiJ 000X YacTUH PiBHAHHS B3ATHU
AKYCh TPUTOHOMETPUUHY (PYHKI[IIO i CKOpHCTATHCS O3HAUEHHSIM BiJIIO-
BiTHUX O0EPHEHUX TPUTOHOMETPUYHUX (PDYHKILIH.

. . . . 10
anK/\aa 3 Posp’sixkiTs piBHAHHA 2arcs1nx=arcs1nﬁx.
Komenrap
SAximo B3ATHM Bif 000X YacTWH 3aJaHOTO Hycu OyAyTh DPiBHMMHU, ajie AKIIO CUHYCHU
PiBHAHHA (PYHKIIiI0O CUHYC, TO OJEPKIMO PiB- IBOX YICEJ PiBHi, TO Ie IIle He O3Hauae€, IIo

HAHHA-HACJIIOK: AKIIO YKUCJIa PiBHI, TO # cu- yurcaa 060B’A3KOBO OYyAyTh PiBHUMH.
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IIpaBunpHa piBHicTH Oyme 36epiratucsa
Opu IPIMUX IIePEeTBOPEHHAX, ajie He 000B’ A3~
KOBO Oyze sbepiratucs mpu o0epHEHUX Tepe-
TBOpeHHAX. OTike, y KiHIi HeoOXigHO BUKO-
HaTU TEePeBipKy ofep:KaHUX Po3B’A3KiB. K-
10 ITO3HAYUTHU arcsinx =0, To 3a O3HAYEH-
HAM apKCUHYyca o e[—%;%} i sino=x. IITo6
3HAUTH

COSOl, YPaxoBYEMO, IO IPH

T T
ae _E;E 3HaueHHa coso =0, oTKe,

cosoclel—sinz(x .

IlepeBipAaounm onepskaHi pO3B’ABKH,
y TUX BUOAAKaX, KOJU 3HaWOeHi umcya He €
KOpPEeHAMH 3aJaHOTO PiBHAHHSA, 1HOAI 3PYyYHO
HOPiBHATH OJep:KaHi Po3B’sI3KU 3 TaOJIUUHU-

12 .
MU 3HaueHHaAMU. Hampukian, Ez0,9 0inn-

2
me 3a Tz0,7. YpaxoByoun 3pOCTaHHS

dyrknii y=arcsint, oJgep:kyeMo, IO

. 12 . 2 4
arcsin—>arcsin—=—.
13 2 4

Po3sp’azannsa

P Sdxmio mosHaumTH arcsinx=o., nge

OLEI: n_n:| iarcsinlox—B ,aeBe|: n_n:l
27 2] 13 ’ 2’ 2]
TO 3a/[aHe PIBHAHHSA MaTUMe BUTJISAL

200=0. 1)

Bisbmemo Big 060x uactuH piBHAHHS (1)
(byHKIiI0 cuHYC i 0epIKUMO
sin20.=sinf,

2sinocosa=sinf}. (2)
3a osHaueHHAM apKcuHyca sino=x,

. 10
sinp=—=x.
b 13

T T
YpaxoByiouu, II10 ae[—g;g], OZlEPKY-

€MO cosoczx/l—sinzoc =\/1—3c2 .

Tonxi piBHAHHA (2) MaTUMe BUTJIAL

2x\/1—x2 =%x .

3Bimcu x(Z 1-x2 —1—)=O.

5
Otr:xke, x=0 abo 1-x2 :E’ TOOTO
25
- 2=—, x2=—144 , xzig.
169 169 13

IlepeBipka:
1) x=0 —
. . . 10
KOpiHb (2 arcsin0 = arcsm(g . 0); 0= 0) ;

12 . . -
2) xziE — cropouHi KopeHi. [lificuo,

12 .12 . 120
I x=-— MaeMo 2arcsin— #arcsin—-
13 13 169

V2

. 12
(OCKiIBKU — >——, TO
13 2

12 2
2arcsin—>2arcsin—=2~£=£ R
13 2 4 2

. 120 =« . 12
a arcsin——<—). AHaJjoriuHo opm x=——
169 2 13

. ( 12) T
MaemMo 2arcsin| —— [<——
13 2

i piBHiCTBH TEK HE MOXKe BUKOHYBATHUCH.

Bidnogiowv: 0. <|




Po3ain 4. TpUrOHOMETPUYHI PIBHAHHS | HEPIBHOCTI

—

3ayBarkeHHsA. [lyis Toro 1100 po3B’s3aTu PiBHAHHSA

. . 10 . .
2arcsmx=arcs1nEx, MOJKHa OyJio 0 BUKOPUCTATH HE TiJILKU PiBHAH-

HA-HACTIAKW, a ¥ PIBHOCWJIbHI IepeTBOPEeHHA PiBHAHBL. AJie B I[bOMY BU-
magKy goBemerhbesa BpaxyBatu OJ13 3amaHoro piBHAHHS:

| x | <1,
10
—Xx
13
a TaKOX Te, IO JJA BCiX KOpPEHiB piBHAHHA IOT0 OpaBa dYacTUHA

(3)

<1,

. 10 . T T
(arcsmﬁx) posTaliioBaHa B IIPOMLKKY [__;E:l (3a o3HAUEHHAM apK-

cunyca). OTixe, i JiiBa yacTrHa PiBHAHHA MOBMHHA IlepeOdyBaTU B I[LOMY
camMomy mpomixkKy. TakKuM UMHOM, IJIA BCiX KOpPEHiB 3aJaHOT0 PiBHAHHSI

T . T
BUKOHYETHCS YMOBA: ey < 2aresinx < 2 TOOGTO

) 4)

i .
_Z <arcsinx <

N

) T T . .
VYV npomixKy [_E’E] (byHKIiA sint € 3pocTaruo0i0, TOAI IIPU BUKO-

HauHi ymoBu (4) (3Buuaiino, Ha O3 (3)), AKIIO Big 000X YaCTUH 3amaHO-
ro PiBHAHHA B3ATU CUHYC, TO OJEP)KUMO PiBHOCUJIbHE HOMY PiBHAHHSA
(TobTo 3amaHe PiBHAHHS piBHOCHIbHe piBHAHHIO (2) 3a ymoB (3) i (4)).
Bukonyoun MipKyBaHHSA I IIePeTBOPEHH:, HaBeIeHi BUIe B PO3B’A3aHHI

12 . . . .
npukJgany 3, omepxxyemo x=0 abo xziﬁ. Veci smaiimeni xKopeHi BXo-

natb 1o O3 (3amoBobHAIOTE YMOBY (3)), ajme ymoBy (4) 3am0BOJBHSE
Tinbku x =0, OoTiKe, KOpeHeM 3aJaHOoT0 PiBHAHHA € Tiabku x=0.

1. IlosicHiTH, AK MOXKHA PO3B’A3aTH PiBHAHHA cosx=1+x2 sa momomo-
rOI0 OIiHKM 3HAUYeHb JiBol i mpaBoi yacTwH pPiBHAHHS. P03B’aXKiTh

3anumaHHg .
e piBHAHHS.

2. TlosacHiTh, AK MOKHA PO3B’A3YyBATH TPUTOHOMETDPHUHI DiBHAHHSA, 10
3amncy AKHX BXOOATH JIHUINIE CyMa UM Pi3HUIIA CHHYCA i KOCHHYyCa
OfHOTO ¥ TOro camMoro aprymenTta Ta ix mo6ytok. (/uB. iHTepHeT-
miATPUMKY migpyyHuka.) HaBenits mpukiaz Takoro piBHAHHA.

3. HageziTs IPUKJIaL TPUTOHOMETPUUHOI (POPMYJIU, 3aCTOCYBAHHA AKOI
MosKke mpuBecTu no 3BysKeHHs OJl3 samaHoro piBHAHHA W A0 BTpa-
T Woro KopeHiB. IloscHiTh, yomMy BimOyBaeThca 3ByskeHHA O3. Ak
MOTPiOHO BUKOPUCTOBYBATHU TakKi popMysu, 11100 He BTPATUTH KOPEHi
sdagmanoro piBHAHHA? IlosAcHITH Ile HA TpUKJIALL PiBHAHHS

2ctgx—tg(x+%)=1 .
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25.2.1. 1 sinx—cosx=sin2x—é; 2) Sinx+sin(x+37n)=1—0,5sin2x.
Bnpabu :
25.2.2. 1) sin7x+cosl2x=2; 3) cosnx+sin%=—2;
2) sin2xsinbx=1; 4) sin%x:x2—2x+2;

5) 5tgx+ctg?x+5tg?bx+5ctgZbx=12.
25.2.3. 1) 5tg(x+§)=ctgx—5; 2) sin2x+tg2x:—§ctgx.

25.2.4. 1) 9x2—6xcosbnx+1=0;

2) 4x? —4xsin(xy)+1=0 (3HaiimiTh yci mapu umcena (x; y) , AKi 3amo-
BOJIbHSIOTH PiBHAHHS).
2

25.2.5. 1) 2(arcsinx)’ +n?% =3narcsinzx ; 4) arctgx~arcctgx=;c—6;
2) 9(arcc052x)2—3narc0052x—2n2=O; 5) 2arcsin2x =arccos7x ;
3) 2arcsinx+3arccosx=T; 6) arcsinx=2arctgx.
25.2.6 1) arcsin(x+2,5)=%; 3) (x2—4)arcsinx=0;
2) arcsin(£—3)=£; 4) (xz—l)arccossz.
2 6 4
25.2.7. 1) arccos(sinx)=%+%; 3) arcsin(3—2x)=—%;
2) arctg(tgx)—ﬁzl; 4) arccos(2x—38)=" .
4 2 3
2
25.2.8. 1) arcsinx-arccosxzn—; 3) 3arcsinx—n=0;
18
2
2) arctgx-arcctgxz’lt—ﬁ; 4) 4arctgx—6(%—arctgx)=n.

25.2.9. 1) (arcsinx)’ —4arcsinx=0; 3) arctg(1+x)+arctg(1—x)=§;

2) (arccos x)2 —5arccosx=0; 4) arcsin(l-x)—2arcsinx = % .
25.2.10. Po3p’a:xiTh cucTeMy piBHAHB:
1) {sinxz—\/gsiny, 4) sin2x+cos2y=%,
V/3 cosx = cos y; cos2x+2cosy=1;
2) |sinx———=siny, 5) [cosx+cosy=0,
sinx
sinxsiny=—;
cosx — =cosy; 4
COS X
3) {sinx+cosy=0, 6) 4sin(3x+2y)+sinx=0,
cos2x—cos2y=1; 4sin(2x+38y)+siny =0.



TPUTOHOMETPU4YHI PIBHAHHA 3 MAPAMETPAMW

26.1. Po3B'a3yBaHHA piBHAHb i3 NapameTpamMu

SKnoIo KpiM 3MiHHOI Ta YMca0BUX KOe(iIlieHTIiB [0 3amucy TPUTOHO-
METPUYHOT'O PiBHAHHS BXOOATH TAKOXK OYKBeHi Koe(ilieHTn — mapame-
TPHU, TO, PO3B’A3YIOUM IIi PIBHAHHSA, MOKHA KOPUCTYBATHCSI TAKNM OPi€H-

Tupom (zuB. § 9).

ByAb-ske PIBHAHHSA YM HEPIBHICTb i3 MapaMeTpaMm MOXHa PO3B'A3yBaTW AK
3BMYAMHE PIBHSHHS YY1 HEPIBHICTb AOTW, MOKW BCi NEpPeTBOPeHHs abo MipKy-
BaHHS, HeOOXIiOHI ANA PO3B'A3yBaHHS, MOXHA BMKOHATW OLHO3HAYHO. KO
fKecb MepeTBOPEHHA He MOXHAa BWKOHATW OAHO3HA4HO, TO PO3B'A3yBaHHS
HeoOXigHO pPo3bUTU Ha Kinbka BUMAAKiB, LWOO y KOXHOMY 3 HUX BIAMOBIAb

Hepes napaMeTpu 3anmcyBaJiacd O4HO3HAYHO.

Ha erami momryky miaaHy po3B’sA3yBaHHS
PiBHAHHS UM HEePiBHOCTI 3 mapamerpamMu ado
B XOZi MipKyBaHb, IIOB’S3aHMUX i3 CaMHUM
pO3B’A3yBaHHAM SK TaKWUM, YacTO 3PYYHO Cy-
IPOBOMKYBATU BiATIOBiMHI MipKyBaHHS cxe-
MaMu. 3a IUMHU CXeMaMU JIETKO IIPOCTEKUTH,
y AKWH caMe MOMEHT MW He 3MOTJIA OJHO-

Mpukaad

Posp’azanna
P 2sinxcosx—4acosx=0;
2cosx(sinx—2a)=0.

Toxi cosx=0 a6o sinx—2a=0.

3Bigcu abo sinx=2a.

T
x=5+ﬂ:m, meZ

|2a|<1

|2a|>1

3HAYHO BUKOHATHU HeOOXimHi mepeTBOpeHHI,
Ha CKiJIbKW BUIAAKIB J0BeJiocd po30uTu
pos3B’A3aHHA i YNM BiApisHAETHCSI OLUH BUIIA-
Iok Bix immroro. IIlo6 Ha Takux cxemax (4u
B 3ammcax TPOMi3IKMX PO3B’sA3aHb) He BTpa-
TUTU AKYCh BiJIIOBib, AOIIIJIBHO HOMiMIaTu
OCTATOYHI BifTIOBifi B IPAMOKYTHI paMKMH.

Posp’sukiTh piBHAHHA sin2x=4acosx.

Komenrap

CmoyaTKy 3BeIeMO BCi TPUTOHOMETPUUHI
¢byHKIII 10 OogHOTO aprymeHTa X, BUKO-
PUCTOBYIOUU (POPMYJIY

sin2x =2sinxcosx .
SKio mepeHecTH Bei WieHU PiBHAHHSA B JiBY
YaCcTUHY, TO MOKHA BHUHECTH 34 [JIVIKKU
CIILJILHUIA MHOMKHHUK 2COSX .
OCKLJIbKM 00MABA MHOMKHUKKU MAalOTh 3MICT
mpu OyAb-IKWX 3HAUEHHAX 3MiHHOI X, TO
piBHaHHA (1) piBHOCHJIBbHE CYKYIHOCTI PiB-
HAHEb cosx=0 a6o sinx—2a=0, Tob6TO
cykymuocti cosx=0 abo sinx=2a.
Hna pisusauaua cosx=0 mu mokemo 3a-
MUcaTH KOpPeHi mpu OyIb-AKUX 3HAUEHHAX
a (y uboMy piBHAHHI mapameTpa a HeMae),

Kopenis memae

x=(-1)"arcsin(2a)+mn, neZ

a B piBHAHHI Sinx =2a Bce 3aJeXUTh Bif

Bionosgiov: (muB. micasa 3ayBa'KeHHS). <

IpaBol YaCTUHU: AKIIO |2a|>1, TO Kope-
HiB HeMae, a SIKIIO |2a|<1, TO KOPeHi €.
OTr:xe, MOBOAUTHCSA Po30uUBATU PO3B’A3Y-
BaHHS ILOI'0 PIBHAHHA Ha [ABAa BUIIAIKMU.

)
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]

3ayBarkeHHdA. [lyia sammcy ofepsKaHMX BigmoBizeil (BoHM Ha cxeMax
posMileHi B IPAMOKYTHUX paMKaX) AOLiJBHO YTOUHUTH, IPU AKUX 3HA-

YeHHAX ( BUKOHYIOTHCSI OOMEKeHHSA |2a|<1 Ta |2a|>1. s mporo
posB’a3yeMo BiamoBimgHi HepiBHOCTI:

1 1
axmo |2a|<1, roai -1<2a<1, TobTo -5 <A<

1 1
Axmo |2a|>1, roxi 2a<-1 a6o 2a>1, To6TO a<—§ abo a>E.

Haramaemo (gus. § 9): 1106 moJIeTIuTy 3anuC BigmoBiai y ckaadHux

ab0 zpomizdxux eunadkax, 300pa3umo 6icv napamempa (a) i nosnawumo
Ha Hill yci oco0au6i 3HAYEHHA napamempa, AKi 3’A6usucsa 6 npoueci
pose’aszysannsa (puc. 26.1.1). I1i0 siccio napamempa (1igopyy 6i0 Hel)
sunuutemo 8ci odepicarni po3s’a3ku (Kpim «KOpeHi8 Hemae» ) i Hanpomu
KOXMCHOL 8i0n06i0i noO3HALUMO, NPU AKUX 3HAYEHHAX napamempa ylo 8io-
nogidv moxcHa sukopucmosysamu. Ilicas ybozo 3anucyemo 8i0nogidsv 0na
KOX#CH020 3 0COOUBUX 3HAUEHb napamempa i 018 KOWHO020 3 00epHaAHUX
NPOMINHCKI6 0Cl napamempa.

. 1
2 2 a
T
1. x=5+nm, meZ.
2. x=(—1)narcsin(2a)+nn, neZ.
Puc. 26.1.1

.. 1 1 . . .
I3 1miei cxemu g00pe BUIHO, IO IPU @ < Y abo a> 5 y BigmoBigs moTpi6-

. 1 1 .
HO 3aIlCATH TiJIBKH OAHY (POPMYJYy, a Ipu —E<a<5 — nBi opmyin.

1 1
Bionosidv: 1) akimo a<—E abo a>E, TO x=%+11:m, meZ;

1 1 .
2) AKIIO —E<a<5, TO le—i-nm, meZ, x=(—1)narcs1n(2a)+nn, nez.

i e oonH npuknag BUKOPWCTAHHS 3a3HAa4YeHWX OPIEHTUPIB HaBEOEeHO B IHTEpHeT-
nigTPVMUI MigpyyYHMKa.

26.2. flocnigHUUbKi 3apadi 3 napameTpamMu

Kpim 3aBnansb i3 mapamerpamu, y AKUX BU- penHix oOumcieHb: PO3B’sA3aTU 3ajJjaHe PiBHAH-
MaraeTbCcs «pPO3B’sA3aTU PIBHAHHA YU HEPiB- HfA Y1 HEePiBHICTS i micas mporo gatu BigmoBiab
HICTb», YaCTO IIPOIOHYIOTHCA MOCJiTHUIIbKI Ha 3anmTaHHA 3amadvi. IIpore mocuTh vacTo 10-
3aBHaHHA 3 mapamerpamu. Taki 3aBmaHHS iHO- CHITHUIIbKI 3aBJAHHsA He BIAETHCA PO3B’sI3aTuU

IIi BIaeThbCs PO3B’A3aTH 3a JOIIOMOI0I0 OesIoce- OesmocepenuiMu obumciaenEAMu (abo Taki 00-
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YUCJIEHHSA € OysKe TPOMIBIKMMU), i TOMY HZOBO-
IUTHCS CIIOYATKY OOI'PYHTYBaTU SAKYCh BJIa-
CTUBICTH 3aJaHOTO PiBHAHHA YU HEPiBHOCTI,
a MOTiM, KOPUCTYIOUHNCH I[i€I0 BJIACTUBICTIO,
y:Ke laBaTU BilIOBimb Ha 3alIUTAaHHA 3aJadvi.
Posrnanemo gmesaxi 3 TakuxX BJIACTUBO-
creii. Hampukian, 6epydyu 40 yBaru mapHicTb

Mpukaad

a?cos?x—x%2-a=0

Ma€e eTVUHUUA KOPiHb.
PosB’sa3aHHa

» dyuxmia f(x)=a’cos’x-x%—a e mapnowo

(D(f)zR, f(=x)=7(x)). dxmo x=0 — ko-
piab piBHAHHA (1), TO X=—0 TeX € KOpeHeM
nbporo piBHAHHA. ToMy €TUHUHA KOpPiHBb Yy 3ama-
HOTO PiBHAHHA MOKe OyTH TiJIBKU TOHi, KOJIU
a=—-0o, Tooro o0.=0. OmKe, eIMHNM KOpeHEM
3a/IaHOT0 PiBHAHHA MOKe OyTu Tiabku x=0.

Axmo x=0, to 3 piBgaua (1) oxepxryemo

a2—a=0, trooro ala—1)=0. 3Beigcu

a=0 abo a=1.
Ilpu a=0 3 piBuaaua (1) omep:Kyemo piB-
asaHEA x2 =0 , IKe Mae equHuil Kopiab x=0.
Omsxe, a=0 3agoBOJIbHAE YMOBY 3ajaui.
IIpu a=1 maemo piBHAHHSA cos?x—x%2-1=0,
TOOTO

cos? x=1+x2 (2)
Ockinbku cos?x<1, a 1+x2>1, To0 piBHsAH-
. . |ecosx?=1,
Ha (2) piBHOCHJIBLHE cucTeMi 2
1+x°=1.

Iz gpyroro piBHAHHS CHCTEMH OIEPIKYEMO
x=0, 1mo 3am0BOJbHAEC I Iepile pPiBHAHHI,
TOOTO IIA cucCTeMa, a OTKe, i piBHAHHA (2) Mae
equHnii po3B’as3ok — x=0. Takum uumHOM,
a=1 TakoxX 3aJ0BOJIbHAE YMOBY 3ajadi.

Bidnoside: a=0, a=1. <

(GbyHKIi#, 1110 BXOAATH IO 3aIIUCy 3aJaHOTO
PiBHAHHS, BUKOPUCTOBYIOTH TAKUH OPi€HTH].

AKWO B  PIBHAHHI flx)=0 dyHKLUin flx):
€ NapHolo abo HemapHoo, TO Pa3oM i3 byab-
SKUM KOpPEeHeM O MW MOXeMO BKa3aTu Le

OVH KOPIiHb LibOro piBHAHHS (—at) .

3HalgiTe yci 3HaueHHsA mapaMeTpa @, IPU AKUX PiBHAHHS

1

KomenrTap

ITomiuaemo, 110 B JIiBi#f yacTWHiI 3amaHOTO PiB-
HAHHA CTOITh IIapHa (QYHKIiA, i BUKOPHUCTO-

BYEMO OpieHTHp, HaBexeHuit sBume. [lificHo,
AKIO X=0, — Kopiub piBEaaEa [(x)=0,
To f (0)=0 — npaBUJbHA YNCJIOBA PiBHICTH.

YpaxoByloun IapHicTh (GyHKILIL f(x), maemo
f(—a)=f(a)=0. Orsxe, x=—0 Tex € KOpeHEM
piBHAHHA f(x)=0 . €QuHUN KOpPiHBb Iie PiBHAH-
HA MOXKEe MATHU TiJIbKKM TOHi, KOJHM KOpeHi o
i —o sbiratorbesa. Tomi x=0=—-0=0.
3’acyemMo, UM iCHYIOTH TaKi B3HaUeHHS IIapa-
meTpa a, npu skux Xx=0 e xopemem piBHSAH-
4 (1). (e a=0 i a=1.)

Ockinbku sHavennsa a=0 i a=1 mu ozmep:xa-
au 3 ymoBH, 110 X =0 — xopius piBHanua (1),
TO HEOOXiTHO TepeBipUTH, UM MIiMICHO MPU ITUX
3HAUEHHAX a 3aJaHe PiBHAHHS MaTHUMe €IUHUNA
KOpiHb.

s po3B’A3yBaHHA PiBHAHHA (2) OI[IHUMO II0TO
JiBy 1 MpaBy YacTUHU:

flx)=cos®x, glx)=1+x2.

0<f(x)<1

cosx2=1,
1+x2=1.

glx)>1

Posp’sasatu medki mocaimHMIIBKiI 3agaui 3 mapaMeTpaMu OoIoMarae

BUKOPUCTAHHA TAKOTO OPi€HTHPA.

Akwo B yMOBi 3afadi 3 mapaMeTpaMu MAeTbCsa NpPo Te, WO PO3B’'A3KamMu
33[aHOr0 PIBHAHHSA Y1 HEPIBHOCTI € BCI 3HAYEHHS 3MIHHOI 3 AeAKOl MHOXMU-
HW, TO IHOAI KOPWCHO MIACTaBUTM KOHKPETHI 3HAYeHHS 3MIHHOI i3 3agaHol
MHOXWHW | oflep>XaTi Aeski 0OMeXeHHs Ha napameTp.
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Bnpabu

26.1.

26.2.

26.3.

26.4.

26.5.

26.6.

26.7.

26.8.

26.9.

I3 NpMKNagoM BUKOPUCTAHHS 3a3Ha4eHOro OpPIEHTUPA BM MOXeTe 03HaNOMUTU-
CSl, 3BEPHYBLUNCb 4O IHTEPHET-NIATPUMKM MIAPYYHMKA.

VY zaBmanuax 26.1-26.2 pos3s’sKiTh piBHAHHS.

1) asinx=1; 3) atgx=sinx;
2) asin2x=cosx; 4) ctgx=acosx .

. tgax
1) cos2x+2sinx+a-1=0; 3) g =0;

sinbx
2) sin3x-sin2x=asinx; 4) asinx+tgx+1=
COosSX

3HaliTh yci 3HaUeHHA TTapaMeTpa, IpW AKUX PiBHAHHA Ma€ KOPEHi:

1) 2sinx+4cosx=a; 3) acos2x—sinx=0;
2) 3sinx—4cosx=b; 4) cos2x+acosx=0;

5) arcsin® x+(3a —3)arcsinx +(a—2)(5—-4a)=0.
IIpu SKWX SHAUEHHSX IapaMeTpa a PiBHAHHS cos?2x+
. Y . .
+(a—8)cos2x=0 mae Ha Bigpisky [Z’T] piBHO woTHpPH KOpeHi?
3HaWgiTE yci mapu uumces (a; b) , OJS SKUX KOPEeHAMU PiBHAHHS

a(cos3x—1)+b%—2b=cos (3ax +(b- 1)2 ) —2 OynyTh yci miticui umcia.

3HaligiTeh yci B3HaAYeHHs IIapaMeTpa ad, OPU SKUX PiBHAHHS
(4a+2)sinx+2acosx+a+1=0 mae TouHO OmWH KOpiHb, AKUI HaJe-

N 5w
JKUTHh BiIPiBKYy O;? .
IIpu AxmMX 3HAUEHHAX IIapaMeTpa a 3aJaHi PiBHAHHA PiBHOCUJILHI?

1) sinx+l=0 i (sinx+l)(sinx—l)=0;
2 2 2

2) cosx—l=0 i (cosx—l)(cosx+a_2)=0;
2 2 2

3) sin2x+a=sinx+2acosx i 2cos2x+a?=5acosx—2.

PosB’saKiTh cucTeMy PiBHAHB:

1) cosxcosy:az, 2) sinxcosy=\/7,
sinxsiny=1; sinycosx=1.

BuaBiTb cBOlO KOMMNETEHTHICTb

BucioBiTh CBOIO AYMKY 3 HPUBOAY TOTO, IIPEeACTAaBHUKAM SIKUX i3
HaBeJleHMX mpodeciii MOKe CTaTVW y OPUTOAI 3HAHHA TemMu «Tpuro-
HOMETPUYHI PIBHAHHA 3 IapaMeTpaMu»: MiKpo0ioJior, acTpOHABT-HA-
BiraTop, iHKeHep-aKyCTUK, MOJEJbEDP ONATY.




PO3B'A3YBAHHA TPUTOHOMETPUYHUX HEPIBHOCTENA

Ta6auma 40
1. MpuKnagu posB’A3yBaHHA HAMMPOCTIlULMX TPUrOHOMETPUYHUX HepiBHOCTEM

3a JOMOMOTOI OJMHUYHOTO KOJIa 3a JonmoMoror rpadgikis
y
1 y="1 y
2 J—
n b5r 1 n N 2| 7 N
R o] N | A
6
6 6 e 0 . =
y=sinx I or
0 t 6 6
. 1 = 51
s1nx>E; E+2nk<x<—+2nk, keZ
y y
n_ﬂzz_n o o y=cosx
3 3 - —
3 o-\ 3 /
B t 4 A\ /  x
RyYAE ~— =L
2 212
_am cosx>—~; ~ 2% ionh<x<®yonk, keZ
3 2 3 3
T y
vis y=tgx
C
_T r
-7 4 2
— 0 ! / n 0 /n x
| [
T -1 - -
- tgx>-1; —+nk<x<—+nk, keZ
4 4
Y y=ctgx 1Y
1 V3 | V8 | y=V3
T \
- 6 0 % T x
0 t
ctgx<\/§; %+nk<x<n+nk, keZ
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2. Cnoco6u po3B’A3yBaHHA 6GiNblW CKAAAHMX TPUFOHOMETPUYHUX HepiBHOCTEM

a) BukopucraHHA PiBHOCHUJIBLHUX IIE€PETBOPEHBb, 30KpeMa 38e0eHHs 00 anzedpa-
I4HOI HepiBHOCMI 3a CXeMOMw:
1) 0o o0nozo apzymenma; 2) 0o oduiel Qyukruyii; 3) 3amina 3MIiHHOL
(aHaJIOTiYHO 0 cXeMU PO3B’A3YBAaHHS TPUTOHOMETPUUHUX PiBHAHBL, HaBeJe-
HOl B 1. 24.1)
i HacmynHe po36°A3Y6AHHA 00ePHCAHUX HAUNPOCMIWLUX MPUZOHOMEMPUY-
HUXx HepieHocmell.

6) Burkopucranua mMeTony iHTepBasiB (IicjiA 3BeJeHHS HEPiBHOCTI MO BUTJIALY

f(x)=0) sa cxemoro:

1) Buaiimu O3 HepierHocmi.

2) BuHatimu cuinbHUI mepiox (AKIO BiH icHYe) mya Bcix (GYHKIIIHA, M0 BXO-
IATH IO 3amucy HepiBHOCTI, TOOTO nepiod @yukuii f (x).

3) Buaiimu nyni gyuxyii: f(x)=0.

4) ITosnawumu nyai pynryii na O3 ycepedurni 00Hoz0 nepiody ma 3Hailmu
snar gynuxuyii f(x) y xoxcrnomy 3 npomixckis, na sxi poséusaemuvcs O[3
(ycepenuui omHoTO THEpiomy).

5) Banucamu 8i0nosgidv, ypaxoBYyOUHM 3HAK 3aJaHOl HepiBHOCTI i mepiox
dyrrnii f(x).

MOACHEHHA 1 OBI'PYHTYBAHHH

0 Po3B’A3yBaHHA HAMMNPOCTIlULMX TPUIOHOMETPUYHUX HepiBHOCTEM

HatfinpocTimumMu TPUTOHOMETPUUYHUMU [Io6 MipKyBaHHSA L[OA0 3HAXOAMKEHHS
PO3B’sA3KiB X HepiBHOCTEH Oyau OiIbII Ha-

OUHUMU, BUKOPUCTOBYIOTHL OAWHUYHE KOJO
abo rpadikmu BigmoBimZHUX (PYHKIIINA, AK Ie
MicIli 8HAaKa «>» MOKe CTOATU OyAb-AKMM 3i IokasaHo B Tabu. 40 (BiamoBigHi moscHeHHS
3HAKiB HEPIiBHOCTI: «<», « Z», «< »). HaBeJIeHO B iHTePHEeT-IiAPUMIII IiApyUYHUKA).

HEPiBHOCTAMU BBa’yKalOTh HEPiBHOCTI BuAy
sinx>a, cosx>a, tgx>a, ctgx>a (ma

Cnoco6u po3B’A3yBaHHA 6inblWw CKAAAHMX TPUIFOHOMETPUYHMUX
HepiBHOCTEM

. .. 5 . 1 .
np ukAad 1 Posp’sKiThr HepiBHiCTH Zsm2 x+ Zsm2 2x <cos2x.
Po3B’a3anHA Komenrap

5 1-cos2x 1 ( 9 ) Bukxopucraemo piBHOCHJIbHI II€PETBOPEHHSA 3a-

> 1 2 +Z 1-cos”2x)<cos2x . nmaHoi HepiBHOCTI. [/ mbOro 3BEZEMO ii 10 aj-
reOpaivHol 3a CXeMOI0, AaHAJOTIUYHOI 0 CXeMU

Toxi 2cos?2x+13cos2x—-T7>0. pO3B’sA3yBaHHA TPUTOHOMETPUYHUX PiBHSAHD:
Samina cos2x =t 1) no oxzoro aprymenTa (2x);
;[alz HEPIBHICTH + \ / + 2) no oxmiel pyHKITi (c0s2x);
2t°+13t-7>0,

, .. 3) samina 3MiHHOI (cos2x=t).
pO3B’A3KU AKOIL 7 _ 1 t ; .. . R
— Ilicas obepHeHOI 3aMiHM PO3B’SKEeMO OJepiKa-

(puc. 27.1): . . . . . .
1 Hi HANOPOCTIIi TPUIOHOMETPUUYHI HEepiBHOCTI.
t<—7 abo t>5. Puc. 27.



Po3ain 4. TpUrOHOMETPUYHI PIBHAHHS | HEPIBHOCTI

Posp’sizanHA (npo0osiiceHH)

. . 1
OGepueHa samina mae: cos2x <—7 (po3B’aA3kiB Hemae) abo cos2x>§ .

Toxi —§+2nn<2x<§+2nn .

T T
OTr:xe, —E+nn<x<g+nn, neZ. <

Posp’sasytoun GiJbll CKJIAAHI TPUTOHOME-
TPUYHI HEepPiBHOCTi, MOXKXHAa TaKOXX BUKOPU-
cratu memod iHmepaasig, TPOXU 3MiHUBIIU

Tomy, AKIO HaAMAraTHCsA MO3HAUNTU KOpPeHi
Ha O[3, moBemeTbCcsA IMO3HAUMUTU iX HECKiH-
YeHHY MHOKHHY, II[0 HEMOXKJINBO. Y HUKHYTHU

IIBOTO MOXKHA, AKIIO 3HAWUTH mepion PyHKIIT
f(x) (axkmo Bim icHye) i posriaanyTu 3HaK
(GyHKIII Ha KOXKXHOMY HPOMiKKY BCepequHi
OJTHOTO IIepiony.

Takum YmHOM, METOJl iHTEpPBAJIiB AJA PO3-
B’s3yBaHHA TPUTIOHOMETPUUYHHX HepiBHOCTEi
f(x)=0 wmosxe sacTocoByBaTHCA 3a CXEMOIO:

ioro. HeobxiguicTs KOpekIrili Bimomoi cxemu

posp’asyBanHa HepiBHocreii f(x)Z20 wmero-
mom imTepBaJiB (Taba. 6 B § 3) moB’asama
3 TUM, IO Y BUIAAKY, Koau dyHKmia f(x)
TPUTOHOMETPUUHA, BOHA, AK IPABUJIO, Mae€
HEeCKiHUeHHY MHOKHHY KOpeHiB (AKi omep-
JKYIOTh TIPU IiANX 3HAUEHHSX ITapaMerpa).

1. S8maiitu O3 HepiBHOCTI.

2. Bmuaiitu nepiog @yuknii f(x) (akmo Biu icuye).

3. 3uaiTu Hyai QyHKII (f (x)= 0) .

4. TIlosmaumTu Hyai Ha O[3 ycepeauHi OgHOrO Mepioxy Ta 3HAUTHU 3HAK
GyHKIII B KO:KHOMY 3 IPOMiKKiB, Ha aki posdouBaerhea O3 (ycepenu-
Hi ogHOTrO mepioxy).

5. 3ammcatu BiAmoBiAb (ypaxoBylOuHM 3HAK 3aJaHOol HEepiBHOCTI ¥ mepion
dyuxnii 7(x)).

Mpukrad 2

PosB’sakiTh HepiBHicTh cos2x < cos3x —cos4x.

Po3sB’a3zanna

P Posp’saxemo gaHy HepiBHiCTH MeTOZOM iHTepBamiB. IJ1a IBOrO 3Bexe-
Mo i1 o Burisany f(x)<O0:
cos2x+cos4x —cos3x<0.

—

O13: x — Oyab-AKe IilicHe YHUCJIO.
2. $§x mu sHaemo, mepiox @yHKIII cosx mopiBHIOE 27. Toxmi mepion GyHK-

2 . 2n . .
mii cos2x Oyme T, =?n=n , nepiox PyHKNil cosdx — T, :?n i mepion

2n W
bysknii cosdx — Tg=—=—.
4 2
Ha Binpisky gosxunoo 21 nepiogu Ty, T,, Ty BMINTyIOThCA Ilije YHCJIO
pasiB. Toxmi 2n Oyme CHiTbHMM HepiogoM IJIS BCiX ITMX TPHOX (DYHKITiH,

i Tomy 2n € mepiomom dymukmii f(x)=cos2x+cos4x —cos3x .
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3. 3Bmamgemo myJi miei pyukiii: cos2x+cos4x—cos3x=0.
Toxi 2cos3xcosx—cos3x=0; cos3x(2cosx—-1)=0.
3Bigcu cos3x=0 ab6o 2cosx—1=0. Po3B’A3youu ocrTaHHi piBHAHHA,
k
OZIEPIKYEMO x=%+% , keZ, abo x=i§+2nk , keZ.

4. Tlosmaummo BCi HyJIi Ha IIepiodi MJOBKMHOIO 2T, HAIPUKJIAL, HA BiApisky
Bix 0 mo 27 i omepsxkumo 9 mpomixkKiB (puc. 27.2).

+ - + - + - + - +
0 T T v 5T r 3n 51 11x 2t x
6 3 2 6 2 3
Puc. 27.2

Buaxonumo 3Haku GyHKIii f(x) Ha KokKHOMY 8 mpoMiKKiB. I[JIg LBOTO
spy4HO samucaTu GyHKIio f(x) y BUrIagi no6yTry:
f(x)=cos3x(2cosx—1).

Biodnosgiodv (3ammcyeMo 3 ypaxyBaHHAM IIepiofay):

xe[£+2nk; £+21Ek:|U|:£+2nk; 5—n+2nk:|U|:7—n+2nk; 3—n+21tk:|U
6 3 2 6 6 2

U[%"wnk; %+2nk], keZ.<|

B N s =—

3ayBarkeHHA. Ilpu po3B’sA3yBaHHI TpuU-
TOHOMETPUUYHUX HePiBHOCTE! MeTOJOM iH-
TepBaJiB YacTO AOBOAUTHCA 3HAXOJUTHU
3HaK (PyHKIIl y BeJMKill KiJIBKOCTiI IIpo-
MikKiB. Haa Toro mo06 3MeHIINTU 00CAT
pobGoTH, MOKHa B3alpPOIMOHYBATHU TaKUi
cIocib: CTeKUTH 3a THUM, Yyepesd AKUHN HYJIb
MU IPOXOJMMO IPU IIEPEXOAi 3 OJHOTO iH-
TepBaJIy A0 1HINIOTO i UM 3MIiHIOETHCA 3HAK
naHoi QyHKIIl B [bOMY HYJIi.

V Bumagky, xonu (yukmis f(x), mo
CTOITH y JIiBi#l uacTmHi HepiBHOCTi, 3anuca-
Ha y BUTJIAAL JOOYTKY (p(x)~g(x) , HeoOxiz-
HO 3BepTaTH yBary Ha Te, IO 3HAK A00yT-
Ky He 3MiHUTBCA, AKIIO OJHOYACHO 00MIBA
muOxHEUKH (Qyrkmii ¢(x) i g(x)) smimro-
IOTh 3HAKU Ha IPOTUJIEIKHI.

IIpakTUYHO O/ BUKOPHUCTAHHA Iriel
BJIACTUBOCTI y BUTIAJIKY, SAKIIIO JiiBa YaCTU-
Ha HepiBHOCTI 3ammcaHa AK HOOYTOK KiJab-

Kox (YHKIIiff, HyJi KOXKHOTO MHOXKHUKA
HO3HAYAIOTh HA MPOMIiKKY PiBHUM KOJBO-
poMm (Tak, aK Ie 3po0jeHO Ha puc. 27.2),
a00, AKIIO MHOMKHUKIB JuIlle ABa, HYJi
IepIIoro MHOMKHMKA MO3HAYAIOTh IIif Bic-
CI0, a HyJIi APyroro — Haj Biccio.

Ario y QyHKMOIA-MHOKHUKIB HeMae
OZHAKOBUX HYJIiB, To s3HaK ¢yukmii f(x)
3MiHIOETBCS aBTOMATUYHO MPH IIepexoii
yepes KOKHUUN HYJIb (32 YMOBH, ITIO TiIBKU
omHa 3 (PYHKIIN-MHOMKHUKIB 3MiHIOE 3HAK
Opu Hepexoli uepes Iell HYJb). ¥ IILOMY
BUIIAAKY OJA 3HAXOMKEeHHs BCiX 3HAaKIB
bysrmoii f (x) ma nepiozi mocTaTHLO 3HAM-
™a ii 3HAK JuIlle B OJHOMY HPOMIiXKY,
a B iHIIMX PO3CTABUTU 3HAKU, UEPTYIOUU
ix. Ao & y QYHKIIHA-MHOXKHUKIB € Of-
HAKOBi HYJi, TO IPU MepPexo/i uepes Takmi
HYJIb 3HAK AOOYTKY MOKe He 3MiHIOBaTHUCH,
i 1le BpaxoBYIOTb, PO3CTABJAIOUM 3HAKH.
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3anumaHHg

Bnpabu

27.1.

27.2.

27.3.

27.4.

27.5.

27.6.

27.7.

27.8.

27.9.

27.10.
27.11.

27.12.
27.13.

ITosacHiTH, HA TpUKJIAAAX, IK MOYKHA PO3B’A3yBaTU HAWIIPOCTIII TpU-
TOHOMETPUYHI HEepPiBHOCTiI 3a AOIIOMOIOIO:

1) oguHMuHOTO KoJia;  2) rpadika BiamoBigHOI QyHKILII.

Yu 3aBKAM MAlOTh PO3B’SI3KW HEPiBHOCTI:

1) sinx<a; 3) cosx<a; 5) tgx<a; 7) ctgx<a;
2) sinx>a; 4) cosx>a; 6) tgx>a; 8)ctgx>a?

Yu MOKyTh OyTH pO3B’A3KaMH SAKMUXOCh i3 IIUX HepiBHOCTeil yci
miticui umcna? HasemiTs mpukJjaamu.

AxuMu crmocobaMu MOKHA PO3B’A3yBaTU TPUTOHOMETPUYHI HePiBHO-
cTi, 1110 BigpisuAThCA Bin mHaimpocrimux? HaBemiTh mpuiIamu.

VY zaBmamuax 27.1-27.14 pos3B’sa:KiThb HepPiBHICTH.

1) sinx<%; 2) sinx>—?2; 3) sinx<-2; 4) sinx>%.

1 3 2
1) cosx>5; 2) cosx<—7; 3) cosx<3; 4) cosx>7.
1) tgx<-1;  2) tgx>3; 3) tgx>§; 4) tgx<1.

1) ctgx>—\/§; 2) ctgx>1; 3) ctgx<-1; 4) ctgx<
1) sin2x>£; 2) cos£<—3; 3) tg£>—\/§; 4) ctgbx<l1.
2 3 2 2
1) 2cos(2x—1)>1; 3) @smx(ﬁ+1)<1;
3 3 4
2) \/gtg(3x+%)<3; 4) 200s(4x—%)>\/§.

. T T . 1 .
1) smgcos3x—cos—sm3x>—; 3) sinx+cosx<1.

1
2) sin5xcos5x<z;

1) sin(Zx—lJ <L 2) [tgx|>1.
3 2
1) sin4x+cos4xctg2x>\/§; 2) sin4x—cos4xctg2x<\/§.
1) sinx>cos?x ; 2) cos?x—sin?x>sin2x.
1) cos2x+5cosx+3>0; 2) sinx<cosx.
1) cos2x+cosb6x>1+cos8x ; 2) sinxsin7x>sin3xsinbx .

1) Jsinx >+/-cosx ; 2) sinx>+/1-sin2x .
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27.14.
27.15.

27.16.

27.17.
27.18.

27.19.

27.20.

27.21.

),

1) sin9x—sinbx+2sin?x <2sin2x+1—cos2x ;

2) 2sin?x—sinx+sin3x<1.

3HalAiTh PO3B’IBKU HEPiBHOCTI +/sin2x <cosx —sinx , AKi 3a40BOJIb-
HAIOTH YMOBY | x | <T.

3HanAiThF 3HAUEHHA X Ha BinpisKy O0< x < T, AKi 3aJ0BOJIBHAIOTH He-

- . . 1
piBHiCcTH sin2x —cosx+ \/5 sinx > T .
2

VY saBmamaax 28.17-28.14 posB’s:KiTh HEPiBHICTH.

1) sindx>a(sin8x—sinx); 2) alcosx—sinx)’ +bcos?x>0.

1) 2arccosx >arcsinx; 3) 2(arcsinx)2 —3arcsinx+1>0;
2) 2arcsinx >arccosx; 4) (arccos x)2 —6arccosx+8<0.

1) sin(2x+10°)+sin(x+10°)-sinx<0;

2) ctgx+ctg(x+g)+2ctg(x+§)>0;
3
3) (arctg)’ +(arcctg)’ > % ;
4) arctg(3x2 —-3x+ 1) < arcctg(3x2 —3x+1) .
Po3B’sa:kiTh HepiBHICTH:
1) 2sinx>a; 3) asin?x+2cosx—a+1>0;

2) (5ba—T)cosx<a+5; 4) cosx+ >a.

cosx
Ilpuy AKX 3HAUEHHAX HapaMeTpa a 3ajJaHa HePiBHICTH BUKOHYETBHCS

IIPU BCiX 3HAUEHHAX X7

1) sin®x +cos® x+asinxcosx>0; 2) sin x + cos* x> 3asinxcosx .

[onatkoBi 3aBAaHHsA 00 TeMW «TPUrOHOMETPUYHI PIBHAHHSA | HEPIBHOCTI» HaBe-
[leHO Ha camTi interactive.ranok.com.ua.

3ABAAHHA ANA NMIArOTOBKKU A0 OUIHHOBAHHA

Teem N2 4

1.

. . 3 1
O0uucIIiTH arcsm?—arccos _E .

AT E_T B T r_®
6 6 3 3
SIke 3 HaBemeHUX PiBHAHHL He Ma€ KOPEHiB?
1 . 4 4
A cosx=— B sinx=— B tgx=3 T ctgx=—
3 3 3
Posp’skiTe piBHgHHA 2cosx=-1.

A x=12?n+7m, neZ B x=(—1)"(—%)+nn, neZ

B x=i%+2nn, neZ r x=(—1)n(—%)+2nn, neZ
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4. YcraHoBiTH BigmoBigHicTL Midk piBHAHHAME (1-3), Ta MHOKHHAMU
Bcix ix xopeniB (A-T).

1 sinx _o A R

cosx+1 B O
2 sin2x=\/§—cos2x B x=2nn, neZ
3 cos2x=cos®x—sin®x I' x=rnn, neZ

1
5. Poss’ssxiTh HepiBHiCTHL cosx>5
5
A ——n+21m; —£+2nn , neZ B —£+2nn; l+2nn , neZ
3 3 3 3
T i 11w T
b —E+2nn; E+2nn , neZ r —T+2nn; E+27m , neZ

6. Po3B’skiTh piBHAHHA 1+cosx =sinx (3amumIiTe posB’a3aHHHA).

7. Po3p’skiTh piBHAHHA cos?x—4sinx+a-1=0 samexHo Bil 3HAUEHDb
nmapaMmeTpa a (3amuIlriTh PO3B’A3aHHA).

@ MponaiTe OHNaMH-TeCTyBaHHS Ha caunTi interactive.ranok.com.ua.

(U)(I) Temn HaBYanbHMX NPOEKTiB

1. ApxkdyHKIii B piBHAHHAX i HepiBHOCTAX.

BIZIOMOCTI 3 ICTOPII

Y xokHOMY Iepioai ictopii maTemaTtuku OyJiu CBOI BUIATHI
BUeHi, AKi mayu pisHi mosi. OmgHi 3aKuau caaBu i 6e3cMepTs IIfe
3a KUTTH, IHIITUM CYAMUJIOCA IPOUTU CKJAALHI IMIJIAXY 1 pO3ALIUTU
TpariyHy TOJII0 CBOTO HApOIy. 3BEPHYBIINCH A0 iHTEepHET-IIij-
TPUMKHU, BU [Oi3HAETECA IIPO KUTTEBUHN MIJIAX MaTeMaTHUKiB
3 Ykpainu, AKi 3pobuin 3HAUHUII BHECOK Yy CBiTOBY Ta €BpoIeii- 2 i |
CPKY HAYKY. M. B. Ocrporpaacbkuii

(1801-1862)

y

1/ i T
& i & 3 @l i
M. II. KpaBuyk 0. C. youHUyK H. O. Bipuenko M. C. B’asoBcbKa

(map. 1984)

(1892-1942) (1919-1994) (map. 1930)



Po3goin 5

NMNOXIAHA

Y LUbOMY PO3[1J11 BU:

P 03HaMOMUTECS 3 MOHATTAMM MNOXIAHOT Ta FPAHULLL PYHKLT;

P HaBuMTECH OOCNIAXKYBATU DYHKLIT Ta OyayBaTi 1X rpadiku;

P fi3HaeTecs Npo Te, 9K MOXHA PO3B’'A3yBaTU PIBHAHHS
Ta HEPIBHOCTI, 3aCTOCOBYIOHM NOXIAHY




MNOHATTA rPAHNLI @dYHKLUII B TOYLI TA HEMEPEPBHOCTI
OYHKUII™

Tabaumsa 41
1. MNMoHATTA rpaHuui yHKUiT B TOuLi
y Hexaii sagano meary QyHkmio, Hanpukaan f(x)=2x-1.
Posriguaemo rpadik miei ¢yuKIii Ta Tabauiio ii 3HAUEHb Y TOU-
31 y=2x-1 Kax, AKi Ha YMCJIO0Bil mpaAMiii posTalloBaHi JOCTATHRO GJIU3BKO Bif
ymucaa 2.
x 1,9 1,99 | 1,999 | 2,001 | 2,01 2,1
: f(x) 2,8 2,98 | 2,998 | 3,002 [ 3,02 3,2
/ 0 2 x

3 Tabuuii ta rpadika BEHAHO, 1[0 UMM OJM)KYe apryMeHT X A0 umuciaa 2 (e mo3HadamoTbh X — 2
i KaXyTh, 10 X npamye po 2), TuM OJIuKUe 3HAUEHHA PYHKITIT f(x)=2x—1 mo uyucyaa 3 (mosHa-
wators f(x)—>3 i KamyTs, mo f(x) mpamye mo 3). Lle sanMCYIOTH TAKOXK TaK: lirr12(2x—1)=3
X —
(unraroTh: «aimit 2x—1 npum x, o HpAMye K0 2, HOPiBHIOE 3») 1 KAXKyTh, IO I'PaHUIS (PYHKINI
2x -1 npu x, mo npsamye go 2 (abo zpanuus Qyrkyil 6 mouyi 2), mopiBHioE 3.
V saranmsHOMY Bumagky samnuc lim f(x)=B osuauae, mo npu x —>a f(x)— B,
x—a

T06T0 B — WMCIIO, N0 AKOro IpsAMYye 3HaueHHs GyHKumii f(x), Koum x mpamye mo a.

2. 3anMc nosHavyeHb X —a i f (x)—> B 3a AONOMOrol 3HaKa MOAYNA

3amuc 3a JOIIOMOIOX0

Ilosnauenns i ioro 3micrt Laroctpania
3HAKa MOXYJS
x—a 5 3 ~
Ha uuciosiit npawmiit Touka x pos- m |x—a|<d
TalroBaHa BiJ TOUKHK a Ha MAaJii (ockinbKM |x—a| Ha KOOp-
Bimcrami (memmiit Big §). a-% a a+d x| gumarmiit oci Ox — we Bix-
CTaHb MijK TOUYKaMu X i a)
€ €
f(x)>B m |f(x)-Bl<e
Buauennsa f(x) Ha uuciosift npsa- (OCKLTBKH |f(x)—B| HA KO-
Mi#i posramoBaHe Ha MaJjiit Bix- | B—€ B B+eg y opauHartHiii oci Oy — me
crami Bif B (Menmift Bix €). Bigcrams misk Touramm f(x)
i B)
3. Os3HayeHHA rpaHuui PyHKUiT B Touui

lim f(x)=B

x—a
Yucso B Ha3UBAOTL ZPAHUUECI0 QPYHKUIL fx) y mouuyi a (Ipu Xx, IO IPAMYE OO0 a), AKIIO AJ
OyIb-AKOro AOJATHOTO YMCJA € 3HAH[eThcsa Take HoJaTHe YMCJO O, I0 IPHU BCiX X #a, Aki 3a-
ITOBOJBLHAITH HEPiBHICTH |x—a|<8, BUKOHYETHCA HEPiBHICTH |f (x)—B|<£.

IToscHeHHA It OOPYHTYBaHHA A0 § 28 HaBeleHi B iHTEPHET-MiATPUMII IiJpyYHUKA, a AOBEJeHHA
BJIACTHBOCTE TpaHuIili — B § 29.

** S0 3HAUEHHS X 3a/J0BOJIbHSAE HEPiBHICTH | x—a|<8, TO KayKyTh, L0 TOYKA X PO3TAIIOBaHAa
B 0-OKOJII TOUKHK a.
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3MicT mpaBHI
TPAHUYHOTO TEPEeXOmay

Sxmo f(x)=c,

4. BnactuBocTi rpaHmui yHKUii

Samnmc i dhopmyaroBaHHS
MPaBUJI TPAHUYHOTO IMEPEeXOxy

lime=c

xX—a

ro mpn x —>a f(x)—>c I'parunsa cramoi QyHKIII gOopiBHIOE Iifi camiil crasiii.

Axmo mpu x —a
flx)>A i g(x)> B,
ro f(x)tg(x)>A+B

lim (f(x)+g(x))=lim f(x)+ lim g(x)

x—a
I'panuna cymu (pisHuIli) aBox (GYHKIIH mopiBHIOE cywmi
(pisHUINi) iX T'paHUIL, AKIIO TPAHUIl AOJAAHKIB iCHYIOTH.
flx)g(x)>A-B lim (f(x) g(x))=lim f(x)- lim g (x)
x—a xX—a x—a
I'panuna nobyTKy [nBOX (GYHKIIN [OOpiBHIOE NOOYTKY ix
TPaAHUIb, AKIINO T'PAHUII MHOKHUKIB iCHYIOTH.

cf(x)>c-A lim (¢f (x))=c lim £ (x)
x—a x—a
CTaJII/Iﬁ MHOXHHUK MOMXHaA BUHOCUTH 3a 3HAK l"paHI/II_Ii.
flx) A lim £ (x)
g(x) _>E (ne B#0) lim = flx) =20 (me lim g(x)#0)
x—a glx) limg(x) x—>a

x—a

I'panung vacTku ABOX (PYHKIIIM MTOPiBHIOE UacTIii ix rpa-
HUIb, AKIIO I'PAHUIll YUCEJbHUKA I 3HAMEHHUKA iCHYIOTH
i rpaHuIg 3HAMEeHHUKA He HOPiBHIOE HYJIIO.

5. HenepepBHicTb (pyHKUiT B TOuLi

OsHaveHHs. dyrkniro f(x) HazuBalOThH HenepepéHol0 6 mouyi a, AKIO0 NpU X —a
f(x)—>f(a), To6To lim f(x)=f(a).

xX—a

Axmo Qyukmis f(x) HemepepBHa B Ko:kHiil Toumi meskoro mpomixkky I, To ii HasHBAIOTH He-
nepepeHnoio Ha npomixcky I.

Arxwo pynxyii f(x) i g(x) nenepepsni 6 mouyi a, mo cyma, T06GyTOK i UACTKA HemepepBHUX
y Touni a ¢yHENIiNl HemepepBHi B Touli a (vacmka y éunadry, konu OiNbHUK g(a)=0).

TI'padix ¢dyHKIil, HeIepepBHOI Ha IPOMIKKY, — HePO3PUBHA JIiHiA Ha IIbOMY IPOMIXKKY.

Vci enemenTapHi QYHKIIII* HemepepBHI B KOKHi#l TouIli cBoei obJracTi BUBHAUEHHS, TOMY Ha KOXK-
HOMY IIPOMIiKKY 3 00JacTi BusHaueHHA iX rpadgikum — Hepo3pHMBHI JiHil.

fAxiro Ha iHTepBaJi (a; b) dyuknia f(x) HemepepBHA i He MEPETBOPIOETHCA HA HYJIb, TO HA IOMY
inTepBaJii BoHa 306epirae cranauii 3HaK. (I[a BiacTUBiCTHL € OCHOBOIO METOHY iHTEepBAJiB.)

* EjeMeHTapHUMU 3a3BHUail HA3WBAIOTh Taki QYHKIHI: y=c (c=const); y=x", neN; y=%x,

neN; y=a” (a>0); y=log,x (a>0, a#l); y=sinx; y=cosx; y=tgx; y=ctgx;
y=arcsinx; y=arccosx; y=arctgx; y=arcctgx i Bci dpynruii, axi omep:xyoTh i3 mepesiue-
HUX BUIIE 3a JOIMIOMOT'0OI0 CKiHUeHHOI KiJIbKOCTI il momaBaHHsA, BimlHiMaHHSA, MHOKEHHS, TiJIeHHSI
Ta YTBOPEHHA cKJaxeHol GyHKIII (GyHKIIT Bix QyHKIIT).
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6. MeTos iHTepBaniB (po3B’a3yBaHHA HepiBHocTel Buay f(x)=0)

Ilnan IIpurnaan
1. 3matitu O3 HepiBHOCTI. 2
. . . . .. x”-16
2. 3uantu HyJgi QYHKII: PosB’axiTh HepiBHICTH ﬁ>0 .
£(x)=0. | Nw+3-3
. oo _16
3. Ilosnaunmtu Hymi ¢ysKIii Ha O3 > Hexait f(x)= x . Oymxnia f(x) meme-

i suaiitu sHak f(x) y KokHOMY 8 IpO- Jx+3 -3
MixKiB, Ha AKi BoHEM po3buBaioTs OJI3. PpepBHA Ha KOXKHOMY 3 IPOMiXKKiB cBoei obsacti Bu-
4. 3anmucaTy BiANIOBifb, ypPaxXoByOUN 3HAK | S3HAUEHHA K YacTKa JBOX HellePepPBHUX (DYHKIii.
3a/1aHOl HEPiBHOCTI. Tomy mJid po3B’si3yBaHHSA MOKHA BUKOPUCTATH Me-

TOH iHTEepBaJiB.
x+32>0, x>
JZI§—3¢0;{
2. Hyxi ¢yuxmii: f(x)=0.
x*-16
x+3 -3
x; =4 (Bxozuts go OI13),
x5 =—4 (e BxomuTh mo OlI3).

(A rwo pose'asyemo Hecmpozy Hepi6Hicmb,
mo 6ci Hyai QYHKyii caid exawouumu do ' 1. OI3: {
8i0nosidi.)

-3, Tox {x>—3,
1
x+3 #3. A x#6.

=0; x*-16=0;

+ - +

3. -3 4 6 x
Bidnosids: [—3;4)U(6;+). <

NMPUKJIAAN PO3B’A3YBAHHA 3ABJAHb

Busnaure, uu € (DyHKI[isI HeIIepepPBHOIO B KOMKHIN TOUIlL JAHOTO IPO-
MiKKY:

1) f(x)=x"-8x>+2, (—ocoj+oo);

Mpukrad 1

3
x5 -

2) g(x)=2"2, [5;+e0);
) glx)=o—, [5ite)
3) g(x)= x3—x, (0;+20).
2x—-6
Posp’sa3anHa KomenTap

» 1) OGnactio BusHauenna Qyukmii f(x) e mmo- « Muorounen f(x) i mpoGoBo-parioHambHA
’KMHA BeCix aificHMX umcesa. MuorowreH € Heme- = dymKmia g(x) e HemepepBHUME B KoMHift
PEPBHOIO (DYHKITI€I0 B KOXKHiH TouIli cBoei objac-  TOUIi ix o6sacti Bu3HAUeHHA (30KpeMa,
Ti BUBHAUEHHA, TOMY B KOKHIi# Toumi mpomikky = DYHKIiS g (x) HEIIepepBHa fAK 4YacTKa JBOX

(_oo; +°°) dyurmia f(x) memepepsHa. MHOT'OYJIeHIB — HeIlepepBHUX (MYHKIIili, 3a
MOBU, III0 3HAMEHHUK APOOy He JOPiBHIOE

2) O6macts BusHauenna o¢yuxmii g(x): x#3, Zymo) ILI APODY fiop

T06TO D(g)z(—°°§3)U(3§+°°)- Tomy B KOMXHOMY i3 3aBmaHb IIOTPiOHO

I pobGoBo-parionanbHa GYHKI[iA g(x) € Hemepeps- ' 3HaliTy o6iacTh BHM3HAUEHHS (QYHKIII Ta mO-

HOIO B KOJKHIi# Tourri ii obsacTi BU3HAUEHHS. piBHATH ii i3 3agaHUM IIPOMIiKKOM.



§ 28. ToHATTS rpaHKLL DYHKLLIT B TOYLL Ta HEMNEPEPBHOCTI DYHKLLiT

IIpomiskox [5;+o<>) IMOBHICTIO BXOAUTH TO 00JaCTi
BU3HaUYeHHA Iliel QYHKIiI, TOMy B KOXKHill TouIli
MPOMIKKY [5;+oo) dyuruia g(x) memepepsHa.
3) IIpomiskoK (O;+<><>) MIiCTUTL TOUKY 3, AKa He
BXOUTH 10 obiacri BusHaueHHsa QyHrmii g(x).
Omxe, y Iifh TouIi QyHKITiA g(x) He MOXKe OyTu
HemepepBHOIO (OCKinbKY He icHye sHauenHs g (3)).
Tomy pyHKIIA g(x) He € HeIePEepPBHOIO B KOXKHIN
TOYIl MPOMiKKY (O;+oo). <

Mpukrad 2

3’sacyiiTe, 10 AKOTO Un

Posp’azanuga

P IIpoGoso-pamioHanbHa (QyHKIia [ (x) € meme-

(x#5). Yucao 0 BXOIOUTH 0 00JacTi BU3HAUCHHS
miel gyuxnii, romy npu x — 0 3HadyenHsa

0°-1 1
(x)>f(0)= =—
! f 0-5 5
Bionosiov: % <
o SHAUITh:
Mpukrad 3
1) lim (x® +2x-1);
x—3
Po3sp’a3zanna

» 1) Muorounen f(x)=x®+2x—-1 ¢ memepeps-
HOIO (DYHKITI€I0 B KOXKHIiH TOYIi YMCJIOBOI ITPAMO],
romy lim (2% +2x-1)=1(3)=3%+2.3-1=32.
x—3 9 9
x f—

x-5
€ HellepepBHOI0 B KOMKHIiN Touri ii obyacti BuU-

2) ITIpo6oso-parmionansra pyurmia f(x)=

suauvenus (x#5). Yucao 1 BXOJUTH 10 00JacTi
BU3HaAUYeHHA IIiel QyHKIII, TOMy

2 2
lim=2"2—r1)=1=2_g,
x—=>1  x-5 1-5
3) Ilpu x#1
2
x 1=(x 1)(x+1)=x+1=(p(x).

x-1 x-1

SKI0 IPOMisKOK IIOBHICTIO BXOAUTH OO 00-
JacTi BuUBHAUYeHHS BigmoBimHoi (QyHKIII, TO
GyHKIIS Oyme HemepepBHOIO B KOMKHIN HOTO
Tourti. I HaBmaku, (PYHKIiA He Oyme Helle-
PEepPBHOIO B THUX TOYKAX, SIKi He BXOIATH IO
ii obsacTi BuU3HAUEHHA.

3a3HaunMo, IO KOJM B TOUIlL X=a He BU-

KOHYETBHCSA yMOBa limf(x)z f(a) , TO (PyHK-
x—a

miro f (x) Ha3WBAIOTh PO3PUBHOI0 6 MOuUl a

(a TOUYKY @ — moukow po3puey PYHKuii f(x) ).

. x° =
cia npamye dyarmia f(x)= opu x —0.
x—
KomenTap
dakTUUHO B YMOBi B3amaui HmeThcsa IIPO

BHAXOMKeHHs rpamuni ¢Gyurmii f(x) mopm
x—0.

IlpoGoBo-pamionanbaa (QyHKmia f(x) e He-

sHaueHHa (x#5) fK uacTKa IBOX HeIepepB-

HUX (QYHKIiNT — MHOTOUYJEHiB. ¥YpPaXOBYIOUU
e, omep:Kyemo, mo mpu x —0 3HaueHHsS

f(x)—£(0), To6rO liir%)f(x)=f(0).

x2-1

2) lim

x—1 x-5

3) lim

x—1 x—-1

b

Komenrap

Mmuorounenu i apobGoBo-pamioHanbHi (GyHKINI
€ HeIepepBHUMHU B KOMKHi#M Toumi ix obiacreit
BU3HaueHHA. Ile o3HaUae, 110 B TOMY BUIAAKY,
KO YMCJO a (IO AKOro MpPSAMYE X) BXOAUTH
1o obnacri BusHauenHs gyuknii f(x) (saBzan-
Ha 11 2), ogepaxyemo lim f(x)=7(a).

SARmo K 4Ymcao a He Bxx_o)j:lm'rb o obJjacTi BU-
suavenHsa Qyukuii f(x) (saBzamua 3), To mpH
X#a CJiJ BUKOHATU TOTOKHI IE€peTBOpEeH-
Ha Bupasy f(x), omepsxatu (QyHKLio, 03Ha-
YyeHy OpU X =a, i BUKopHCTaTu ii HeIepeps-
HicTh, mpu X =a (Oaa 3aBmaHHA 3 Ie PYHKIiA
(p(x)=x+1 mpu x=1).
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Harapaemo 0 3 TIO3HAUEeHHA X —> A BUILIU-
- -1 . (x-1(x+1) 4 » ™
Toxi lim = =lim = Ba€e TiJILKM Te, II0 X OpaMye n0 a (aje He
x—1 x—1 x—1 x—1 ,
000B’s3K0BO HabyBae 3HaueHHA a). Tomy mpu
x—1 sHauennsa x+1— 1+1=2.

=lim(x+1)=0(1)=1+1=2. <
x—1

1. TIloscuits, mo osHauaioTh 3anucu x —a i f(x)— B.

3anumaHHg 2. TloscHirth, mo osHauae samuc lim f(x)=B.
x—a
3. drmo mpu x—a f(x)>A i g(x)>B, To 10 AKUX uUHECcesN HpU
X —a TpAMYyBaTUMYTH (PYHKILiI: f(x)ig(x); f(x)'g(x); f((xi
g(x

(axmo B=#0)?

4. Koau dyuxruito f(x) HasuBaioTh HemepepBHOIO B Touli a? HaBexits
MIPUKJIATA.

5. $xy ¢yEKIil0 HasuBalOTHL HelepepBHOW Ha mpoMixkky? IIlo MoxxHA
ckasaTu Ipo rpadik Taxkol QyHKINI Ha PO3TIALYBAHOMY IPOMIiMKKY?

6. Ha axiit BracTuBOCTI HemepepBHOI DYHKIIII I'PYHTYETLCA MeTO iHTep-
BaJIiB, 32 JOIIOMOIOI0 SKOT0 PO3B’A3YIOTH HepiBHocTi Buxy f(x)Z07?
IToscHiTs, cunmparounchk Ha rpadiuny igrocTpaiiiio, ciIpaBemJNBiCTb
Imiei BJIaCTUBOCTI (IWMB. iHTEPHET-TMiATPUMKY HiAPYYHHUKA).

28.1. Yu e QyHKIiA HellepepBHOIO B KOMKHiil TOUIl JAHOTO IIPOMIMKKY:
Bnpau 1) f(x)=x2—3x, (E— 3) F(0)=2"2 [240)2
x_
2) f(x)— , (05+00);

28.2. 3’acyiite, 10 AKOTO YHCJA IPAMYE (QYHKINA f, AKIO:

2
1) f(x)=x2-5x+1 mpm x—1; 3) flx)=2 rx opu x ——1;
2) f(x )—2"+ npu % —2; 4) fx)= npu % 3.
3 _ 7 x“-x
28.3*%. 3Bmaiigits:
. 2 . x+2x +x2-16
1) lim(x%+x+5); 2) lim =25, 3) lim =2 4) lim .
x—2 x—>-1 4x+1 x%3x _9 x—>-4 x+4
28.4. Po3p’sKiTh HepiBHiCTHL MeTOJOM iHTepBAaIiB:
2
1) (x?2-9)(Vx-1-1)<0; 3) 3x —2x71 g,
vx-3 -1
2) M>O; 4) N2x-2-2 .,
2x-1 x*-16

28.5. 3BmaiigiTe obsacTs Bu3HAUEHHA (DYHKITII:

x-5 4 2
1) =4‘/—; 3) y=+/(x*-4x2+3)
y 2—\x+2 y \/ .

2) y=(e—E1) 1) y{ﬁJz-

x—4



OCHOBHI BJIACTUBOCTI FPAHULII ®YHKLI

29.1. loBeaeHHs1 OCHOBHUX TeopeM Mpo rpaHuui

Tabaus 42

1. O3Ha4eHHA rpaHmui ¢yHKUii B TOouYLi

Yucao B HA3UBAIOTh 2PAHUYEI0 QYHKUYIL f(x) y mouyi a (Ipu x, 10 IPAMYE [0 a),
AKINO AJd OyAb-AKOTO JOJATHOTO YMcja € 3HalifleThcda TaKe AOJAaTHE YUCJIO O,

limf(x)=B _ . e
x—a 110 IPpU BCiX X #4a, AKi 3a0BOJIBHAIOTH HEPiBHiCTH |x—a|<6, BUKOHYETHCA He-
piBHiCcTH |f(x)—B|<€.
2. OCHOBHi TeopeMM nNpo rpaHuui PyHKLii
chl_rg c=c¢ I'paunis cranoi GpyHKIIl mopiBHIOE Iil camiil crasiii.
T'panuna cymm (pisHuiti) aBox @QYHKIIN OOpiBHIOE
lim (f (x)tg (x)) =lim f(x)+1im g (x) cymi (pisHuIi) ix rpaHuIlh, AKIIO I'PAHUI AOJAHKIB
x—a x—a x—a icHyOTH
lim (f(x)-g( x)) =lim f(x)-lim g (x) I'pauuis qo6yTKY OBOX (DYHKIIiM MOPiBHIOE HOOYTKY
x—a x—a x—a iX T'paHUIlb, SKIIO TPAHUI[I MHOYKHUKIB iCHYIOTB.
lim (¢ f(x))=c-lim f(x) Crajnuii MHOKHUK MOKHA BUHOCHTH 3a 3HAK rpa-
x—a x—a HI/II.[i.
f(x) chlftll f(x) T'panuisg yacTKu ABOX (PYHKIIiNT AOPiBHIOE YaCTIIi iX
lim = (me 31c1—1>1¢1:g (x)=0) TPaHUIb, SKINO TPAHUIIl YMCEJbHUKA I 3HAMEHHHUKAa

xoa g(x)  limg(x)

xoa icHYIOTH i rpaHUIA 3HAMEHHWKA He MTOPiBHIOE HYJIIO.

Teopema npo edunicmdv zpanuyi
Armo Qpyaxmia [ (x) Yy TOYIIi @ Ma€ TPaHUIIO, TO I TPAHUIA €IUHA.

Axmo lim f(x)=A, lim(p(x)=B , IPUYOMY B JeAKOMY OKOJI TOYKM @ (KpiM, MOMKJINBO, caMmoi
xXx—a xXx—a
TOUKHU @) CIIpaBeJJNBa HEPiBHICTH f(x)<(p(x) , To A<B.
I'panuuys npomixcuoi @Qyuruyii. SKITO lim(p(x)=B, limg(x)=B i B IeAKOMY OKOJII TOUKH @
x—a x—a

(KpiM, MOKJIMBO, caMOi TOUKHU a) CIIpaBeAJiBa HEPiBHIiCTH f(x)< (p(x) < g(x) , TO limf(x)= B.
x—a

3. NMoOHATTA HEecKiHYeHHO Manoi YHKUiT Nnpyu X —a

dyuknio f(x), BusHAUEHY B JeAKOMY OKOJI TOUKM @, HABUBAIOTH HECKIHUEHHO MO0 QYHKUYIEIO

IpU X, IO NpAMYE A0 a, axmo lim f(x)=0.
x—a

4. BnactMBOCTi HECKiHYEHHO Manux GyHKLiN

1. Axwo pynruii ox) i B(x) meckinuenno mani npu x —a, mo ix cyma o(x)+p(x) i dooym-
ku o(x)-Blx) ma c-o(x) (de c=const) mexw e neckinwenno marumu GyHKyiamu npu X —a.
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2. Sfxio GyHKIig B(x) HEeCKiHUYeHHO MaJja IpU X —>a i AJd BCix X, AKi 3aJ0BOJIBHSIOTH YMOBY

| x—a | <0 (kpiM, MOMKJINBO, X =a), BUKOHYEThCA HEPiBHICTD | olx) | <

TeX HEeCKiHUeHHO MaJa opu x —>a.

B(x)

, TO QYHKITiA olx) —

5. 3B’A30K O3Ha4eHHA rpaHuui YHKUii B TouLi

3 HEeCKiHYeHHO MannMK YHKLiAMM

limf(x)=Ae f(x)=A+alx), ze o.(x) — HeckinueHHO Masa QYHKIIA OPH X — .
xX—a

MOACHEHHA 1 OBI'PYHTYBAHHH

o 3HaxopgKeHHA rpaHuui ¢yHKLUiT B To4li 3a O3HAYEeHHAM

IIpoinfocTpyemMo 3acTocyBaHHS O3HAUEH-
HA rpaHuni (GpyHKIil B TOUIli, HaBeIeHOTO
B Tabis. 42, 10 OOTPYHTYBaHHSA TOTO, IO I'pa-
Huna ¢yakuii f(x) opu x, mo npamye 1o a,
nopiBHIOE B. Y HaWOpocTilmux BUIIAZKAaX Ta-
Ke OOI'PYHTYBaHHS IIPOBOAATH 38 CXEMOIO:

1) Oana OdosinvHozo 0odamHoz0 uwuUCaA €
pO32120a0Mb HepieHicmb | f(x)-B | <&g;

2) npu 8cix 3HAUEHHAX X#a 3 0esaK0z0
OKOJLY MOYKU a 3 uiei HepieHocmi 0depircy-
10Mb HepigHicMb |x—a|<8;

3) MOACHIOITH (CIMpalmYuch HA PiBHO-
CUJIbHICTh BUKOHAHUX IE€PETBOPEHb HEPiBHO-
cti abo Ha BJIACTUBOCTI HEPiBHOCTEMH), W0 npu
odeprcanomy sHavernHi O (AKe 3aNUCYIOTH Ue-
pes €) 3 HepigHocmi |x—a | <0 (upu x#a) Bu-
ILINBA€ HepiBHiCTH | f(x)-B | <g;

4) suKopucmosyil 03HAYEeHHs 2PAHULL
@PyHKYil 6 mouyi a, pobaiamb 6UCHOB0K:

lim f (x)=B.

x—a

Bukopucrosyioun o3HaueHHs IpaHuIli (pyHKIiI, mepeBipre, IO

Mpukaad 1 lim (2x+3)="7.

x—2

Po3sp’azannsa

P Hexait f(x)=2x+3 i ¢ — gesixe gogarue uncio (€>0).

Posraaremo HepiBHiCTH

|f(x)-T7|<e

i sHafizemo Take uncao 0>0, o6 3a ymMoBH |x—2|<6

BUKOHYyBaJjacsa HepiBuicTh (1).

OcKinpku

| () -7|=](2x+8)~7|=| 26— 4|=| 2(x~2)|=2| x -2

3ayBa)keHHA. fIk Oa-
uyuMo, Bubip O 3aJIeKUTDH
(1) BiJ 3aJaHoOro 3HAUYEHHS €.
o6 wmigxkpecauTu I1ei
dakT, iHOmi BamHCYIOTH
5=05(e).

3asHauymMo, IO TOY-
, Ka a, y AKill posTriIamaioThb
TpaHuIfio, MOXKe HaJjexka-

TO HepiBHICTH |f (x)—7|<£ piBHOCHJIBHA HEpPiBHOCTI
2|x—2|<8, fAKa, Yy CBOIO Uepry, piBHOCHMJIbHA HEPiBHO-

. € £
cri |x—2|<E . Tomy AKIO obpaTu 5=E , TO 32 yMOBU

| x—2 | <0 OyZe BUKOHyBATHCS HEPiBHICTH | (2x+3)-7 | <e,

a 1me # osHagae, mo lim(2x+3)=7. <
x—2

T o0JacTi BU3HAUEHHS
dynxrmii f(x) (ax y mpu-
kgani 1), a moske i He Ha-
Jdexxkartu i (AK y mpu-
KJyani 2).
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2
Mpukaad 2 Tosesir, mo lim=>——2=6.

x—3 x—3

Po3sp’a3zannsa

2
» Hexait f(x)= x -9 i €>0. Toxi Ha obmacri BusHauenHsa GyHrmii f(x) (upm x#3) maemo
x_ x%-9
| f(x)-6|= ;6 =|(x+3)-6|=|x-3|.
x—

SIkmo obpatu d=€, TO OLEPKUMO, IIO |f(x)—6|=|(x+3)—6|=|x—3|<£, fAK TiJIBKHU |x—3|<5.

x2-9

Tomy 3TifHO 3 O3HAaUeHHAM IpaHumi lim =6. <
x—3 x—3
ﬂpuK/\aa 3 HoBeniTs, 1o rpaHuIlsa crajol GyHKIIl JOpiBHIOE Tifl camiil cramii.

Po3sp’azannsa

P Hexait f(x)=c pgna Bcix x i3 mesxoro oxomy Touku a. Tomi mus Oyab-sroro €>0:

|f(x)—c|=|c—c|=0<£ IJs Beix x 8 o6paHoro oxkoixy Touku a. Tomy limf(x)=lime=c. <
x—a x—a

UPUKAaa 4 HosexiTs, 1m0 limx=a.

x—a

PosB’azanuga

> Hexait f(x)=x i BuGpane gesike momaTHe umciao €. SKmo Baatu 0=£>0, ogepKUMO, IO

|f(x)—a|=|x—a|<£, AK TiIBKU |x—a|<5. OTxe, 3a o3HaueHHAM rpaHuni limx=a. <
x—a

ﬂpuk/\aa s Ilosexits, mo limx?=0.

x—0

Po3sp’azanna

» Hexait f(x)zxz i obpamo mesake momaTHe umcao €. Km0 B3ATH 8=\/g>0, OJIEP:KUMO, IO

|f(x)—0|=|x2 |<8, AK TIIBKT |x—0|=|x|<6. ToMy 3a O3HAUEHHAM T'PAHUIL lin(l)x2=0. <
xX—

OCHOBHi Teopemu npo rpaHmLi ® Bazamo £>0. dxmo limf(x)=A, 1o
dyHKUii. TIOHATTA HeCKiHYeHHO xoa
Manoi d)yHKui'f npu x—a 3HAUJeThCsI TaKe YICJO 81 >0, mo mnpwu

| x—a | <9; (kpiM, MOXKJINBO, X=a ) BUKOHY-

3a 0IOMOroX O3HAUYEeHHA I'PAHUIl QyHK- eThbes HepiBHICTD

il MOKHa HOBECTH TaKOK TeopeMy IIpo rpa-

€
HUII0 CYyMH ABOX (DYyHKIIii. |f(x)_A|<E° 1)
Amnajsoriuno, saxmo lim g(x)= B, To 3Ha-
Teopema. T'panunsg cymu mBox (yHK- x—a
il MOpPiBHIOE cyMi iX rpaHUIb, SKIIO HaeTbCsa Take 4ucyIo Oy >0, 110 Ipu |x—a | <9,
rPaHULi JOJAHKIB iCHYIOTB: (kpiM, MOXKJIVBO, X =a) BUKOHYETbCA HEPiB-
HiCcTb

lim (f (x)+g(x))=1lim f (x)+lim g (x). c
x—a x—a x—a |g(x)_B|<E (2)
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fAxmio Bubpatn Ax umeao O HallMeHIIe
3 uncesn §; i 8, (e MOKHA IO3HAYMUTH TaK:
8=min{8;;8,}), To mMm BuGepemo cminbHY
YacTUHY 000X OKOJIiB TOUKH &, i 1pu | x—a | <0
(KpiM, MOKJINBO, X =a) OyAyTh BUKOHYBaTHU-
ca obuaBi HepiBHOocTi (1) i (2). Toxi, ypaxoBy-
I0UM O3HAYEHHsA I'PaHHUI (PYHKILI Ta 00rpyH-
TOBaHY B m. 1.2 HepiBHiCTH |a+b|<|a|+|b|
(MOAyJ b CYyMH He TEPEeBUIIYE CYMU MOIYJiB
IOMaHKiB), oaepmyeMo
|(f (x )+g( (A+B)|
| (x)- A g (x) B |
<|f(x)—A|+|g(x)—B|<E+E=e.
A 1e 71 o3Hauae, II10
lim (f(x)+g(x))=A+ B, To6TO
x—a
lim(f(x)+g(x))=lim flx)+limg(x). O
x—a x—a x—a
i moBeneHHA BJIACTUBOCTEN T'paHUILL

ITOOYTKY i YacTKM (PYHKI[IH 3PYyYHO BBECTH
TOHATTA HEeCKIHUeHHO MAN0L PYHKUIL.

OsHayeHHa. Pymrmia f(x), Bu3HauYeHa
B IeSIKOMY OKOJIi TOUKH 4, HA3UBAETHCH He-
CKiIHYeHHO MaNnol QYHKUIE npu X, u,0

npamye do a, axmo lim f(x)=0.
x—a

Hanpuknan,
1) lin(1)x=0 (muB. mpukJgazn 4), oTXKe,
x—

f(x)=x — HeckimuemHO Masa (QYHK-
mia npu x —0;
2) lim x2=0 (muB. mpukJganm 5), OTKe,
x—0
f(x)=x? — HeckiHueHHO Masa QYHK-

mig opu x — 0.
]

3aysarkenHa. Axmpo limf(x)=A,

x—a
TO Ie eKBiBaJeHTHO TOMY, II[O

flx)=A+o(x), me o(x) — meckin-
yeHHO MaJja (QYHKI[iA Ipu X —a.

® JlificHO, AKIIO PO3TJIAHYTU (DYHKIIiIO

olx)=f(x)-A, 3)
TO
limo(x) = lim(f(x)—A)z limf(x)-1lim A=

=A-A=0. A 1e I o3Hauae, L0 (PYHKIiA

o(x) e HeckiHueHHO MaJo0 IpU X —>a . Aje
Toni 3 piBHocTi (3) omep:KyemMo, IO
flx)=A+o(x), ne alx) — HeckinueHHO Ma-
Ja pyHKLig npu x —>a. O

Bnracmueocmi HecKiH4eHHO
manrux QYnKyil

1. Arxwo pynkuii alx) i Blx) neckin-
yenno maninpu x —a, moix cyma o(x)+B(x)
i dooymru a(x)-B(x) i c-alx) (Ge c=const)
mejit € HeCKIHYeHHO MALUMU PYHKYIAMU npu
x—a.

2. Arxwo ¢ynruia P(x) wneckinwenno
Mana npu x —a i 01a 8cix x, AKi 3a00680.1b-
HANOMb YMO8Y |x—a|<8 (kpim, moxcaueo,
x=a), BUKOHYEMbCA HepieHIiCcMb
loux) | < , mo @yuryis olx) mex ne-
CKIHYeHHO MANLA NPU X — 4.

@ s\ JoBemiTb Li BNacTMBOCTI caMocTinmHo (ne-

U pPeBIpUTU MPaBUbHICTb LOBEOEHHS BWU
MOXeTe, 3BePHYBLUMCA [0 IHTepHeT-Nig-
TPUMKN NIOPYHHNUKE).

HoBenemo meopemy npo zpanuyto 00-
oymry.

® fxmo limf(x)=A, To me exBiBamenT-
x—a

Ho Tomy, mo f(x)=A+alx), me olx) —
HEeCKiHUYeHHO MaJia QYyHKIIiA Opu x —a.

Ananoriuno, akmo limg(x)=B, To 1€
x—a

exBiBasenTHO Tomy, mo g(x)=B+B(x), me
B(x) — meckimuemmo mama (YHKIia mpu
x—a. Toxi f(x)g(x)=(A+a(x))(B+B(x))=
=A-B+ AB(x)+ Bo(x)+o(x)p(x).

YpaxoByouu BJIACTUBOCTI HECKiHUEHHO
Manaux (PYHKINA, odep:KyeMo, IO (PYHKIIisa
o(x)=AB(x)+Bo(x)+o(x)B(x) — meckin-
YEeHHO MaJjia.

Omxe, f(x)-g(x)=AB+¢(x), ne ¢(x) —
HeCKiHUeHHO MaJjia (DYHKIIid, a Iie i o3Hauae,
1110 li_r>n(f(x)g(x))=A~B, TO6TO

x—a

lim (f(x)-g(x))=limf(x)-limg(x). O

xXx—a x—a xXx—a

T'parung mo0yTky aBox (QyHKIiii gOpiB-
HIOE MOOYTKY IX TpaHUIb, SKII0 TPAaHUIL
MHOSKHUKIB iCHYIOTb.
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BukopucToByIOUM METOJ MaTeMaTUIHOL
iHAyKIil, mpaBuaa OOUYMCIEHHSA I'PAHUIL Cy-
MU i JOOYTKY MOJKHA y3araJbHUTU IJA [10-
BispHOI KiJgbKOCTi gomaHKiB ab0 MHOMK-
HUKIiB.

3a mpaBuUJIOM OOUYMCJIEHHS T'PAHUIL I0-
OYTKY OLepIKyeEMO:

llm(cf(x))—hmc limf(x)=clim f(x).

x—a x—a x—a
Oroxe,
lim (¢ f(x))=c-limf(x),
xX—a xX—a

TOOTO CTAJHUH MHOKHHUK MOSKHA BHHOCHUTH 32
3HAK T'PAHUILI.

Mpukrad &

x—1

T'parunga yacTem aBoX (PyHKLiH TOpiB-
HIOE YaCTIi iX IpaHWIb, AKII0 TPAHUI UM-
CeJIbHUKA 1l 3HAMEHHHMKA iCHYIOTH i rpaHuUIlA
3HAMEHHUKA He JOPiBHIOE HYJIIO.

£(x) lim £ (x)
) ™ g 7€ lmeg(x)=0).

x—a

I3 [oBeAeHHAM L€l TeOpeMU Ta IHLUKX BNacTu-

UJ BOCTeN rpaHMLLb YHKLIM i MPaKTUYHUMMN Npur-
MoMaMu OBYUCIIEHHS FpaHNLLb YHKLIA MOX-
Ha 03HaMOMUTUCS, 3BEPHYBLUMUCA OO iHTEepHET-
NigTPUMKM NIAPYYHMKA.

3HangiTe lim (sz —-bx+ 6) .

Poss’azanuga

P BacTocoByrooum TeopeMu IIPo TPAHUIlL CYMHU, Pi3HHUII Ta JOOYTKY, ofepxyeMo: lim (3362 —-bx+ 6) =
x—

x—1 x—1

x—1 x—1

=1in}(3x2) 11n}(5x)+11n}6 3limx2 —5limx+ 6 = 3(11mx)(limx)—5-1+6=3-1~1—5+6=4.
xX—>

Bidnosiov: 4. <

29.2. OQHOCTOPOHHI rpaHuLi

B osmauenni rpamuii @ymkiii B TouIi,
HaBemeHoMmy B 1. 29.1, aprymeHT X HaOyBae
BCiX 3HAUYeHb i3 O-OKoJy TOUKH a (Kpim,
MOJKJINBO, X =a) AK JiBOpPYyY, TaK i mpaBopyd4
Bim a.

SKmIo mpw 3HAXOM:KEHHI I'paHUIl PO3-
TIAZATY 3HAYEHHA X TiJIBKU JiBOPYY BiJ TOu-
KU @, TO TaKy I'PAHUII0 HA3WBAIOTHL J1i6010,
abo 1i60CMOPOHHBOW, 1 TMO3HAYAIOTH

lim f(x) a6o f(a—0). Axmo posraazatu

x—a-0
3HAYEHHA X TiJIBbKU IIPAaBOPYY Bill TOUKU @, TO
TaKy I'PAHUII0 Ha3WBAIOTL Nnpasgoio, abo npa-
60CMOPOHHBOMW, i TO3HAUAOTh lim f (x) abo
f( a +0). x—a+0
JIiBOoCTOPOHHI Ta MPaBOCTOPOHHI I'paHUIIL
Ha3MWBaIOTL 00HOCcMOpoHHimu. Koau posris-
IaloTh OOHOCTOPOHHI rpaHuii B Touri x=0
(nmpu x —0), 3anKc CUPOIIYIOTH i BaNMCYIOTH

misa smiBocropoHHBOI rpamummi lim f(x) a6o
x—-0

f(-0), a mIa MpPAaBOCTOPOHHBOI T'PAHUIL —
lim f(x) a6o f(+0).

x—>+0

O3HaveHnHsa. Ymeao B, , Ha3uMBaeThLCA Mpa-
BOCTOPOHHBEOI0 rpaHuuero ¢ynkmii f(x)
y TOUlli @, AKNIO OJA DOBiJIBHOTO YHCJA
¢>0 3HalimeTsca Take uyuciao 0>0, mo
IJIs Beix x 3 o0JiacTi BU3SHaYeHHA (PYHKIIT,
AKi 3aJ0BOJBHAKTE YyMOBY a<x<a+0,
BUKOHYETHCSI HEPiBHICTH

|f(x)—B+|<a. (1)

AmnajyioriuHo gamTh O3HAYEHHS UYHCJIA

B =f(a-0)= lim f(x) sk nieéocmoponnvoi
x—)a*

epanuyi pynkuii f(x) y mouyi a. Tyr He-
piBHiCTB
|7(x)-B_|<e (2)

Mae BUKOHYBATHUCA IOJA BCiX x i3 jiBoi uwacTu-
HU O -OKOJIy TOUKHU A, TOOTO mpu a—0<x<a.

3a3HauMMO 3B’SI30K MiK OJHOCTODPOHHI-
MU TPAHUIAME Ta rpaHuner GyHKIIl B mes-
Kif TouIlli a.
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® fxmro umcao B € rpaHuUnen (GyHKILil
f(x) mpu x —>a, To HepiBHicTb

|f(x)-B|<e (3)
cIpaBeinBa AJIsA BCiX 3HAUEHL X i3 O -OKOIy
rourku a (x#a). Toxi A HepiBHiCTD cIIpaBes-
JUBa IJA BCiX 3HaUeHb X i3 JiBOI IOJIOBUHU
BKAa3aHOI'0 0-OKOJY i ;s Bcix x 3 il mpasoil
HOJIOBUHU, TOOTO iCHYIOTHL JIiBOCTOPOHHS
i TpaBOCTOPOHHS I'PAHUIIL B TOUIIi @, i IIi rpa-

Huti gopisuoiors B. Tomy akmo lim f(x) =B,
x—a
to lim f(x)= lim f(x)=1limf(x),
x—a-0 x—a+0 x—a
B_=B, =B. Cunpasejnuse i obepHeHe TBep-

TOOTO

MUKeHHA: HAKI[0 BUKOHYETHLCA PiBHICTH
B_=B, =B, 1o limf(x)=B.
x—a

HificHo, akmo B_ =B, =B, To HepiBHICTb
(1), AKka BM3HAYAE iCHYBaHHS IPAaBOCTOPOH-

HBOI rpaHuIi (GPyHKI[ii, BUKOHYEThCA i 3JiBa

Bim TouKm a (3rimHo 3 HepiBHicTiO (2)). Aue

Tomi HepiBHiCTD (1) PaKTHUUHO IIEPETBOPIOETH-

cs Ha HepiBHicTh (3), i Tomy lim f(x)=B.
x—a

Y 3B’A3KYy 3 UM MOKHa copmyiroBaTu
TaKUHU KPUTEPili.

Kpumepii icnyeéannsa zpanuyi. Jdasa Toro
mo6 y Touli x=a icHyBajJa rpaHunsg B
dbynxknii f(x), HeodxigHo i TocTaTHRO, M06
y uiii Touli icHyBaja JIiBOCTOPOHHA rpa-
gung ¢yskuii f(x), 10670 B_=f(a-0),
i mpaBocroponns rpamuna gysknii f(x),
To6T0 B, =f(a+0), i m06 BoHU MOpiBHIO-
BajJu ogHa ofHii: B_ =B, =B, npu upomy
limf(x)=B. O

x—a

3’dAcyiiTe icCHyBaHHA TPAHUIl B TOUIl 2 IJad (PyHKILI

UKAA
np ka0 Fx)= 2x+3npux<2,
4 pu x > 2.
Po3B’a3annsa 7
P 3amama (QyHKIia Bu3HAueHAa Ha BCill uYMCIOBIM mIpaMiii.
3HaliZeMo OJHOCTOPOHHI rpanui miel GyHKIII B Touni x =2. 4
f(2-0)= lirzn0(2x+3)=7 (muB. mpuxigax 1 mo m. 29.1); 3
x—2-
f(24+0)= lim 4=4 (zus. nmpuxiazg 3 o m. 29.1).
x—2+0
Omxe, f(2-0)=f(2+0), romy 3agaHa QyHKLis He Mae rpa- 7 0 9 .
HUIL B TOUIll X=2 1 He € HeIepepBHOIO B I[iil TOUIIi.
(Tpadix pysKImii 306pakeno Ha puc. 29.2.1.) < Puc. 29.2.1.
. sinx
29.3.paHnua BigHOLIEHHS npu x—0
X
ITro rpasuIo 3a3BUYall HA3UBAIOTH NePuLoio 4Yydo80i0
2paHuyero, 11 4acTo HOBOAUTHCA BUKOPUCTOBYBATH IPU 3HA- y
XOMKeHHI 'paHUIlb TPUTOHOMETPUYHUX (PYHKITIHA. B D
Teopema. lim S 1.
x—0 x x ¢
® Jlogedenns. MoykHa BBasKaTu, IO X HaOyBae TiIbKU
IOmaTHUX B3HaueHb. lle BuUmJImMBaAEe 3 TOTro, M0 (PYHKILiA 0 A |C
sinx . .
flx)= € MapHOI0 (DYHKI[I€I0, OCKIIBbKU
x . . .
sin(-x) —sinx sinx
fl—x)= = = =f(x).

—X —X X

Puc. 29.3.1

|
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Ockinpkn x —0, To, mMoumHAaKUM 3 Je-
AKOT0 3HAUYEHHdA, X IOTPAILISIE B IIEPIIY

s
uyBepTh. TOMy MOKHA BBaKaTH, M0 0<x < —-.
2

Ha puc. 29.3.1 300pakeHo ogUHHYHE KOJIO,
Ha AKOMY BiKJIaJleHO KYyT B X pafiaH i mpo-
BemeHo JiHito TaHreHcis CD. YpaxoByoun
O3HAUEHHs CUHYCA i TaHTeHca uepe3 OJUHUY-
He KO0JIo, omep:kyeMo AB=sinx, CD=tgx.
ITopiBasAemo mnori TpukyTHukis OBC, ODC
i cekropa OBC. IIi miomii 3aJ0BOJBHSIOTH
HepPiBHICTH

SAOBC <SceRT.OBC <SAODC' (1)

OckinbKu

1 1 . .
SAOBC :EOC.ABZE'l.mnx: Sllex ,

OBC:
, TO, IiACTaBJIAIOUN IIi 3HAUEH-

a 1mJjolma KpPYyroBOro ceKTopa

Scem*. OBC — E

HA B HepiBHIicTE (1), omep:KyeMO

sinx<x<tgx. (2)

. T .

Ockinabku O<x<—, TO sinx>0
2

(i cosx>0). Tomy, moxisuBINI; HepPiBHiCTE (2)

* <

sinx cosx
<1 (ypaxoByiouu HapHIiCTh

Ha sinx, omep:kumo: 1< . 3Big-

sinx
CH COSX<

x
, OIEPKYEMO, II0 IIs

GYHKIII cosx Ta

.. . T
HepiBHIiCTb BUKOHYETbCA i mpu ——<x<0).
2

Ane liml=1, limcosx=cos0=1 (pyHK-
x—0 x—0

mia cosx — HemepepsHa). Toxi 3a TeopeMoOIO

IpO TPaHHUII0 IPOMiKHOI (PYHKII Maemo

sin x 1. O

lim
x—0 x
sin x

Kpim rpanummi lim =1, yacTo BHUKO-

x—0 x
PUCTOBYIOTH Neski i1 Bapiamii (quB. inTepHeT-
OiATPUMKY miApy4YHUKa Ta Bupasy 29.7).

29.4.TpaHnusa pyHKUIT Ha HecKiHYeHHOCTi. HeckiH4eHHa rpaHuus
dyHKUiT. TpaHUUA NoCNifOBHOCTI

Ilig yac BuBUeHHS (PYHKIIiNI 4YacTO BUHU-
Kae mmoTpeda 3HAUTH IpaHUIo PYHKINI Ha He-
CKiHueHHOCTi, TOOTO TaKe uucjao B (4KIo BO-
HO icHye), mo Akoro mpamye (yukmia f(x)
Opy HeoOMe)KeHOMY 3POCTaHHi apryMeHTa X
ab0 KoJau X, 30iJBIIyIOUNCH 3a abCOJIOTHOIO
BeJIMUNHOIO, 3aJIUIAETHCA BiJl’€MHUM.

1
x“+1
OueBUAHO, 110 3i 30iMBIIEHHAM X 3HAMEHHUK
IpoOy 30iJbITyeThCA, i TOMY 3HAUEHHS APO0Y
cTae AK 3aBTOJHO MaJUM 3a abCOJIOTHOIO Be-

Posrasimemo QyHEOiIO f(x)=2+

anunHoo. OTike, 3HaueHHA (yHKIII f(x)
IpU Oy’Ke BeJIMKUX 3HAUEHHAX apryMeHTa X
MaJio BiApisHAeThCA Big uwmcaa 2. Y IbOMY
BUIIAAKy TOBOPATH, o (QyHKmia f(x) Mmae
CBOEIO0 I'PAHUIIEI0 YMCJIO 2 IPU X —>co, i IIU-
myTh: lim f(x)=2.

X —>00

OsHaueHHsa. Hexaii dpyskmia f(x) BusHa-
YyeHA HA BCill yucoBiil mpamii (a6o mpu
BCiX JOCUTH BEJIMKHUX 3a MOJYJIEeM 3HAUYEH-

HAX x). Uncao B HA3MBAETHCA I'PAHUICIO
f(x) mpum x —oo, AKmMO AJA TOBiTBHOTO
yucaa €>0 3Halgerscda Take uuciao M >0,
o IJId BCiX X, AKi 3a0BOJLHAIOTH YMOBY
|x | >M, BHMKOHYETHCA HepiBHicTH

|f(x)-Bl|<e.

V npomy Bunmanky mumyTs: lim f(x)=B.
X —o0

IoBexminka pyukmii f(x) Mosxe 6yTu pis-
HOIO IIPU X — —oco Ta MPU X —> +oo. Tomy mpu
IocJiyKeHHI ByacTmBOocTel (GyHKIIT iHomi

posrianaioTs okpemo lim f(x) Ta lim f(x).
X—>—o0 X—>+oo

IIi rpanuni o3HauaOTh aHAJOTIUHO JO O3HA-

yenHa lim f(x), Tinpkn ymoBy |x | >M 3awmi-
X —>oo

HIOIOTH BigmosiguHo Ha x<-M i x>M.
KpiMm posriaHyTHX CKiHUEHHUX TPaHUIb

dyurnii f(x) mpu x —a (abo mpu x —>oo),

BHKOPHUCTOBYIOTHh TAKOM IIOHATTA HeCKiHueH-

. . . 1
HOI rpanuni. Hanpukmian, dyuxkmia f(x) ==
x
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sAKa BU3HauUeHa mJjd Bcix x#0 (puc. 29.4.1),
HaOyBae AKWX 3aBTONHO BEJUKUX 3HAUEHb
npu x—0. Toxi rosopsATsh, [0 PYHKIA

B Tourmi x=0 Mae HeCKiHUEHHY TI'DPaHUIIIO y
. . 1
i mumryTh: lim— =oo,
x—0 x

OsHayeHHsA. Bymemo  BBaxaTu, IO

lim f(x) =0, AKIO AJA XOBITLHOTO YMCJIA

xXx—a

M >0 icuye Take umcao 0>0, mo aaa 0 X

BCix X, HAKi 3aJ0BOJBHAIOTH YMOBY

( ) A Puc. 29.4.1
| x—a | <d (x#a), BUKOHYETHCH HEPIBHICTH
|f(x)|>M .
I'panuysa nocnidoernocmi B OCHOBHOMY aHaJIOTiuHe O3HAUEHHIO I'PaHUII]
Hocuts mommpeHUMHU B Kypci MaTemMaTu- (pyHKIII Ha HECKiHUeHHOCTI.
KN € HecKiHueHHiI nocsidoeHocmi, TOOGTO OsHauyeHHa. Ymeno B maszuBaeThes 2zpa-
Qynryii y=1(n), 3adani na muoxcuni namy- Huyeio nocnidosnocmi f(n), axmo pxs
paavHux yucea N. 11106 migkpecauTu, 1Mo ap- IoBinbHOTO umcaa €>0 icHye Take 4HCIIO
TYMEHT Takoi QyHKIIii HabyBae sHAUEHb TiJIb- M >0, mo gasa Bcix n>M BUKOHYETHCS
KU 3 MHOKUHU HATYPAJIbHUX YHCEJ, HOT0 II0- HepiBHIiCTH |f(n)—B | <E€.
3HA4yawTh He X, a n. [Iad mocrigoBHOCTL f(n) JJ1s TpaHUIh IOCJiTOBHOCTI BUKOHYIOTH-
YacTo BUHUKAE HeoOXimHicTh sHaiiTu Ii rpa- cs Bl Bimomi BaM TeopeMu IIpo rpaHuii (Tiab-
HUII0O IPpU HeoOMeXeHOMY 3POCTaHHi apry- KM B iX (pOPMYJIIOBAHHAX CJIOBO «(PYHKIIisA»
mMeHTa 1 (n — +o). O3HaueHHA mmiei rpaHuUni 3aMiHIOETBCSA HA CJOBO «IIOCJiJOBHICTB»).
.. . 2x®—3x+1
”PUK/\aa SHaiigiTs rpaEumo lim ———

xoe 54 x% - i
Po3sp’ss3anHA
P BumeceMo 3a AY:KKHM B YMCEJILHUKY 1 3HAMEHHUKY HAWBUINUI CTEIiHL 3MiHHOI Ta CKOPOTUMO

YHCENBHUK | 3HAMEHHUK Ha X°. Toni

3 1 3 1
2x® ~3x +1 x3(2_2+3) 2T 22040
lim ——=1lim 5x1x = lim 5x1x:001:_
oo — oo (=5 + f—
x—e H+x" —x x— ] A | x— 73+7_1
X x X X
Bionosiov: —2. <
1. [aiire o3HaueHHs rpaHulli GyHKIii B Touni. CopmyaroiiTe i JoBediThH
3anumaHHg OCHOBHIi TeopeMHu IIPO T'PAHUIIIO.
2. IaiiTe osHaueHHA HecKiHueHHO Majoi GyHKIII npu x —a. Chopmy-
JIONTEe i JOBEeHiTh BJACTHUBOCTI HECKiHUEHHO MaIUX (PYHKITiH.
3. ChopmyioiiTe i 1oBeAiTH HEPINY UYAOBY T'DAHUITIO.
4. HaiiTe 03HaUeHHA IIPABOCTOPOHHBOI 1 JiBOCTOPOHHBLOI I'PAHUIL (HYHK-

mii f(x) y Toumi a Ta rpammmi dyHKIil Ha HeckiHueHHOCTI.
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Bnpabu

29.1.

29.2*,

29.3.

29.4.

29.5.

29.6.

29.7*.

Kopucryouncs o3HaueHHAM rpaHuIill QyHKILI, JOBeIiTh cIIpaBemIu-
BicTh piBHOCTI: 5
. . . x"—-bx+6
1) lim(4x-1)=3; 2) lim(8-2x)=0; 3) lim—F—=-1.
x—1 x—4 x—2 x=2
Kopucryouncs o3HaueHHAM T'DAHUILI TOCTiJOBHOCTI, MOBEAiTH CIIpa-
BeJINBICTH PiBHOCTI:

1 1im 2™ g 2) lim =2 o3,

n—oe  2n n—e  3n

Kopucryouncs TeopemaMu mpo TpaHuIli, JOBEIiTh, IIO:

1) muorouwren P(x) e HemepepBHOIO (DYHKIIi€I0 IIPH BCiX 3HAUEHHAX X;

2) parjioHanbHa (QPYHKI[iS HemepepBHaA IIPW BCiX B3HAYEHHAX X, IJA
AKUX 11 3HAMEHHUK He JOPiBHIOE HYJIIO.

YV AKMX TOYKAaxX Mae po3puB (PyHKIIiA (BiAIOBiAL OOTpPyHTYITE):

1) fx)=——; 2) glx)=——;
x+3 x“ -4
2
3) qﬂ@:ﬂ; 4) yl(x )_x—+29
x-2 x2+2x-3

Y zaBmamHax 29.5, 29.6 o0uucCIiTHL TPAHUIIO.

2—\/;. sinax
b

1) lim(x® -5x+3); 7) lim 13) lim :
x—3 x—4 4—x x—0 sinbx
X
2 sin—sin4x
. 2x+1 . 2 .
92) lim X =¥, 8) lim—>"%_:  14) lim—2
x—4 x—-3 x—2 \/; \/E x—0 25
) 3x% +7x-1 . x° in5
3) 111’1’1 X +i(x . 9) hmx \/; 15)1 SINOX COS X .
x>-1 23 4 4x% —2x +1 251y —1 x>0  arctgdx
. 2% —Tx%+5x-2 . AB-x -2 tg7 in2
4) lim2X —F TOXTE 10y 1im Y2ZE T2, 16) lim B XASINAY,
x—>-2 4x%+6x-8 -1 \J2—x -1 x—0 sin3xcosbx
2 3 2 3 2
. -x—6 ! -1 5x°—3x%+4x -6
5) lim > —*=°, 11) lim V4% =%, 17)lim X rAxh
x—38 x-3 x—0 X =1 Txt_8x%—5x+1
2
) —x-2 -3x+2
6) lim l; 12) im————— e
x—>-1  x+1 x—1 2\/_ e+
4x® —5x+1 -1 X +x+4
1) lim———— 3) lim ; 5) lim———;
x50 22 4 3+ T x—e0 3X+5 x> 32y
.3 4 3-8 . x°-3
2) llmu; 4) lim >=°%, 6) lim ~—°%
x—e g2 98 x—>°<>2x+4 x—00 x — x°

Kopucryounuch mepioo 4ya0BOI0 I'PaHUIEI0, TOBEHiTh il Bapialrii:
arcsinx . arctgx

1) limtg—le; 2) im———=1; 3) lim

x—0 x x—0 X x—0 X

=1.




ACUMNTOTU FPADIKA DOYHKLII

Tab6aumsa 43

1. O3Ha4yeHHa M inocTpauis

Acumnmoma Kpuéoi — ue mnpsMa, y
0 AKOI HeoOMEelKeHO HAaOIUKAECTHCI
KpuBa mpH il BigmajgeHHi HA HeCKiH-

YeHHICTb.
1 0 x
2. BepTMKanbHi acMmnToT (x=a) rpadika PyHKUiT y=f(x)
X=a — BepTUKaJbHA acuUMNOTOTa, BepTukajbHa acuMOTOTa X=a MOXKe OyTH B TOUIli a,
armo npu x —>a f(x) e SAKIIO TOUKa a oO0Meskye Bigxputi (a6o HamiBBIAKpuUTi)

OPOMiKKHK obJsiacTi BuU3HAUeHHS AaHol (GyHKIT i 6ixa
TOYKU @ (DYHKIiA IPAMYeE NO HECKiHUEHHOCTI.

IIpukaagy BepTHKAJBHUX aCHUMITOT rpadikiB yHKIii

y=—, D(y)=(=e=30)U(0; +<) y=tgx. D(y): x#snk, ke,
X
IIpu x >+0 y— oo

II o +oo; "io -
npu x——-0 y—>—co. pu x—)E y— ; Ipu x—)E y— .

— T
x=0 — BepTHKAJbHA ACHMIITOTA X =— — BepTHUKAJbHA aCHUMIITOTA
(y=0 — TaKOXX acumnmoma, aJje 20- 2
U30HMAJLHA) T y
P x=L1nk, ke Z
2 3n

3. Moxmni Ta ropusoHTanbHi acMMNTOTH (Y =Kkx+Db)

1. dxmo f(x) — npoboBo-pamioHanbHa (QYHKIA, y AKOI CTEHNiHb UNCENbHHKA HA OZUHUIIO
OinmpIMUil Bif cTeleHs 3HaMeHHHKA (abo JOpPiBHIOE HOMY), TO BHIIJIAEMO Iy YacTUHY JApPOOY
i BUKOPUCTOBYEMO O3HAUEHHSA ACUMIITOTH.

IIpuxknamu
x%+3x 2
Fl)=X3% i 2
x+1 x+1
IIpu x —> oo -0,
x+1

romi fx)—>x+2.
Orxe, y=x+2 — /
IIoxmijia aCuUMIITOTa

2 -

(x=-1 — Takox -
acUMIITOTa, aje

BEPTUKAJIBLHA).

1
Ilpu x —>e ——0, roxi f(x)—>2.
x

Omxe, Yy=2 — TrOpUBOHTAJbHA AaCHUMIITOTA
(x=0 — TakoK acCMMIITOTA, ajie BePTUKAJIbHA).




§30. AcumnToTn rpadika yHKLIT

2. YV zaranbHOMY BUNAAKY DiBHAHHA HOXMJINX 1 FOPUBOHTAJBHUX aCUMITOT Y=Kx+b MokHa
oZlepKaTu, BUKOPUCTOBYIOUM (hopmysau:

k=tim 1% 5o lim (f (x)—kx) .

X —>oo X X—>o0

i 3 00rpyHTYBaHHAM OCHOBHMX (POPMYJT i BNAaCTUBOCTEN, HaBedeHUX y Tabn. 43,
U MO>Ha O3HaVOMUTICS, 3BEPHYBLUMCb OO0 iIHTEPHET-MIATPUMKN MigPYYHMKA.

2
X

NPMK/\aa BHalgiTh MOXUIy acuMITOTy rpadika ¢yukrmii f(x)=
x—

Posp’azanuga

P ByzeMmo ITyKaTw DOXWJIY aCUMITOTY y BUTVIAAL y=kx+b, ne k i b 3HaxoqaTh 3a HaBexe-
HUMU Buile (popmyaamMu:

2
potim 2 iy g1 g,
x—00 X x—>o<>(x—]_)x x—)wx(l_) w1 1-0
x x
. . x? . x . x . 1 1
b=lim (f(x)—kx)zhm(——x]z lim =1lim = lim = =1.
X —>00 x| x—1 x>0 x—1 x—eo 1 X—>o00 1 1-0
x(l—) 1-—
x x

AcumnToromn rpadgika sazaHoi QyHKIIL Oyme npama y=kx+b, To6ro mpama y=x+1. <

Imozi rpadik dyrkmii y=7F(x) Moxxe MaTH Pi3Hi ACHMITOTH IIPH X — —co i IPH X — +oo . To-
Ii Ipu BUKOPHUCTAHHI (GOPMYJI I 3HAXOMKeHHA Koe(ilieHTiB k£ i b JOBOAUTHCSI OKPEMO 3HAXO-
IUTU 3HAYEHHA kK i b mpu X > —co i pu X — 400,

1. TIloAcHiTH 3MiCT MOHATTA «aCHMIITOTA KPUBOI».

3anumaHHs 2. Hasegite mpurnagu rpadikiB QyHKmii, SKi MaoTh BepTHKAIBHI,
TOPU30HTAJNbHI Ta moxmiai acumntoTu. IlodcHiTh, womy BimmoBimmi
IpsSMi € acCUMIITOTaMHU.
3*.  O6rpynTyiiTe (GOpPMYIH IJIA 3HAXOMKEHHS Koe(diIieHTiB ropmson-
TanbHUX i moxmaux acumntor (y=kx+b) rpadika byrrnii y=f(x).

VY zappamuax 30.1-30.4 smaigite acuMmnToTu rpadikiB (QyHKIIiH

By\pa&( (AKIO0 BOHM iCHYIOTB).
3 1 x*-9 x+1
30.1. 1) y=—; 2) y=4-———>; 3) y= ; 4) y= .
x x—-3 x—-3 x—1
2 2 3
30.2. 1) Fla)= 2241, 2) f(x):xx . 3) f(x)=3;+_21; 4) f(x)= x;;-
- x*+
2 2
303, 1) =" 2) f=—1—:3) 0= p(n=2 2
x x“+1 x x“+4

2
30.4. 1) y:H—’;; 2) y=Vx2+3x+2; 3) y=——" i 4) y=—non .
X+

x?+1 x+x




MOHATTA NOXIAHOI, IT ®IBUYHUN | TEOMETPUYHUIN 3MICT

Tabaumnsa 44

1. MOHATTA NpMpOCTY aprymeHTa i npupocty (yHKUii B Touui X,

Hexait x — fgoBinbHA TOUYKA, IO JEXKHUTh y AeAKOMY OKOJi (hiKCOBaHOI TOUKM X, 3 obiacTi BuU-
sHauenHsa QyHKmii f(x).

IIpupict aprymenTa IIpupict dyurmii
Ax:x—xo Af=f(x0+Ax)_f(x0)
Y
A
A s An) y=1(x)
4 ) 0 } Af
*o * f (xo)
Ax <O
Ax
¢ & R N—
X Xo 0 X, Xo+Ax x

2. 3anuMc HenepepBHOCTI (YHKLii Yepe3s NMpUPOCTM aprymeHTta i QyHKuii

DYHKI[IT f(x) OyZne HelmepepBHOIO B TOUIi X, TOAL i TiNBKM TOxAi, KoM Mamiil 3MiHI aprymenTta
B TOulll X, BiAmOBimarTh Maii 3MiHNM 3HaueHb (QYHKIIii, TOOTO

dyuruia f(x) HemepepBHa B TOUmi Xy < mpu Ax—0 Af—=0

3. 3apavi, AKi npMBOAATbL A0 MOHATTA MNOXigHOT

1) MurTreBa MBUAKICTh PYXY TOUYKHM B3IXOBIK MPAMOIL

A x(t) — KoopauHATA X TOYKH B MOMEHT 4Uacy t.
/—x\ v _x<t0+At)—x(t0)_Ax‘
{ \ cepenHsa At At ’
x(to) x(togtAt) x . Ax
Uyurresa — AltlemOE .

2) MoruuHa mo rpadika GpyHKIIl

JomuuHnoto no KpuBoi B maHi#l Touri M HasuBa-
I0Th TPaHUYHE TOJIOXKeHHS ciunoi MN.

y SAKmo Touka N HaOIMMKaAEThLCI OO TOUKU M
N y=7(x) (pyxarpounch mo rpadiry byurmii y=f (x)), TO
f(xp+ Ax) o~ BeanunHa Kyra NMT HaOIMKAETHCA OO BEJIN-
M }Ay YMHU KyTa (@ Haxuiay gotuuHol MA no oci Ox.

1 (x0) T NT Ay

Ockinpru tg L/ NMT =——=——, 10
Ay MT Ax
Ax tgo= lim —.
Q¢ —— Ax -0 Ax
0l’a Xy XgtAx x




§ 31. MoHATTA NOXiAHOI, 1T PISUYHNI | FEOMETPUYHNI 3MICT

4. O3Ha4YeHHA noxigHoi

y=1(x) Moxionoro pynxyii y=1(x) y mouyi X, Ha3u-
, L Ay BAaIOTh TIPAHUII0 BiTHOUIEHHS NPHUPOCTy (YHK-
Y =Alxlgoz mil B TOulli X, M0 MPHPOCTy apryMeHTa, KOJIH

; Ax)—f OPUPICT aprymMeHTa NpsaMye A0 HyJId.
y'= lim (o +4x) ~1 (o) Omepanio 3HAXOMMKEHHS IOXiZHOI HA3WBAIOTH
Ax—0 Ax Ouepenyito8anHAM.

5. MoxigHi AeAKMx enemMeHTapHUX (YHKLiN

c’=0 ,
(¢ — craia) (x) =1 (x?) =2«

6. FTeoMeTpMUYHMIM 3MiCT NoXigHOT Ta PiBHAHHA AOTUYHOT

no rpadika ¢yHKuii v =f(x)

y SHaueHHA IOXiJHOI B TOUIi X, AOpiBHIOE TaH-
y=f(x) TeHCy KyTa HaxXWJIy JOTHUUYHOI 10 rpadika PyHK-
f(xo+ Ax) — mii B Toumi 3 abcrmucoo X, i KyroBomy Koedi-
M } Ay Mi€eHTy AOTHUYHOI.
f(xp) (Kym eidnivyroms 6i0 000amuoz0 HANPAMKY
oci Ox npomu 200UHHUKO0B0I CMPINLKL.)
Ax
(p f—A—
0l’a Xy XotAx x
f'(xo ) =tg o y= f(x0)+ f’(xo)(x —xo) — PpiBHAHHA XOTHUY-
k — KyToBUil KoediIllieHT HOTHUYHOI, HOI 1o rpadika GyHKIiI y= f(x) y Touni 3 a6-
E=tgo=1"(x,) CI[UCOI0 X

7. ®i3anyHuM 3micT noxigHoi

IToximma xapakTepusye MIBUAKICTH 3MiHM (PYHKIII mpm 3MiHi aprymeHTa.

s=s(t) — sanexmicTs OPOUAEHOTO ILIAXY BOI?peM?’ nox‘lana .3(1 tfacom € iv‘up o0 weudio-
Bif wacy; cmi 3MiHu 8i0no6i0Hol QYHKYII, AKY MOICHA
’ “ . . . .
, . - 3acmocosgyeamu 00 HaipisHomaHimHiwux @Qi-
v=5"(t) — mBuakicTs mpAMomiHiiiHOTO PYXY;
, L SUYHUX BCLULUH.
a=v(t) — IIPUCKOPEHHA IIPAMOJIHINHOTO

Hanpukian, MuTTeBa MBHUIKICTH U HEpPiBHO-
pyxy MipHOTO NPAMOJiHIHOrO PyXy € IMOXiZTHOIO Bif
dyHKIil, KA BUpaka€ 3aJ€KHICTH IPOIAEHOr0
HLIAXy S Bim gacy t.

8. 3B’A30K MiX AudepeHUiloBHiCTIO i HenepepBHicTiO GyHKLi

Axmo pyuruia f (x) nu@depenIiiiopHa B TOUYIi X, TO BOHA HellepepBHA B IIili TOYIIi.

Axmo ¢yurnia f(x) zupepenuiiioBHa Ha IPOMIKKY (TO6TO B KOMKHIN Horo todri), To BOHA He-
mepepBHA HaA IIbOMY IIPOMiXKKY.



Po3gin 5. NpaHMus Ta HemepepBHICTb GYHKLII. MoxigHa Ta 11 3aCTOCyBaHHS

NMNOACHEHHA M OBI'PYHTYBAHHSA

MoHATTA NpUPOCTY aprymeHTa

i npupocty yHKuUii

YacTo Hac I[IKaBUTh He 3HAUEHHA SIKOICh
BenmuuHU, a ii mpupicr. Hanpukman, cuia
IPYKHOCTI IPYXUHU IIPOIOPITiiiHA O BUIO-
BJKEHHA ONPY:KUHHU; poboTa — Ie 3MiHa eHep-
rii ToIro.

IIpupict aprymenta um (GpyHKIl Tpagm-
IiffHO MO3HAYAIOTh BEJUKOIO JIiTepOoio I'pellb-
Koro andasity A (menbra). [Jlamo o3HaueHHA
IPUPOCTY apryMeHTa i mpupocty (GyHKILii.

Hexait x — moBinbHA TOUYKa, IO JIEXKUTH
V leAKOMY OKOJIi (piKCOBaHOI TOUKU X, 3 00-
nacri BusHaueHHsa GyHKmii f(x).

O3HavyeHHA. PisHuna x-—x, Ha3uBa€ThCA
MPUPOCTOM He3aJeskHOoI 3MiHHOI (a60 mpu-
PoOCTOM apryMeHTa) y TOYIli X, i MO3HaAYa-
eThecd Ax (UMTAIOTh: «IeJIbTa iKC»):
Ax=x-x.
3 1iei piBHOCTI MaeMo
x=xy+Ax, 1)

TOOTO IIOUYATKOBe 3HAUEHHA apryMeHTa X
HaOyJI0 mIpuUpocTy Ax. 3ayBasKUMO, IO IIPU
Ax>0 3zHaueHHA x OingbIle 3a X,, a IIpHU
Ax <0 — wmeHme 3a x, (puc. 31.1).

Tonxi, npu mmepexofi apryMeHTa BiJi TOUKU
X, O TOUKH X, 3HaUeHHA (PYHKIIiI 3MiHmMIO-
ca Ha BesmumHy Af =f(x)—f(x,).

VYpaxoByloun piBHicTs (1), omep:kyemo,
o0 (PYHKIiA 3MiHUJIacsad Ha BEJIUUYNHY

Af =1 (xg+Ax)—1(x0) (2)

(puc. 381.2), sAKy Ha3WBAIOTb NPUPOCMOM
Gyuryii f y mouuyi x, mo Bignosizae mpupoc-
Ty aprymeHta Ax (cuMBoa Af UYHUTAIOTH:
«mesbTa ed»).

I3 piBHOCTI (2) Maemo

f(xg+Ax)=1(x4)+Af.

IIpu dikcoBanomy x, mnpupict Af
€ (hyHKIieo Big mpupocty Ax.

Axnio G¢yHKIiA 3amzaHa GopMyJaor0
y=7(x), To Af Ha3UBAIOTL TAKOMK NPUPOCTOM
3aeXCHOL 3MIHHOL Y 1 MO3HAUAIOTh dyepe3 Ay.

Hanpuraan, SKImo y=f(x)=x2, TO IIPU-
pict Ay, mo BigmoBimae mpupocty Ax, mopis-
HIOE Ayzf(xo+Ax)—f(x0)=(xo+Ax)2—x§ =
= x2 + 2xgAx+(Ax)? —x2 = 2x,Ax +(Ax)%.

3anMc HenepepBHOCTI (yHKUiT 4yepes

NPUPOCTHU apryMeHTa i yHKuii

Haragaemo, 1mio GpyHKIIig f(x) € Helle-
PEepBHOI0 B TOUIi X;, AKINO IPH X — X,
f(x)>f(xy), TobTO xlirr;ﬂf(x)=f(x0). Ane

AKIIO X — Xy, TO X—Xx, —>0, T06T0 Ax —0
(i maBmaku, akmo Ax—0, To x-x5—0,
TOOTO X —X,), OTXe, yMOBa X — X, €KBiBa-
JeHTHa yMoBi Ax — 0. Amnajioriumo TBep-
moxenns f(x)—f(x,) exBiBaseHTHe yMOBi
f(x)—f(xy)—0, To6T0 Af —0. OT3KE, DYHK-
mia f(x) OyZIe HeIlepepPBHOIO B TOUIIL X, Toxi
i TineKu Toxi, Kosu mpu Ax —0 Af — 0, T006-
TO Maaiil 3MiHi apeymenma 6 mouyi x, 6i0-
nogidaomuv mani 3minu 3Havensv Qpynkruii. Ca-
Me uepes I[I0 BJACTUBiCTh rpad)iku Hemepeps-
HUX (QYHKIIiH 300paskaioTh HeEMepepBHUMU
(HepO3PUBHUMM) JiHIAMEU HA KOXKHOMY 3 IIPO-

Mi’KKiB, IO I[IJIKOM BXOAMUTBH OO O0JacTi BU-
3HAYEHHI.

y =
F(xo+ Ax) }Af y=re
1 (xp) /
Ax
——
0 Xy XotAx x
Puc. 31.2



3agayi, AKi npMBoAATL [0 MOHATTA

noxigHoi

1) Mummeeéa weudricmsv pyxy mouku
630064 npamoi

Posrnanemo 3amauy, Bimomy 3 Kypcy Qi-
3UKU, — PYX TOYKMU B3HOBK mpAmoi. Hexaii
KOoOpAMHAaTa X TOYKU B MOMEHT 4acy t JZOpiB-
moe x(¢). Ak i B kypci pisuku, 6ymemMo BBa-
JKaTH, 110 PyX Bif0yBaeThCcs HelepepBHO (IK
e MU CIIOCTEPira€Mo B pPeaibHOMY JKHUTTi).
Cupobyemo 3a Bimomoro 3anexHuictio x(t) Bu-
3HAUUTH IIBUAKICTH, 3 KO0 PYXA€ETHCS TOY-
Ka B MOMEHT uacy t, (TaKk 3BaHy MUTTEBY
mBUAKicTh). PosriigaHeMo Bifpisok wacy Bifg
ty mo t=t,+At (puc. 31.3). Busrauumo ce-
PenHio MIBUAKICTh HA Bimpisry [to; t +At] AK
BiTHOIIIEHHS NPOUAEHOTO IILJIAXY IO TpUBa-
_x(to+At)-x(t,)  Ax
cepenHs At At ¢

s Toro 11106 BUBHAYNTYU MUTTEBY IIBUI-
KiCTh TOYKM B MOMEHT 4acy f,, Bi3bMeMO Bij-
Pi3oK uacy 3aBIOBXKKU At, 00UMCIUMO CEpPes-
HIO MIBUJAKICTH HA I[LOMY BiJ[pidKy Ta mouyHe-
MO 3MEHIITyBaTH! Bifipidok At 10 Hyas (ToOTO

JIOCTi Pyxy: U

3MEHIITyBaTH Bipi3oK [to;t] i mabamkaTu t
oo t,). Mu momituMmo, Io 3HaYeHHs cepej-
HBOI IIBUAKOCTI mpu HaOJMIKEeHHI Al 10 Hy-
asg Oygme HAOJMIKaATHCA O IEesSKOTO 4Ymcia,
AKe ¥ yBasKaloThb 3HAYEHHAM IIIBUAKOCTI
B MOMEHT Yacy t,. IHakIle Kaxyuu, mumme-
6010 weudrxicmio B MOMEHT dacy i, HasuBa-

. Ax
I0Thb TPaHUII0 BiJAHOIIEHHA ——, HAKIIO
t

At—0: v = lim ﬂ.

MUTTEBA

*

2) Jomuuna 0o zpagika ¢pynkyii

Haoune ysaBJIeHHSA PO TOTUYHY A0 KPUBOL
MOKHA OTPUMATHU, BUTOTOBUBIIU KPUBY
3 IIYIKOro Marepiasy (HaopuKJam, i3 APOTY)
1 mpuKJIamauYu 10 KPUBOI JiHIHAKY y BuOpaHiit
Tourti (puc. 31.4). SIKI0 MU 300pa3UMO KPUBY
Ha Tamepi, a morim Gymemo Bupisatu ¢irypy,
0o0MeKeHy I[i€l0 KPHBOIO, TO HOMKHUIIL TeX Oy-
IyTh HAIIPAMJIEHI II0 JOTUYHIN O KPUBOI.

CrpoOyeMo HAaOUHE YABJIEHHS IIPO JOTUU-
HY BUPA3UTHU TOYHIIIIE.

Hexaii 3agaHo neAKy KpuUBY i Tourky M
Ha Hi# (puc. 31.5). Bisbkmemo Ha 1iii KpuBiii
igmy Touky N i mpoBezeMo IpAMY uepes TOU-
ku M i N. Tarky npamy 3a3Buuaili Ha3MBaOTh
ciynor. Ilounmemo Habam:xaTu TOUKY N 10
Touku M. Ilonokenua ciunoi MN Gymge 3mi-
HIOBaTHUCA, ajie IpU HaOJMKeHHI TouKu N 10
Touku M mouHe crabinidyBaTucs.

O3HauyeHHA. [IOTHYHOIO O KPUBOI B JaHil
Toulli /M Ha3MBAETHCS TPAHUYHE IOJIOKEH-
HA ciunoi MN.

s Toro o6 samucaTy Iie O3HAUEHHS 3a
momomoromo ¢GopMmyJa, OymeMo BBayKaTH, IO
KpuBa — ne rpadik ¢ysrmii y=7£(x), a Tou-
Ka M Ha rpadiky s3amaHa KoopAmHATAMU
(203 Yo ) =(x3 F (%)) MoTwunomo € nesaxa mps-
Ma, sIKa IIPOXOAuTh uepesd Touky M (puc. 31.6).
11106 mobyxyBaTu 1110 IPAMY, AOCTATHHO 3HA-
TH KYyT ( HaAXUJIy /:l;o'mtIHoi* o oci Ox.

Hexait Touka N (uepe3 AKY IIPOXOIUTH
ciura MN) mae abcnucy x,+Ax. fIkmo Tou-
Ka N, pyxawoumch no rpadiry GyHKIil
y=f(x), HaOIMKaeTbesa 10 Touku M (1e Oy-
ne nmpu Ax —0), To BenrmumuHa Kyra NMT

Byzemo posrisgaTé HeBepPTHUKAJIbHY IOTHUYHY ((p¢90°).

Ax
y y
R . N y=f()
x(t x(to+At x 0 R
(to) (t+Al) M }Ay
Puc. 31.3 f(xo) T
Ax
(p I_J%
0 x 0]’a Xy XotAx x
Puc. 31.4 Puc. 31.5 Puc. 31.6



Po3gin 5. NpaHMus Ta HemepepBHICTb GYHKLII. MoxigHa Ta 11 3aCTOCyBaHHS

HaOJIMKAETHCA OO0 BEJIMUNHU KyTa (¢ HaXWUIy

motuuaoi MA gpo oci Ox. Ockiabku
NT Ay

tg/ NMT=——=—", 10 ipu Ax —>0 3Ha-
MT Ax

yeHHA tg/ZNMT mnabamxaerbca no tgo,

A
Tob6TO tg = lim =
Ax—=>0 Ax

PakTUYHO MU OPUUNIIU IO 3amadi, AKY
po3TyaAgany NpPU S3HAXOMMKEHHI MHTTEBOI
MIBUAKOCTi: TYyT MOTPiOHO 3HAWTHU T'PAHUIIO

. A
BiHOIIIEHHSI BUPA3y BULY A—y (me y=7(x) —
X

3amaHa QyHKHOiA) nmpu Ax —>0. Opepskane
y TaKWU# cIocié Ymciio Ha3sWBaOTL NOXiIOHOW

dysrnii y=7(x) y Touni Xg-
o O3Ha4yeHHA noxigHoi

OsHaueHHa. Iloximmoro dymrmii y=7(x)
y Toulli X, HasMBae€Tca TPaHUIA BigHO-
IIeHHd NPUpocTy (QYHKIII B Toumi X, X0
IIPUPOCTY apryMeHTa, KOJIM IMPHUpPicT apry-
MeHTa NIPIMYE A0 HYJIA.

Hoxiany ¢Qyskmii y=f(x) y Tounmi x,
nosHauaoTh f'(xy) (abo y'(xy)) i umrarors:
«e(p MTPHUX y TOULI Xy».

KopoTko osHaueHHs moxigHol (QPYyHKIIII
y=f(x) MoxHa 3ammcaru Tak:

y'= lim &Y
Ax =0 Ax

YpaxoByoun 03HAUEHHSA IIPUPOCTY PYHK-
mii y:f(x) y Toumi Xx,, 110 BiAmoBigae Impu-
pocTy AX, O3HaUYeHHS IIOXigHOI MOKHaA Ta-
KOJK 3aImcaTu:

y'= lim = f (g +Ax) = () )
Ax —0 Ax

dyurnito f(x), mo mMae moxigHy B TOU-
ni x,, HasuBaIlOTh Ou@epeHyillo6Hol0 B Iii
rourni. xmo ¢yurmia f(x) mae moxigmy
B KOJKHIN TOUIII eTKOTO IIPOMIiKKY, TO Ka-
JKYTh, 0 I QYyHKIiA dugepernuyiiiosna Ha
uvomy npomixky. Omepaliito 3HaXOIKEHHS
MOXifHOI HAa3BUBAIOTh OU@EPeHUiBAHHAM.

s 3HaxomyKeHHA NOXimHOol (GyHKIiT
y=f(x) 3a o3HAUeHHAM MOKHA KODUCTYBa-
THUCA TAKOI CXEMOIO:

1. 3raiimu npupicm @yHKUil Ay=
=f(xo+Ax)—f(xy), axuiL eidnosidae npupo-
cmy apeymenma Ax.

. . A
2. BHaiimu B8i0HOULEHHA A—y.
X

3. 3’acysamu, 00 AKOl zpanHUyi Npamye

A
B8iOHOUWLeHHA A_y npu Ax —0.
X

Ile i Oyme moximma 3amanol QPyHKILII.

é MNoxigHi AeAKUX eneMeHTapHMX
byHKUin
OGI'PyHTYEMO, KOPUCTYIOUUCH 3aIIPOIIO-
HOBAHOIO CXEMOIO 3HAaXOM)KeHHS IOoXigHol
dbyuK1Iii, hopmynu, HaBeneHi B M. 5 Taba. 44.
1. Ob6umcammo mnoximHy QyHKOiII y=c
(robro f(x)=c), me ¢ — craia.
® 1) 3maiizemo npupict QPyHKII, AKKUH Bijg-
MOBiJjae MPUPOCTYy apryMeHTa AX :
Ay=7(xq+Ax)—f(xy)=c-c=0.
Ay 0

2) Buaiinemo BigHomenHad —=—=0
Ax Ax

. . Ay .o
3) OcKinbKM BiTHOIIIEHHA —— TIOCTiliHe
Ax

i TOpiBHIOE HYJIO, TO i 'PaHUILA IIBOTO BiTHO-
mrenusa npu Ax — 0 Tex mopiBuioe HyJ 0. OT-
xe, y' =0, Tobro ¢'=0. O
2. O6uucauMo mOXimHY QYHKII y=x
(ro6To f(x)=x).
® 1) Ay=1f(xo+Ax)—f(xy)=
=xy+Ax—xy=Ax.

A A
2) Y X 4,
. . Y -
3) OcKinbKU BigHOIIIEHHS . mocTifiHe
X

i mopiBHiO€e 1, TO i rpaHUIlA IILOTO BigHOIIEH-
Ha npu Ax —0 Texx gopiBHIOE omuumMIli. OT-
wxe, y' =1, Tobro x'=1. O
3. O0umcamMo ToXimHy (QYHKITII yzx2
(tobro f(x)=2x?).
® 1) Ay=f(x, +Ax)—f(x0)=(x0+Ax)2 -

2
—xg = x5 +2xoAx +(Ax)" —x =

=2x,Ax+(Ax)? .
2x,Ax +(Ax)*
2) ﬂzu:2x0+Ax.
Ax Ax Ay
3) IIpu Ax—0 3uHaveHHs A—=2x0+
x
+Ax —»2x,. Ile osHauae, IO

y'(xy)=2x,. Toxi moxigma QymKmii

y=x2 Yy IOOBiJIBHIN TOUYIl X IOPiBHIOE

v (x)=2x . Omxe, (x?) =2x. O



. 1
4. Ob6umcanMoO TOXigHY (QYHKIT y=—
x

(to6ro f(x) _1 ).
X

® 1) Ay=f(xy+Ax)—f(xy)=————>=

X, —(xo +Ax) _ —Ax
(x0 +Ax)x0 (xO +Ax)x0
—Ax -1

2) 2L

Ax (x0+Ax)x0Ax B (%o +A%)xy

3) Ilpu Ax -0 sHaueHHA X, +Ax —Xx,.
. A -1 1
Toni N =——.
Ax  xyx, x?

, 1 .
Ile osnauae, 1m0 y (xo)z——2 . Toxmi mo-

X,
0
. 1 . . .
X1aHa q)YHRI_Lll Y =— Yy AOBUIBHIU TOYIIl X 3 11
X

, 1
obusiacti BusHauenusa (mpu x#0) y (x)=——2.

/ X
Or:xe, (1) :,L_ O

X x2

5. O0uucammo moxXigHy QYHKII y=\/Z

(Tob6TO f(x)=f)
=[xy +Ax— \/7

® 1) Ay=7(xy+Ax)-
HOMHO}RI/IMO i HO,Z[lJII/IMO OL[ep?KaHI/II/I BU-

pas Ha CyMy +/Xo+Ax +.,/x, Ta 3amuiemo
Ay Tak:

(,/xo—i-Ax \/Z)(Jxo+Ax +\/g)
1/x0+Ax +\/g
Xy +Ax—x, _

./x0+Ax +\/Z A X tAX +\/Z

Ay
Ax (ﬂ[x + Ax +\/7)Ax ,lx0+Ax+\/Z.

3) Ilpu Ax —0 sHaueHHA X, +Ax—x,.

Ay 1 _ 1
1

e osHauae, mo Yy (x,)= (3Buuaii-
I y( 0) 2\/Z

2) —

Toni

HO, npu x,#0). Toxi moxigma dyHKmiI
y=\/; y moBinbHi#M Touri x 3 ii obsgacTi BU-

3HaueHHs, Kpim x=0 (tob6Tto mpu x>0),

1 / 1
2\/;.O'mce, (\/;):2\/; O

y'(x)=

FeoMeTpMUHMM 3MiCT noxigHoi

Ta pPiBHAHHA AOTMYHOT A0 rpadika

dyHkuii v =f(x)

VYpaxoByoun o3HaUEHHA TOXiZHOI (PDYHK-
nii y=7£(x), sanumemo pesyIbTaTH, OJEpKA-
Hi Ip® poa3riani ZOoTUYHOI 10 rpadika PyHK-
mii (puc. 31.7).

SAr Oyj0 OOT'PYyHTOBAHO BUIIE, TAHTEHC
KyTa @ Haxwuyiay JoTwu4HOi B Toumi M 3 abciu-
coo x, (puc. 31.7) obunciroTh 3a GopMmy-

Ay

JIOIO tg(p—AI;TOA—x. 3

A 7
AlxlgoA—x—f (%0). Tomi /'(xy)=1tg0.
Haragaemo, 1mo B piBHAHHI mnpamoi
y=kx+b kyTOBUIl KoedimieHT k mopiBHIOE
TaHTEHCY KyTa (¢ Haxuiay npamoi xo oci Ox.
Axmro £ — xyToBUil KoedillieHT JOTUYHOI, TO

immoro OOKY,

E=tgo=1"(xy). Orxe, sHAUeHHa mOXigHON
B TOULli X JOPiBHIOE TaHTeHCY KyTa HaxXHIy
DOoTUYHOI d0 rpadika GpyHKmii B Touii 3 ao-
CIMCOI0 X, i MOPiBHIOE KyTOBOMY KoedinicH-
Ty i€l JoTU4HOI (KyT BimmiuyioTs Big momar-
HOTO HAOPAMKY oci Ox IIpOTH I'OAMHHUKOBOI
CTPiIKM).

Omke, axkmo y=kx+b — piBHAHHA J0O-
THYHOI K0 Tpadika dysrmii y=7(x) y Toumi
M 3 KOOpAMHATAMU (xo;f(x0 )) i k=1"(x),
TO Y= f'(xo)x+b. OCKiJIbKU JOTHUYHA IPOXO-
IUTH Yepe3 TOUKY M(xo;f(xo)), To ii KOOp-
IUHATH 3aJ0BOJIBHAIOTHE OCTAHHE PiBHAHHSI,
10670 f(%0)=1"(%( )% +b. BBifcH s8HAXOAMMO
b=1(xo)-1 (%)%, i sammeyemo piBHAHHSA
JOTUYHOIL:

. y="1"(xo)x+7(x0) =1 (20)%o-

Woro 3pyuHO 3amucaTy y BUTJIAMIL:

y="1(x0)+1 (2 )(x—20)-

y /
f (%0 + A) y=1®
M } Ay
1 (x0)
Ax
(p f—A—
0l’a Xy XotAx x

Puc. 31.7
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Ile piBasAHHEA moTruyHOI A0 rpadika GyHK-
nii y=f(x) y Touni 3 aberucoo x,.

3aysaxeHHA. Kyt ¢, axuii yTBO-
pIOE HEBePTUKaJbHA AOTHUYHA 0 I'pa-

dika pymrmnii y=7(x) y Toumi 3 a6-

CIIMCOI0O X, 3 JOJATHUM HAIPAMKOM
oci Ox, mMoxxe OyTH HYJBOBHUM, I'O-
cTpuM abo0 TynmM. YpaxoBYIOUU T'€0-
METPUYHUU 3MiCT MOXigHOI, omepiKye-
Mo, mo y eunadry, xoau f'(x)>0
(tg9>0), xyr ¢ Oyme rocrpum,
a y sunadky, konu f'(x,)<0 (tge<0),
Kyt ¢ Oyze tymum. Jrxwo f'(xy)=0
(tgp=0), To 9=0 (Tobro domuuna
napanenvra oci Ox). I HaBIaKu, AKULO
domuuna 0o zpagira pyuryii y=7(x)
Yy mouui 3 abcyucow x, ymeopie 3 0o-
damuum nHanpamrkom oci Ox zocmpuil
kym @, mo f’(xy)>0, axwo mynuil
kym — mo f'(xy)<0, a axwo domuu-
Ha napanenvra oci Ox abo 36icacmuvces
3 new (9=0), mo f'(x,)=0.

AKxuwo s domuuna ymeoprwe 3 Gi-
ccio Ox npamuit kym (@=90°), mo
dynruyis f(x) noxionoi 6 mouyi x,
He mae (tg90° He icHye).

o ®i3nyHMM 3MicT noxigHoil
3anucymoun O3HAUEHHsS IOXiHOI B TOY-
. . Ax
ni ¢, mna dysrmii x(2): x'(t)= lim —
At—0 Ay
i cmiBcTaBIAIOUM OJepPsKAHUI pPe3yJbTaT i3 Io-
HATTAM MUTTEBOI IMIBUIKOCTI IPAMOJIIHIAHOTO

. Ax
PYXY: Uy mrena = 11 ——, MOMKHA 3pOOUTH BU-

At—0 At

CHOBOK, III0 MOXi0HA Xxapakmepusye uLeud-
(rcicmb 3MIHU QYHKUIL npu 3MIHI apeymenma.
30kpema, noxidna 3a uwacom € Mipor
weudkocmi 3miHu 8i0no8idHoI QYHKUIL, WO
ModHce 3acmocosyeamucs 00 HalpisHomanim-
Hiwux Qisuunux eeauvurn. Hanpukiaan, MUAT-
T€Ba MIBUJAKICTh U HEPiBHOMiPHOIO IIPAMOJIi-
HIHHOTO PyXy € MOXigHOI0 Bim (QyHKINI, aAxa
BUpPAasKa€ 3aJIe’KHICTh NPOUAEHOTO IILIAXY S

BiZ yacy ¢; a IPUCKOPEHHA @ — IIOXiJTHOIO Bix
GyHKIII, AKa BUpakae 3aJIeKHICTh MIBUIKO-
cTi v Bifg yacy t.

fIxmo s=s(t) — samexxHicTb mpoiifeHO-
ro ILIAXY Bim uacy, To
v=s(t) — weudkicmv mpamoriHiiiHOTO
pyxy (v=v(t)),
a=0v'(t) — npuckopennsa npamominiiino-
ro pyxy.

3B’A30K MiX AudepeHLiMoBHicTIO
i HenepepBHicTIO PyHKLiT

o Axmo dysrmia y=f(x) gudepenmi-
i0BHA B TOUIll X, TO B IIili TouIli icHY€ ii mo-
Y

. , . A
xigua f (xO)ZAIxH—I}OE , To6To mpu Ax —0

3HAUYEHHSA Ay —>1(x) -
Ax

Husa oOrpyHTyBaHHS HeIllepepPBHOCTI
dyurnii y=f(x) gocrarEBO OGIPYHTYBaTH,
mo npu Ax — 0 smHauenHa Ay —0.

CnopaBai, mpu Ax—>0 ogmepxyemo:

Ay:%ﬂx—)f'(xo)-O:O. A 1me it osHauae,
X

mo ¢yuknia y=f(x) — memepepsHa. OTixe,
akmo dysknia f(x) audpepenniiioBHa B TOU-
i x,, TO BOHA HellepepBHA B IIiii Toui.

I3 1pOro TBEPAIKEHHS BUILINBAE: SAKIIO
¢dynknia f(x) mudepenniiioBra Ha Mpomisk-
Ky (TOOTO B KOKHIill HOTO TOYIIi), TO BOHA He-
mepepBHa Ha bOMY mpoMiskKy. O

3a3HaumMoO, II[0 00epHeHe meepOxceHHs
Henpasuavre. DYyHKIIisA, AKa HellepepBHaA Ha
OPOMIiKKY, MOKe He MaTU HOXiTHOI B JeAKUX
TOUKAaX ITHOTO IIPOMIKKY.

Hampurkaan, GpyHKIiA y=|x| (puc. 31.8)
HellepepBHA IPU BCiX 3HAUEHHAX X, aje He
mae moximuol B Toumi x=0. [ificHO, AKIIO
x9=01iy=f(x)=|x
Ay _ F(xg+Ax)-f(x,) _[0+Ax[-[0] _[Ax|_
Ax B Ax B Ax B Ax B

1, saxmro Ax >0,
={—1, armo Ax <0.

, TO

. A
Tomy mpu Ax —0 BigHOIIEHHA A_y He
x

Mae TpaHuIli, a oTKe, i PyHKIia y=|x| He
Mae moximaoi B Touri 0.



3ayBaxkeHHA. To#t ¢akrT, 110 HemepepBHAa
dyurnia f(x) zHe mae moxigHoi B TouIi X, O3Ha-
vae, 1o g0 rpadika miei pyHKIii B TouIri 3 aberu-
COI0 X, He MOKHAa IIPOBECTU AOTHUYHOI (abo Biamo-
BifHa mOTHMYHA MepPIeHAUKYJAApHa g0 oci Ox).
T'padik y mi#t Touni mosxe maTtu 3yom (puc. 31.8),
a MOKe MaTH 3HAYHO CKJIAIHININNI BI/II‘JIH]J;*.
Hanpuraan, no rpadgika HemepepBHOI (YHK-

mii y=|\/§—2 (puc. 31.9) y Touni M 3 abcru-
coo x=2 He MOJKHA IIPOBECTHU JOTHUUYHY (a OTIKe,
A QYHKIiA He Mae moxigHoi B Touli 2). IificHo,
3a O3HAUEHHAM JOTHYHA — Ile I'PAHUYHE II0JIO-
JKeHHsdA ciunoi. AKmro Touka N HabIMKATUMEThCS
mo Touku M mo xniBi#t wactuHi rpadika, To ciu-
Ha MN mabyne rpaHUYHOTrO mojioskeHHA MA. k-
10 °K Touka K Oyme Habau:xaTucsa 10 TOUYKu M 1o
npaBiii vacTuHi rpadika, To ciuna MK 3aiime rpa-
HUYHe IMoJoKeHHs MB. Aje me aBi pisui mpawmi,
oT:ke, y Toumi M pgoruuHOl mo rpadika maHOI
GyHKIII He icHyeE.

*

Y Kypcax MaTeMaTUYHOTO aHAJi3y PO3rIAgaioTh
npukjgansu QyHKIINA, SKi € HellepepBHUMU, ajie
B JKOIHiI TOYIII He MalOTh MOXiTHOI.

y=|x|

0 x

Puc. 31.8

Puc. 31.9

NMPUKNAAN PO3B’A3YBAHHA 3ABJAHDb

Mpukaad 1
1) f(x)zl, xo=1;

Po3sp’azannsa

SHaUAiTE TaHTEHC KyTa ( HAXWUJIy NOTUYHOI, IpoBegeHOI 1o rpadika
PYHRITIL y=f(x)y TouIli 3 abcIucow X,, A0 oci Ox, AKIO:

2) f(x)=vx, x,=25.

Komenrap

1) P 3a reomerpuyHMM 3MicTOM II0- | 3a T€OMETPHYHMM 3MiCTOM IIOXimHOL

xigmoi tg@=71"(xy). Ypaxosywoun, mpo

f,(xo):tg(P»

, 1 1
f(x)=(—) =——, OJlePIKYEMO:
X X

7 (x0)=F"(1) =—li2=—1 .

Omsxe, tgo=1(1)=-1. <

2) P Ockinbku f'(x)z(\/;) __1
4 ’ 1 1 2\/;
f(xo)zf(25)= =—.

2425 10

3a TreoMeTPUYHMM B3MiCcTOM HTOXigHOI
tg(P:f(xo)-

Omxe, tg0=0,1. <

, TO

Je (@ — KyT Haxujiay JOTUYHOI, IpoBeseHOl no rpadika
dyurmii y=7(x) y Toumi 3 a6erucoro x,, g0 oci Ox.
Tomy gmns 3HaXOmKeHHs tg(Q MOCTAaTHBO 3HAUTHU IIO-
xigay @ymrnii f(x), a moriM 8HaueHHA mHOXimHOI
B TOUIi X.

A 3HAXOMKEeHHS NOXiAHMX 3aJaHUX (QYHKIIA CKO-
pucraemocsa GopMyJaMH  BiANMOBIiZHMX IOXigHUX,
HaBeJgeHUMHU B 1. 5 Taba. 44 (Tta OOIPYHTOBAHUMU
B II. 5 1poro mnaparpada).

Y mopansiromMy Imig dyac po3B’s3yBAHHSA 3amady MU
OyZeMO BHUKOPHCTOBYBATH IIi (opMyJu AK TaGJIMUHIL
3HAYEHHS.
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4

1 1
Bukopucrosyoun ¢popmyny | — | =——-, sanuiriTs piBHAHHA JOTHY-
MMpukrad 2 x e
HOI 10 rpadika (PyHKIiI y=— y Toumi 3 abCIHCO0 X, =E.
X
Po3B’a3annsa Komenrap

> Sxmo f(x)zl 0 f(x )=f 1 —9 PiBuaruHa gotuuHOol 1Ko rpadika GyHKIIT y=f(x)
x 0 2 "y roumi 3 a6CIUCO0 X, Yy 3arajJbHOMY BUIJAMAL 3amu-
, (1 CYIOTh TaK:
Toxi f(x0)=f 5 =—4.
IlincraBasaroun 1i 3HAUYEHHS B PiBHAHHS
pormanoi y=1(xg)+1"(x)(x—2,),

y=1(x0)+1 (x0)(x~20).
IITo6 samumcatu 1ie PiBHAHHA IJd 3aJaHOl (GYHKITII,
MOTPiOHO 3HAUTH 3HAUYEHHS f(xo), noxiguy f'(x)

i sHaueHHA f'(xo). 151 BUKOHAHHS O00YMCJIeHb 3pyU-

1
ozep:xyemMo y=2-4|x—-— |, HO IIOSHAYWUTH 3ajaHy (yHKNioo uepes f(x) ra Buko-
2
T00TO y=—4Xx+4 — IIyKaHe PiBHAHHS ; i 1 1
y= Yy b puctatu TabJIUUYHE 3HAUEHHA IMOXigHOI: | — =
motuuHOi. < x x
1. IloscuiT, Ha mpuKJIazax i JaiiTe O3HAUEHHA IIPUPOCTY apryMeHTa
3anumaHHs I mpupocTy QYHKIII B TOUNi X.
2. OxapakTepusyiiTe HOHATTS HeIepepBHOCTI (MYHKIII B TOUIli, KOpPH-
CTYIOUHUCH IMOHATTAMU IIPUPOCTY apryMeHTa i QyHKIIi.
3. ITosicHiTH, K MOKHA OOUMCJIUTU MUTTEBY IIBUAKICTH MaTepiasbHOL
TOYKHM Il YaC PyXy B3IOBXK HPAMOI.
4. ITosicHiTh, AKYy OpAMYy BBaKalOTh AOTUYHOIO A0 rpadika QyHKII.
5. IloscHiITH, AK MOKHA BHU3HAUUTH TAHTEHC KyTa (¢ HAXWIY AOTUYHOI
o oci Ox.
6. 1) HafiTe o3HaueHHA moxXimHoi. K mo3HAualOTh MOXigHY QYHKINHI f

y TOuIi x4?
2*) OnuItriTh cxemMy 3HaXOAKeHHs moxiguol GyHKI y=f (x).
7. 1) 3anurriTe, YoMy AOpPiBHIOE TMOXimHA (PYHKILII:
a) ¢ (ne ¢ — crama); 6) x; B) x2; T) y=%; n y=vx.

2*) O6rpyutryiite GOPMYIHN OJsi 3HAXOMKEHHS IMOXiTHMX (DYHKILIH,
HaBegeHUX y . 1.

8. IIlo Take moximHa 3 reoMeTpuyHOi Ta PiBMYHOI TOUOK 30DPYy?

9. BanumnriTe piBHAHHA ZOTHUYHOI 70 Trpadika ¢pysrmii y=7(x) y Toumi
3 abCIIUCOI0 X,,.

10. IMoscHITL i OOIr'pyHTyHiTe 3B 30K MiK AudepeHIilioBHiCTIO i Heme-
pepBHicTIO QYHKITIT.



Bnpabu

31.1°,

31.2.

31.3.

31.6.

Hna pysrmii y=2x 3HaAUAiITHL mpupict Ay, AKWN BigmoBimae mpwu-
pocTy aprymenTa Ax y TOYLi X, AKIIO:

1) xp=2 i Ax=3; 2) x4=1,51 Ax=3,5; 3) x,=0,6 1 Ax=2,5.
3HalgiTe mpupict Ay, AKWU BiAmOBiZae mpupocTy aprymMeHTa Ax
y Touli X, AaA QyHKILI:

1) y=3x; 2) y=x3 3) y=x?—x; 4)y=x+ln

3aKoH pPyXy MaTrepiajbHOI TOUKM II0 IIPAMii 3a,u:Ho ¢dopmy.I0I0
x=x(t), te x — KOoOpAmHATa TOYKM B MOMEHT uacy f. S3HAWIiTh:

1) cepemgHIO MIBUIKICTE PYyXy TOUYKU HA BiAPiBKY [2; 4];

2) MUTTEBY MIBUAKICTH PYXy TOUYKU TIpU t =2, AKIIO:

a) x(¢)=8t+4; 6) x(¢)=-2t+1; B) x(t)=5¢t-7; 1) x(t)=-8t-2.
Kopucryounchk cxXeMoo0 OOUYMCIeHHS IIOXimHOI, HaBegeHOH B 1I. 4
poro maparpada, 3HaAUAITh HOXigHY (PYHKILII:

1) y=3x; 2) y=-b5x; 3°) y=x% 4 y=x?-2x.

Ha puc. 31.10, a—z 306pasxeno rpadik ¢yuknii y=7(x) Ta goruusni
J0 HbOT'O B TOUKax 3 abcmucamu x; i x,. Kopucryrouncs reomerpud-
HUM 3MIiCTOM IDOXiZHOI, 3aIUIIITL 3HAUCHHS f’(xl) i f’(xz).

Y

\ y=1(x)
60° \ x2/4° O\ X2
//x1 0 x / Xy &Z x

Y y=rw

a B
ARVEI6 y=r@ |
N
150°

0 x X1 /0 x
! Xy 30y/ Xy \/ Xo \\

0 r

Prc. 31.10

BukopucroByouu ¢GopmyJiv, HaBeieHi B m. 5 Tabi. 44, Ta reome-
TPUUYHUMN 3MIiCT TOXiZHOI, 3aIUMIITL KYTOBUM KoedilieHT mTOTUUYHOIL
mo rpadika ¢ysknii y=7(x) y Toumi 3 a6crucoro Xg, AKIIO:

1) f(x)=x", x9=38; 3) f(x)=l, xo=-1;
X
2) fx)=x, x,=8; 1) f(x)=x, xozi.
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’

31.7. Buxopucrosyioun dopmyry (x?) =2x, 3anuImiTe piBHAHEA TOTHIHOL
Io rpadirka GpyHKILT y=x2 y TouIi 3 abCHHUCOI0 X, AKIIO:

1) x,=1; 2) x,=0; 3) x,=0,5; 4) x,=-3.

300pasite rpadik maHoi (GpyHKIII Ta BiAmOBigHY HOTHUYHY.

’

1 . .
31.8. Buxopucrosyoun dopmyry (vx ) ZT’ BaIUIIITh PiBHAHHSA 10-
2\x

TAYHOL 10 Tpadika QyHKIIT y=\/; y Tourmi 3 abCIUCOI0 X, AKIIO:
1) x,=1; 2) x,=0,25; 3) x,=4; 4) x,=9.

31.9. BuxopucroByloun (QisuuHMi 3MicT moOXimHOI, B3HAHAITH IMBHUAKiCTb
Tija, gKe pyxXaeThcsa 3a 3aKOHOM S=s(t), y MOMeHT uacy f, SKIIO:

1) s(t)=t, t=T; 3) s(t)=t>, t=5;
2) s(t)=t2, t=6,5; 4) s(t)=+t, t=4.

31.10. Ha puc. 31.11 306paseno rpadixk ¢ysxmii y=7(x) Ha mpoMixkKy
[—4; 7]. BukopucToByoUn I'eOMETPUYHUN 3MiCT IMOXigHOI, YKaKiTh
Ha mpomixkky (—4;7):

1) sHaueHHA apryMeHTa, y axux moximma f (x) mopiBHIOe HyIIIO;

2) 3HaUyeHHA apryMeHTa, y AkuX moxigHa f (x) me icmye. Um icmye
B KOJKHIN Toulli 3i sHalifeHMMH abcIucaMu JOTUUYHA O0 rpadika
dysrmii y=7(x)?

3*)mpomixkku, y axmx moxigma f'(x) momarma. OxapakTepusyiiTe
HOBeNiHKY (DYHKI[II Ha KOKHOMY 3 IIUX IIPOMi’KKiB;

4*)mpomiskku, y axux noxigma f'(x) Big’emma. OxapaxrepusyiiTe
HOBeNiHKY (QYHKIIII Ha KOKHOMY 3 IIUX IIPOMIiXKKIiB.

@ BuaBiTb CBOIO KOMMETEHTHIiCTb

31.11. Baxom pyxy MarepiaigbHOI TOUKH; 3a7aHO TpadikoM 3aJeKHOCTI ITIs-
Xy § Bim uacy t (puc. 31.12).
1) 3HaigiTh cepemHIO INMBUIKICTL TOYKM 3 MOMEHTY uacy {=2 10
t=3.
2) IlopiBHANTe HMIBUAKOCTI TOUKM B MOMEHTH dacy t; =2 1 t,=3.
3) Ywu s3miHIoBaJIa TOUKA HAIPAM Pyxy? SIKIo aMiHiOBaJa, TO B IKUN
MOMEHT Yacy?

y s
3 y=1) .
2
3
1
2
-4 -3 -2\-1 /|0 1 2 3 4\5/ 6 T 4 1 s =5(?)
1
9 01 2 3 4 i

Puc. 31.11 Puc. 31.12



NMPABUJIA OBHUCIIEHHA NOXIAHUX.
NOXIAHA CKJTAAEHOI ®YHKLII

Tabaumnsa 45

1. MNoxigHi AeAKMX enemeHTapHMUX YHKLiM

1) 1 1
(x) =1 (x”),=nx”_1 (;) T k2 (\/;) 2Jx
(x#0)

2. MNMpaBnna audepeHuiloBaHHA

c’=0

(¢ — crama)

IIpaBumo IIpukaan
(cu) =cu’ , ,
Cmaauil MHOMCHUK MONCHA 6UHOCUMU 30 3HAK (5x3) =5(x3) =5-3x31 =152
noxiouot

7
(u+v) =u'+0v
IToxigHa cymu nudepeHIiHOBHUX (MYHKIIN m0-
piBHIOE cyMmi ix moximHmMX

(x+\/;),=(x),+(\/;),=1+ L

2\ x

((x+2)x2)/ =(x+2)/ x2 +(x2),(x+2)=
=(x’+2)x% +2x(x+2)=
=(1+0)x? +2x(x+2)=3x2 +4x

(u)’_u'v—v'u (1),_1'-x—x'-1_0-x—1-1_—1 _ 1

(wo) =u'v+v'u

3. MNMoxigHa cknageHoi ¢yHKUiT (PYHKUiT Big PYyHKUiT)

Skmo y=7(u) i u=u(x), rooro y=7(ulx)),
ro (£(u(x)) =£,(w)-u (x).

KopoTko 11e MOKHaA 3ammcaTu TaK”:
’ ’ ’
Y = fu Uy

((8x-1)°) =5(3x-1)* (3x-1) =
—5(3x-1)*((8x) -1') =
—5(3x-1)*(3-0)=15(3x-1)*.

(Axmo u=3x-1, o (u5)x=5u4u;.)

NOACHEHHA M OBI'PYHTYBAHHA
o MpaBunna gudepeHuitoBaHHA

BukopucroByrouu o3HaueHHA IIOXiTHOI,
y u. 5 § 31 Gyso sHalfeHO MOXigHI AeIKUX

3a AKUMM 3HAXONATH IOXigHI Bim cymwm, mo-
OyTKY Ta YacTKU TUX QYHKIH, IJId AKX MU
BJKe 3HAEMO 3HAUEHHS IMOXiJHMNX, Ta IOXigHY

eJIeMeHTapHUX (PYHKITi:

’

¢'=0 (¢ — crama), (x) =1, (l) -1
X

!
(5)22@'

IJisa 3HAXOMKEHHS IMOXiAHUX Y CKJIAIHi-
MINX BUIAAKAX OOIIJBHO IIaM’ ATATH CIIeIli-
anbHiI mpaBmia (npasuia Ougeperuilnéarnhs),

’ 7 ’ P
* ¥V mosHaueHHAX Y, , [, U, HIKHIN ingekc

Bizm criamenol GyukKIii (GyHKIIT Big QyHKIIT).
O6rpyuryemo 11i mpasuJja. I[1a cKopo-
YeHHS 3aMMCiB BUKOPUCTAEMO TaKi Mo3HAYEH-
HA (QYHKOIA Ta IX DOXigHMX y Toumi X,:
’ ’ 4 ’
u(xg)=u, v(xy)=v, u'(xy)=u, v'(x)=0".
IIpaBuno 1. Axwo Qyukruii u i v duge-
Penuyiitiosni 6 mouyi x,, mo ix cyma ou@epen-
yiiioena 6 yiit mouyi i (u+v) =u'+v'.

yKasye, 3a AKUM apryMeHTOM 0epyTb MOXigHY.
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KopoTko roBopaTh: moxigHa cymu qopiB-
HIOE CyMi MOXiTHUX.

® Jlna noBeleHHA IO3HAUMMO y(x)=
=u(x)+v(x) i BurOpHCTAaEMoO mIaH 3HAXO-
JoKeHHA Y 3a O3HAUEHHAM IOXiTHOI B TOU-
mi x, (m. 4 § 31).

1) IIpupicT QyHKIII B ToUli Xj:
Ay=y(xy+Ax)-y(xg)=u(x,+Ax)+
+0(xg +Ax) = (u(x9) +0 () =
=(u(x0+Ax)—u(xO))+(v(x0 +Ax)—v(x0))=
=Au+Av.
Au+Av :ﬂ_l_ﬂ

Ax Ax  Ax
3) 3’scyemMo, OO SAKOI IpaHUI NPAMYE

A
9) L=
Ax

. Y .
BimHOIIEHHSA A npu Ax —0. OcKinbku
x

GyHKIII v 1 v gudepeHNifioBHI B TOUmi X,

Av
—
Ax
. Au . Av
—V'(%g)=v, Tobro lim —=u"i lim —=v!
Ax—=0 Ax Ax—=0 Ax

YpaxoByioun, IO I'PAHUIA CYMU JOPiBHIOE

CyMi IpaHUIlh TONAHKIB, OJEPIKYEMO, III0 IPU
Ay _ Au Av ’ ’

Au , ’
To mpu Ax —0 A——)u(x0)=u, a
X

Ax—>0 —=—+——>u+v
Ax Ax Ax .,
A 1e # osmauae, 1o Yy =u +0v, TOOTO
. A . Au . Av
y'=lim 2= lim —=+ lim ——=u'+v’,
Ax—0 Ax Ax—=0 Ax Ax—0 Ax

’
Omxe, (u+v) =u'+v". O
IIpaBuio 1 Mo:KHaA HOMMUPUTH HA OyIb-
. . . .®
AKY CKiHueHHY Kimbkicts mogamki (ne N):
4 ’ 4 4 4
(ug +ug+ug +...4u, ) =up+up+us+...+u,.
IIpaBuno 2. Axwo pyukuii u i v Juge-
DperuiilosHi 8 mouyi x,, mo ix 0o6ymok duge-
’
penuyiitiosnuii y uyiti moyyi i (uv) =v'v+v'u.
i I3 JoBeAEHHAM MpaBua 2 MOXHa O3HaNoMM-
U TUCS, 3BEPHYBLUMCA [0 iHTEpPHEeT-MNiATPUMKM
nigpy4HUKa.
Hacaigox (mpasuio 3). Axkwo pyrruia u
OJugepenyiiilosHa 6 movyi X, a ¢ — cmaJaa,

mo Qyrkuyia cu dugeperuyiiiosna 6 uiit movuyi
i (cu) =cu'.

KopoTko roBopaTh: cTaJduii MHOMKHHUE
MOSKHA BUHOCHTH 3a 3HAK MOXiTHOI.

® Jlna moBeJeHHSA BUKOPUCTAEMO IIpa-
B0 2 i Biomuii 3 § 31 daxr, mo ¢'=0:

’
(cu) =cu+u’c=0-u+v'c=cu’. O
Ipasuno 4. Axwo pyukyii u i v duge-
PeHuillosHi 6 mouyi X, i QyHKYia U He Jopis-
u
HIOE HYJLI0 8 Uill moyyi, mo ix vacmka — ma-
1%

Ko Ougepenyiiloéna 6 mMouyi X,

’

’ ’
fu uv-vu
L|— | =——.

v 02

® Il (opmysy MOKHA OIEep:KaTy aHa-
JoTiuHO ;0 moXimHOoi mOOYTKY. Ae MOKHA
BUKOPHUCTATU MPOCTIIi MipKyBaHHA, AKIIO
OpuiHATH 0e3 TOBeIeHH:, IO MOXigHa 3a7a-

. . u
Hol yacTKu icHye. IlosHauumo (yHKIiO —
v
. u o .
yepes t. Togi —=1%, u=vt. 3uaiizemo moxiz-
v
Hy QyHKII] © 3a mpaBuioM AudepeHIliloBaH-
HA 100yTKy: U =v't+tv.
Bupasumo 3 miei pisrocti ¢, a 3amicTs ¢
. © u
micTaBuMo Horo sHaueHHA — . Omep:KuMo:
4 4 u U

’ ’ u-v-—

’ ’
uv-ovu

’
t= 5 Orxe,

BukopucToByoUn IpaBUI0 3HAXOMKEH-
HA ToxigHoi mobyTKy i dopmyny x =1, 06-
I'DYHTYEMO, IO noxidny Gyrkyii y=x" npu
Hamyparvhomy n>1 obuucawoiomsv 3a Qop-
MYJIL010

(x”) =nx" L. 3)
® IIpu n=2 omepxyemo: (xz) =(x~x),=
=x"x+x"-x=1-x+1.-2=2x. Toit camuii pe-
3yJbTAT Jae€ i sacrocyBauHA Gopmyan (3):

(xz)’ =2x% 1 =2x! = 2.

* Jlnst oOI'pYHTYBAHHSA TOTO, IO 1A (OPMYJa IPaBAIbHA A OYIb-IKOT0 HATYPAJBLHOTO 71, IOTPiOHO
BUKODPUCTATU METO]] MaTeMaTu4yHoi iHaykmii (zuB. § 6).

)




§32.MpaBuna 004YMCIEHHS NOXiAHWX. MoxiaHa cknageHoi dyHKLIT

’ ’
n=3 (x3):(x2-x):
’
=(x2)~x+x’~x2=2x~x+1~x2=3x2. To#t camwuii
pesyabTaT nae i 3acrocyBanHa Gopmyan (3):
4

(x3) =3x%1 =342,
fAxr 6aunmo, HaBeqeHi MipKyBaHHS T03BO-
JAI0Th, COUPAIOUYNCh Ha TONepenHill pe3yJib-

TaT, OOT'PYHTYBATH (POPMYIAY I HACTYIIHOTO
3HaueHHA n. [lpumycrumo, 1o dopmyaa (3)

IIpu MAa€eMoO:

BUKOHYeTbea qad n=k (k>1), TobTo
’

(xk) =k,

ITorkaskemo, 1o Toxi gopmysa (3) mpa-
BUJIbHA i IJ1A HAaCTYIHOro 3HAUeHHA n=Fk+1.
Hiiicuo,

’ ’
(1) =(x% - x) =(x") x+a" x* =
=kx" 1 x+1 2" =kx® +xF =(B+1) x".

Or:xe, Ao dopmysa (3) BUKOHYETHCS
npu n=2, TO BOHA CIOpaBemJUBa i AJs Ha-
CTYIHOTO 3HaUeHHa n=3. Aje Tomi dpopmyia
(3) BUKOHYETBCA i AJIA HACTYITHOTO 3HAUEHHS
n=4, aomke, i gia n=5 iT. g., 1jad Oyab-

B
sAKoro HartypajgbHOoro n>1. O
oo @gopmyna

4
(x") =nx 0yde npasunvHolo 0as 0ydo-
sAKo0zo 0Oilicnozo nokasnHuka n (aje TiAbKHU

OpU TUX 3HAUEHHAX X, IPU AKUX BU3HAUEHA
if mpaBa wacTtuHa).

4

MosxkHa oOr'pyHTyBaTH,
n-1

® Hamnpuraazn, axkimo n=1 abo n=0, To
npu x#0 14 popmysa Tex mpaBuabHa. [lifi-
cHo, akio x#0, To 3a ¢popmyaoio (3):

(x') =121 =12 =1,

(xo) =0~x0_1:0,
mio 30iraeTrbcsa 31 3HAUEHHAMM MOXiZHUX
dyurmii x Ta 1, ogep:kauux y u. 5 § 31.

Armo n — mine Big’eMHe UYHCIIO, TO

n=-m, 1e m — HaTypaJibHe umncjo. Toxi mpu
x#0

(x”), =(x’m)’ =(Lj _ 1o le) ") =
(x'")2

_0-x™ —mx™t —mx™! B 1
- x2m - x2m - m+l
— mxfm—l :nxn—l

*

Or:xe, popmysa (3) BUKOHYETBCA 1 AJIA
O0yAb-SIKOTO IIiJIOTO TOKAa3HUKA CTEIeHd.

To npu x>0 wmaemo
1

2x

1
Axmo n=—,
2

1

xE:\/;‘ dAx Bimomo 3 § 31, (\/;) =
(mpu x>0). Aje 3a popmyJioio (3):

1 1
= 1 -1 —
(xz) =—-x? :l-x
2 2

[

11
T2 1
x2

T0o6TO hopmyaa (3) mpaBunbHa i mpu n=—. O

0 MoxigHa cknageHoi yHKLUT

CrkianeHon (QpyHKIIi€l0o 3a3Buuaii Ha3uBa-
oTh (pysKnioo Bix d¢yrrnii. dxmoio sminaa Yy
e dynkmiero Bix u: y=7(u), a u, y ceoro uep-
ry, — (pyHKIlieio Big x: u=u(x), To Y € CKaa-
denow Gyuryicio Big x, robro y=f(ul(x)).

Y Takomy pasi KasKyThb, II0 J € CKJaje-
HOI0 (PYHKIIi€l0 Hes3aJeXHOTOo apryMeHTa X,
a u — 1i npomisdcHuUMm apeymeHmom.

Haopukmaazn,  AKIIO y=f(u)=\/;,
u=u(x)=x-2, 7o y(x)=7f(ulx))=vx-2 —
cKJameHa (PYHKI[IA, BU3HAUEHA TiJIbKU IIPU
TUX 3HAUYEHHAX X, OJad axux x—220, TodTo
npu x>2 (IPOMiKHUNA apryMeHT u=x —2).

IIpaBumo 5 (moxizma criaameHOol (PyHK-
mii). Jrwo @yuxyia ul(x) mae noxidny
8 mouui x,, a QYHKYii f(u) — noxiony
6 mouyi ug=u(xy), mo cknadena GyHKyis
y=1(u(x)) maxon mae noxiony e mouui x,,
npuwomy (7(u(x))) =f (. (x).

® Ockinpku 3a ymoBoio (yuKmia u(x)
Mae€ MOXiAHy B TOUIli X,, TO BOHA € Helepeps-
HOIO B ITifi Touri (m. 8 Tabda. 44), i Toxgi masii
3MiHI aprymeHTra B TOUIli X, BiAmoBizamwTh
MaJii 3MiHM 3HaYeHb (QYHKIiI, TOOTO mpm
Ax—0 Au—0 (. 2 Tabu. 44).

3 piBHOCTI Au= u(x0 + Ax)—u(xo) MaeMo:
u(xg+Ax)=u(xy)+Au=uy+Au.

Tonxi
Ay=y(x, +Ax)—y(x0)=f(u(x0 +Ax))—
—f(u(xo))=f(u0+Au)—f(u0)=Af.

Y HaBemeHOMY OOIDYHTYBaHHI (PaKTHYHO HESIBHO BUKODPUCTAHO METOA MAaTeMaTHYHOI IHAYKITil

(ouB. § 6), AKUIl [O3BOJISIE apryMEHTOBAHO 3POOMTH BUCHOBOK, IO PO3TJISHYTE TBEPIKEHHS BU-
KOHYETHCSA AJsA OyIAb-AKOr0 HATypaJbHOro n (y ZAaHOMY BHUIAAKY IJd n>1).

|
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Iloganbire moBemeHHS ITPOBEAEMO TiJIBKU Ay Af Au 7ol A w
ana rakux Oymknoift u(x), y axux Auz0 Ax  Au Ax Tl Uy A TE M O3HATAC, IO
y BesKoMY OKOJIi ToOUKH X,. IIpu Au#0 mogamo v, =1 u,, To6T0 (f(u(x))) =f;(u)-u; (x).
Ay Ay A A Au
E TaK: E_E_ EE Ypaxosyiouu, Or:xe, moximHa cKJIageHoi QYHKIIiI
Au , , y=f (u(x)) IOpiBHIOE MOOYTKY MOXimHOI nma-
mo mpu  Ax—0 E_”‘ (x9)=uf, a mpum Hoi (yEKmii y=f(u) mo mpomikHOMY apry-
Af , , MeHTY u (IIO3HaueHO [, ) Ha MOXifZHY IPOMiK-
A e =/, ) "
u—>0 Au —>f(u0) fu» omepasyemo, mo npu HoOro aprymenta u=u(x) mo HesalexHOMY
Ax—0 (i BigmoBimzro mpu Au—0) aprymenty x (mossaueHo u,). O
NMPUKNAAN PO3B’A3YBAHHA 3ABAAHb
3HalAiTh MOXiAHY (PYHKIIII:
Mpukaad 1 . g s s x+2
1) y=x"+x°; 2) y=x (2x+x ); 3) y=5 .
—x
Po3p’sa3aHHA KomenTap
P y=(x7 +x3),=(x7),+(x3),= 725 +3x2. < Haragaemo, mo aarebpaiunuii Bupas (um
, ( 3 ( 4)> dopmyay, aka 3amae GYHKIII0) HA3UBAIOTH
2) Py ={x"2x+x")) = 3a pesyJIbTaTOM OCTAHHBOI nii, AKY IIO-
=(x8 ),~(2x+x4)+(2x+x4 )' X8, Tpi6HO BHKOHATU IPH 3HAXOJKEHHI 3Ha-
, yeHHA 3amaHoro Bupasy. Orike, y 3aBmaH-
VYpaxoByroun, IIfo (xs) =8x7; Hi 1 cmouaTKy MOTpPi6HO 3HANTHM HOXimHY

eymm: (w+v) =u/+0’,

4 _ ’ A 3_ 3
(2x+x ) —(2x) +(x ) =2-x"+4x"=2+4x", y 3aBIaHHI 2 — mOXigHy ZOOYTKY:

Maemo (wv) =u'v+u'v
v =8x" (2 +x*)+(2+4x3)x8 = - s i
a B 3aBJaHHI 3 — mOXigHy yacTKwu:
8 11 8 11 8 11 ’ , ,
=16x"+8x" " +2x° +4x =18x"+12x . < (u)_uv—vu
4 ’ ’ B 2 )
, (242 (x+2) G-2)-(5-x) (x+2) Y. v

) p y= = 3 . Y saBmamuax 1 i 2 ciaixg BuKopucraTtu Ta-
5-x (5—x) ( n),_ n-1

KoK (popmynay \x°) =nx" ', a B 3aBIaH-

VYpaxoByiouwn, 110 ) .
Hi 2 BpaxyBaTH, IO IIPU OOYMCJIEHHi IIO-

(x+2) =x'+2'=1+0=1, (5-x) =5'-x’=0-1=-1, xigmoi Bim 2x mocTifiHuii MHOXHUK 2

MaeMo MOKHA BMHECTH 3a 3HAK ITOXimgHOI.
, 1.5-x)-(-1)-(x+2) 5-x+x+2 7 V 3aBmaHHiI 2 Kpallle CIIOYATKY DPO3KPUTH
- (5-x)° - (5—x)? - (5—x)? : OYMKM, 4 IOTIM y3ATH MOXiZHY CyMMH.

OGuuciitey sHaueHHA moxigmoi GyHKIII f(x)= x%—5Jx y TOUKax:

Mpukrad 2 x—4. £-0.01.
Posp’a3anusa KomenTap
> 7(x)= (xz _5\/;)' _ (x2 )' _5(\/;)' _ H1s 3HaXOMKeHHA 3HAUeHHA IMOXiTHOI B yKasaHUX
1 5 TOYKaX JAOCTATHLO 3HAWTU MOXiAHY HaHOI (QYyHKITiL
=2x-5- =2x— . i B ofep:KaHMii BUpa3 IiJCTABUTH 3aJaHi 3HAUEH-
2\/; 2\/; HsS apryMeHTa.
F(4)=2-4— 5 =8— E - 63 . ITpu obumcieHHi moOXigHOI CiIif ypaxyBaTu, IO 3a-

2/4 4 4 IaHy PiSHUII0 MOYKHA PO3TJIANATH IK ajaredopaiuny
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f’(0,01)=2~0,01—L=0,02—L= cyMy BHUpasiB x2 i (—5\/;) , @ IpU 3HAXOIKEHHI
5 20,01 2:0,1 noxinuol (—5\/; ) 3a 3HAK IIOXiZHOI MOYKHaA BUHe-
=0,02——2=0,02—25=—24,98 . CTH HoCTiftHMI MHOKHUK (—5). V pesysibrari dak-
? 3 TUYHO MU OTPUMAEMO DPI3HUINI0 MOXiZHUX (PYHK-
Bidnosidv: 62; -24,98 < nif %2 i 5\/;.
3HalAiTh 3HAUYEHHA X, IJd AKUX HoxXimgHa (GyHKIL f (x)=x*-32x
"P ukAad 3 JIIOPiBHIOE HYJIIO.
Posp’sa3anHa KomenTap
, 4 ’ AV , 3 11106 3HaliTH BiAMOBiAHI 3HaUeHHS X, JOCTAT-
> f(x)z(x —32x) Z(x ) -32x"= 4x° -32. HbO 3HAUTU HOXimHy 3amaHol (yHKIIiI, mpu-
f(x)=0. Tomi 4x%-32=0, x%=8, x=2. piBHATH Ii 70 HyNsA i posB’aA3aTé ojepiKaHe
Bidnosiov: 2. < PiBHAHHSA.
1 )4 SHangiTh TOXigHY (PYyHKIIL f:
UKAQ -7
P 1) fx)=(x*-1)";  2) f(x)=ybx®+x .

Po3p’a3anns KomenTap

V zaBmanHax 1 i 2 HeoOXiZHO 3HAUTH
BiIIOBiHO WOXimHY cTeleHsa i Kope-
Hs, ajJe B OCHOBi cTemeHs i mim 3Ha-
KOM KOpEeHs CTOIThb He apryMeHT X,

D> =13 -1)" (x¥-1).

VpaxoByioun, 10 (x3-1) =(x3),—1'=3x2—0=3x2,

0JIEPIKYEMO
-8 -8 912 a4 BHpasM 3 LUM aprymMeHToM (Tex
f'(x) :-7(x3 —1) 8x2= 2142 (x3 _1) =— <] ' @yHEOii Bix x). Omxe, HOTPiOHO 3HAWTH
( X3 _1) moximHi Bimg crRaameHuUx (YHKI[IH.
, 1 2 ! Tlosnauarouu (Ha yepHeTIi a0 YABHO)
2 x)=———=-bx"+x) . ¢ !
) > 1) 52 ( ) IPOMIKHUI aprymMeHT ueped u (Ojs
x4+ x .
YpaxoByiouu, IO sapianna l: u=x" -1, a nuaa sa-
2 2 ) 3 5 2
2 )' ( 2)’ , BHaHHA 2: u=5x°+x), 3a hopmyJ0IO
(5x +x) =5{x%) +x'=5-2x+1=10x+1, fi=f -u, sammcyemo moxigmi saza-
omepaxyemo [ (x) _ 10x+1 . < HUX QYHKIIN 38 ypaxyBaHHAM (OPMYJI

’

2V5x2 +x (un)’znun—l i (Ju) = 2\1F _

1. BanumritTe TpaBWiIa 3HAXOMKEHHS IOXiTHOI CyMHU, ZOOYTKY Ta YacT-
3anumaHHg Ku nBoxX (yHKHIi#. IIpoimrocTpyiiTe iX 3acTOCyBaHHSA Ha HPUKJIALZAX.
2. 3Banumite GopMyJSy 3HAXOAKEHHA HOoXigHoi cTemeHeBoi dyHKITII x”
IIpoinrocTpyiiTe ii 3acTocyBaHHS Ha NPUKJIAAAX.
3. TIloacHiTh Ha NpUKJIaZax IPABUJIO 3HAXOMKEHHS IMOXiZHOI CKJazeHoi
(PYHKILI.

4*, O6rpyHTyiiTe TpaBWja 3HAXOMKEHHSA IOXifHOI cyMm, NOOYTKY Ta
YaCTKMW ABOX (PYHKIIN i mpaBmja 3HAXOAMKEHHA MOXigHOI Bim cKJa-
IeHol (GpyHKIIT.

5%. O6rpynryiire GopMysIy 3HAXOAKEHHS IOXiZHOI cTemeHeBoi GyHKIil
IJIS I[iIUX 3HaueHb 7.
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Bnpabu

32.3.

32.4.

32.5.
32.6.

32.7.

32.8.

32.9.

32.10.

32.11.

32.12.

32.13.

32.1°,
32.2.

VY saBmamaax 32.1-32.5 smaigiTe nmoxigHy (QYHKII.
2

1
1) y=x°;2) y=x7;3) y=x%; 4) y=22; 5) y=x"; 6) y=x 2.
19 f(x)=x+3; 3) Flx)="L-x%
x

2°) f(x)=x°—x; 4) f(x)=x?+x .
1) f(x)=2x3+3x; 3) flx)=x*-2x2-1;
2) f(x)=x2+5x+2; 4) f(x)=2Jx +4x% +3.
1) y=x2(2x+x*); 3) y=(8+x%)(2-x);
2) y=(2x-1)(1-x2); 4) y=+x (3x% -x).

x? 2x+1 2-x 1-2x
1 = ; 2) y= ; 3) y= ; 4) y= .
)Y x+3 )Y 3x-2 )Y 5x+1 )Y x?
OGuucrits 3HaueHHA moxiznol dyukmii f(x) y sasHaueHHX TOUKax:

1°) flx)=x2+2x; x=-2, xzé; 3) f(x)= x+13; x=0, x=-3;

1
2) flx)=x*-4x; x=2, x=-1; 4) f(x)=x——; x=—J2, x=0,1.
x
3HalgiTh 3HAUEHHS X, OJA AKUX HoxigHa (QyHKIHl f (x) IOPiBHIOE
HYJIIO:
2 1 3 2 3
1°) f(x)=3x%-6x;  2° f(x)=§x +x+5;  3) flx)=12x+—.
x

PosB’s:xiTh HepiBicts f(x)<0, akmo:
1°) f(x)=2x—x2 2°) f(x)=x3+3x2; 3) f(x)=2x+§.
X

Bagaiite dopmynaamu ememenTapui (yurmii f(u) i u(x), 8 akux
ckmagaeTsea ckaagena gyskmia y=f(u(x)):

5
1) y=+/sinx; 2) y=(2x+x2) i 3) y=Vx®-x; 4) y=cos(2x—§}

3HalgiTh 06J1aCTh BU3HAUEHHS (PYHKILI:

5
1°) y=(2x"-4x); 8) y=7 ! Y 5) y=+sinx ;
x_
1 1
2) y=v2x+6; 4) y= : 6) y= L_q
NEY x

3HaUIiTHh Homey dyurmii f(x):

1) 7(0)=(x?-x)"; 3) £ (x)=v/5x—x? ;
2) f(x)=(20-1)"; &) () =\2eBx +— 1

(2x - 1)
BanumritTe piBHAHHEA AoTHUHOI A0 rpadika ymkmii y=7(x) y Toumi
3 abCIIUCOI0 X, AKIIO:

1) fla)=x"+3x, xo=2; 3) fl)=\2x—2® , x,=1;
2) fla)=x"-x, xo=-3; 1) flo)=20c" -1, xy=-1.
X

BuaBiTb CBOO KOMMETEHTHICTb

HaseniTe nmpukigan mozesi ckjaameHol PYHKIII 3 peasibHOTO KUTTA.



NOXIAHI ENNEMEHTAPHUX ®YHKLIN

Tabaumnsa 46

’ 1
¢’=0 , )1 (Vx) = 7
(c — crana) (x) =1 (x") =nax™? x x2 2N x
(x#0) (x>0)
, , r 1 r 1
(sinx) =cosx (cosx) =-sinx (tgx) =— (ctgx) =——;
COSs X sin x
NOACHEHHA M OBI'PYHTYBAHHA
Popmynu ¢’=0 (¢ — crana), (x) =1, 3)Tpn  Ax—0 2250, Toni
(") =nx" . Ax
Y ;o cos| xy+—— |—>cos(x,), a BpaxoByIo-
(_) =——, (Vx) = ~n (x>0) 6ymo 2 sin A%
x x x A 2
obrpynToBaso B § 31 i 32. du pismicre (1), x —1. Tpu
® [lna oOrpyHTYBaHHA (QopMyJan Ay 9
(sinx) =cosx BuKOpHCTAEMO Te, IO IpPHU Ax—0 E—)Lcosxozcosxo, TOGTO

MaJIuX 3HAUYEHHAX (¢ 3HAYeHHd Ssino=o
(manpukiaan, sin0,01=0,010, sin0,001=
=0,001). Tomi mpu o—>0 BigHOmIeHHA
sino

—1, To0TO
a .
lim 2% _ 1, 1)
a—0
Axmo y=f(x)=sinx, To, BuUKOpPUCTOBY-
1oun (pOPMYyJIy IePETBOPEHHA PiBHUILI CUHYCIiB
y IOOYTOK i cxemMy 3HaXOA KeHHsS IMOXigHOoI 3a
osHaueHHAM (11. 4 § 31), maemo:
1) Ay=1(xg+Ax)—f(xy)=
=sin(x, +Ax)-sinx, =

. X t+tAx—x x, +Ax +x
=2sin -2 0 cos—2 0 -

. Ax Ax
=2sin—cos| xo +— |.
2 2

2sin Ax cos(x +Ax)
i — a4
Ay _ 2 ° 2

2) =
Ax Ax
. Ax
sin ? Ax
= -COS| X +—— |-
Ax 2
2

7 .
f’(x9)=cosx, . Orsxe, moxigHa QyHK-
nily=sinx y moBinbHIiN TOUIi X:

4

(sinx) =cosx.
® VYpaxoBywuwu, II0 3a (opmMyaaMu 3Be-

. (= T .
IeHHA cosx=s1n(——x , cos| ——x |=sinx,
2 2

1 BUKOPHCTOBYIOUM NPABUJO 3HAXOMKEHHS
noximHol ckJIameHoi (PYHKILII, OepIKyeEMO:

(cosx) ={sin(£—x)j =cos(£—x)(£—x) =
2 2 2

=sinx-(0-1)=—sinx.
OTxe, (COS.’)C), =—-sinx. O

® Jlinsa 3HaXOM:KEeHHA NoxigHux tgx
. sinx
i ctgx BuKopucraemo opmyau: tgx = ,

cosx cosx
3HAXOMKEHHS

ctgx=— i mpaBwmio
sinx
moxXimHol yacTKu.

’
’ [sinx J _ (sinx) cosx—(cosx) sinx _

(tgx) =

CosXx COS2 X

( . . 2 .2
__ COSXxCOosX — —s1nx)s1nx __ cos xX+sin x _

2 2
1 Cos X COos X

2 .
Cos X

“ CupaBemauBicTh Iiel (popmysau oOr'pyHTOBaHO B m. 29.3.
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Orsxe, (tgx) = 12 . O

COos X

’ 1
@ ®opmyny (ctgx) S— OBrpyHTYMTE CAMOCTINHO.

sin” x

NMPUKJIAAN PO3B’A3YBAHHA 3ABJAHb

3HaWAiTh MOXiAHY (PYHKILII:

Mpukaad 1

Pozps’azannga

1) > f'(x)z[sin2x+\/§] -

= (sin? x),+[\/§j -
1

. . ’
=2sinx(sinx) +

=2sinxcosx+ =sin2x+

cos3x

2) » f'(x)=(x—2j =

_ 2xcos3x+3x” -sin8x

. <

cos? 3x

1) f(x)=sin2x+\/§; 2) fla)=—3—.

1 1
on/2x N

2

cos3x

Komenrap

ITocnimoBHO BHM3HA4Yae€MoO, Bii SKOr0 BUpPa3y
caim ysartm moxigHy (opieHTyHOUHMCH Ha
pe3yabTaT OCTaHHBLOI mii).

Y BaBmamHi 1 cmoouatky O0epyTh MOXiZHY

cyMu: (u+v),=u’+v’. IloTiMm A KOXKHO-
ro 3 [JO0JaHKiB BHKOPUCTOBYIOTh IIOXigHY
CKJIafleHOl (PYHKIIii: 0epyTh HOXimHY Bif u?
i Ju i mommomyoTs ma . OmepsxaHmit
pesyJabTaT 0akaHO CIPOCTUTU 3a (HOPMYJIOIO
2sinxcosx =sin2x .

Y BaBmanHi 2 cmoouaTtky O0epyTh MOXigHY

’
u uv-v'u L
9acTKU: | — | =————, & JUIA IHOXijfHOl 3Ha-
v v
MeHHUKA BUKOPUCTOBYIOTh MOXiTHY CKJIaJeHOI

(yHKIIT (IOXiZHY COSU HOMHOMKYIOTH Ha U ).

3HaWgiTh yci 3HAUeHHS X, IPU AKUX 3HAUEHHS IMOXiZHOI (PYHKIIiI

Mpukaad 2 NPy
Fla)=YEH2

Pozp’azannga

P O6nacTh BU3HAUYEHHS 3afaHOl (QYHKILII:

{z;%>0’ To6T0 [—2;0)U(0;+20) .
f’(x)z (\/x+2)’~x2—(x2),-\/x+2 _

(x?)°

1 2
——x" —2x\x+2
_ 2Vx+2 _ —3x-8
4

x _2x3\/x+2 .

O6JjacTnb BUBHAUYEHHS

: 1) mopiBHIOE HYJIIO;

dyHKIiI f(x):
(—2;0)U(O;+o<>), to6To moxizua f'(x) icmye mHa

2) momatue; 3) Bim'emHe.

KomenTap

IToximma @yHKIII MoXKe IicHyBaTH TidbKHU
B UX TOYKaXxX, sIKi BXomaThb o ii obJiacTi BU-
3HaueHHA. TOoMy cIouyaTKy IOIiJIbHO 3HANUTHU
00JIacTh BUBHAUEHHS 3amaHol QYHKILI.
IToximma ¢Qyukrmii cama € QyuKIiiero Big x,
i Tomy pmna pos3B’sA3yBaHHS HepiBHOCTeH
f(x)20 wmoxua BUKOPUCTATH METOH iHTep-
BamiB. Ilicna smaxomenmua O3 1iei He-
piBHOCTi mOTpi6HO cmiBcTaBUTH ii 3 00JIaCTIO
BusHauenHsa ¢yukmii f(x) i mpomommxysaru
po3B’sA3aHHA HepiBHOCTI Ha iX CHiAbHIA ua-
CTUHI.



§ 33. MoxiaHi enemMeHTapHUX dYHKLIN

BCiit obmacti BusHauemus (ymkmii f(x), xpim ' Orxe, HepiBHocti f'(x)20 saBxkzum poss’asy-
TOUKH X=-2. IOTbCA HaA CHiJBbHIA uyacTuHi obgacrteit
—3x—8 0 8 ( BusHauenHsa o¢yurmii f(x) i f(x). aa
—— =0, x=—— (e BXOAUTH ) : . . o
03B’s3yBaHHA BiANOBIZHMX HepiBHOCTEH IO

2x3\Jx+2 3 p y SIIOBLA P A
. , CTAaTHBO HA CILIbHIA 06JacTi BU3HAUECHHA

1o obmacti BusHauenna f (x)). . o, o

dyuruiit f(x) i f'(x) mosmaumru mymi f(x)

. o ’ . .

. . i suaiitu sHak f (Xx) y KOKHOMY 3 IPOMIKKIB

mepiBmocri  f(x)>0 Ta f'(x)<0 wmerozom ) ! y y3mp ’
Ha fAKi po3buBaeThCsa I CIILJIbHA 00JIaCTh

inrepBamiB (puc. 33.1):

BU3HAYEHHA.
Bionogidv: 1) Takux 3Ha4YeHb X, OPU SAKUX N
f'(x)=0, memae; 2) f(x)>0 mpu xe(-2;0);

3) f'(x)<0 mpu x€(0;+20). <

f(x)=0,

Ha o6macri BusmauenHs f (x) poss’samemo

Puc. 33.1
3HalgiTh PiBHAHHA AOTUUYHOI mo rpadika (QPYHKIIiI y=x2 cos(x—1)
npu 23 y Toumi x,=1.
Po3p’a3annsa Komenrap
» sIxmo f(x)=x2cos(x-1), To PiBHsaHHA goTwunOi 0 rpadika dymrkmii y=f(x)
) f(xo): f(1)=1. y Toulli 3 abCIUCOI0 X, Y 3arajJbHOMY BHUIJIAJL 3a-
f/(x)=(x2) cos(x—1)+(cos(x—-1)) x2 = mucyiors tax: y=f(xo)+1"(%o)(x~%p)-

9 . 11106 3anucaTu e PiBHAHHA IJd 3amaHOl GYHKITIT,
=2xcos(x-1)-x*sin(x-1).

Toni f'(x0 ) =f(1)=2. IligcraBnsiounm i
3HAUYEeHHA B PIBHAHHA JOTUYHOI

y=1(xg)+1 (x0)(x—2xy), onepsyemo
y=1+2(x—-1), 10610 y=2x-1 — mykane
piBHAHHA moTuuHOI. <

moTpibHO 3HAUTH f(xo) , moxiguy f'(x) i sHauen-
HA f'(xo). Hna BUKOHAHHA BiAmoBimHMX obumMC-
JIeHb 3DYYHO IOSHAUMTH 3afaHy (YHKIiI0 uepes

f (x) , a IJIs 3HAXOM)KeHHA Ii ImoxXigHol BHUKOPU-
’
cTaTy (popMyJIy IOXigHOI JOOYTKY: (uv) =u'v+v'u.

3anumaHHg 1. BamumiTe Ta 06rpyHTyiiTe (OPMYIM 3HAXOMKeHHS IOXiTHUX Bif
TPUTOHOMETPUUYHUX (DYHKIIlA.

Bnpaeu VY saBmamaax 33.1-33.7 smaiigiTh moxigHy (QyHKIII.
33.1°. 1) y=cosx+1; 3) y=tgx+ctgx;
Yy Yy
2) y=2sinx-3x; 4) y=x3—ctgx.
33.2. 1) f(x)=xtgx; 3) f(x)=sinxtgx;
2) f(x)=xctgx; 4) f(x)=cosxctgx.
33.3. 1) flx)=22%, 3) f(x)=sin®x;
X
2) flx)=—2—; 4) f(x)=cos®x .
COsS X
33.4. 1) y=251n§cos§; 3) y=sin4xcos2x—cos4xsin2x;
2) y=cos?3x—sin®3x; 4) y=sinTxsin3x+cos7xcos3x .
33.5%. 1) y=+l+sinx ; 3) y=sin(cosx);

2) y=cosx2; 4) y=./tgbx .
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33.6.

33.7.

33.8.

33.9.

33.10.

33.11.

33.12.

33.13.

33.14.

33.15.

33.16*.

33.17*.

1) y=x°+sindx; 3) y=(sinx—cosx)2;
2) y=x3sinx; 4) y=tg34x.

1) y="2%, 3) y=vx tgx;

2) y=8§in2x+c032x; 4) yzm.

YV szaBmanHax 33.8—33.9 oOumciaiTh 3HaueHHs moxigHol ¢yuKIii f
Yy 3a3HaAYEeHid TOYIIi.

1)° f(x)=cos2x, x=—; 3) f(x)zlﬂ’—osx’ x:3_7t;
2 sinx 2
2°) f(x)=x+tgx, x=0; 4) f(x)=tg?2x, x:%”,
1) f(x)=x3+sinx, x=0; 3) flx)=2 -1 , x=1;
X
2) fx)=x2x , x=2; 1) f0)=(20-2%)", x=-1.

Y saBmamnax 33.10—33.11 3maiifiTh 3HAUEHHS X, OJd AKUX ITOXigHA
dyuroii f gopiBHIOE HYJIIO.

1)° f(x)=2x—cosx ; 3) f(x)=sin?2x;
2)° f(x)=sinx—%x; 4) f(x)=%cos2x+sinx.
1)° f(x)=x®-6x2-7; 3) f(x)=(x-3)Jx ;
2)° f(x)=x*-4x3+5; 4) f(x)= Vx i
x+2

Posp’ kit HepiBaicts f/(x)>0, armo:
1°) flx)=12x-x3+1; 3) f(x)=cos2x+3;
29) f(x)=2x%-12x2+18x+5; 4)f(x)=4Jx —x.

BHaliTh 3HAUEHHA X, IPU AKUX 3HAUeHHA moxizuol dymrmii f(x):
a) mopiBHIOE HYJI0, 0) JOAaTHE, B) Bin eMHe.

1) 7F(x)=x%-6x%+9x+1; 3) flx)=x—-2Vx ;
2) flx)=2x*-16x3+2; 4) f(x)=+16-x% .

SanuiriTe piBHAHHA NOTHMUYHOI o rpadika QyHKII y= f(x) y rourmi
3 abCIIUCOI0 X, SAKIIO:

; 3) flx)=x*-2x2+3, x,=0;

2) flx)=tg2x, xy=—; 4) f(x)=v2x+2, x,=1.

SHalgiTh abcnucu X, TOYOK Irpadika QyHKIII y=f (x), v axkux mo-
THYHA [0 HHOTO YTBOPIOE KYT ( 3 AOZATHUM HAmPAMKOM oci Ox:
1) f(x)=sin2x, ¢=0°; 3) f(x)=sin®x, ¢=135°.

2) flx)=x®-11x, ¢=45°;

3HalAiTh PiBHAHHA OOTHYHOI A0 rpadika GpyHKIii f (x)=x®-8x+5,
AKa mapaJjieibHa mpamiii y=—-3x+7.

1) f(x)=cosx, x,=

o|aw|a

3HaiiziTe piBHAHHA moTmuHOI m0 Tpadika dymrmii f(x)= xt+x-2,
fAKa IapaJieibHa npamin y=>5x+1.



i cnapaHHA Ta eKcTpeMyMiB pyHKLUT

3ACTOCYBAHHS MOXIAHOI A0 AOCNIAKEHHA ®YHKLIN

34.1. 3acTocyBaHHA NOXiAHOT A0 3HAXOAXKEHHSI MPOMIXKKIB 3pOCTaHHSA

Tabaumnsa 47

JocTaTHSI yMOBa 3pOCTAHHA (PYyHKIT

1. MOHOTOHHiICTb i cTanicTb yHKUii

JdocTaTHAa ymMoBa cHagaHH (QYHKIL

y 0° <0 <90° y 90° < <180°
y=71(x) f'(xg)=tga>0 « f'(x9)=tga<0
Armo B KoKHIN — f(x) SIKIO0 B KOXKHIN
TOUIi iHTEepBay y TOUIIi iHTepBaJy
(a;0) f'(x)>0, (a;0) f(x)<O0,
to ¢ynkmia f(x) to dpynruia f(x)
o 3pocTae Ha I[bOMY a cnazae Ha IIbOMY
ol 4 x, b 5 iHTepBai. 0la x, b X inTepBaJri.
Heo6OximHa i mocrtaTHs ymoBa cTaxocTi GyHKIil
y
y=1(x)
dyuxnis f (x) € cranoo Ha iHTepBaJi (a;b)
rogi i Tinekm Tomi, xKomm f(x)=0 B ycix
TOYKAaX IbOTO iHTEpBAJYy.
0 | ag b x
2. EKcTpeMyMM (MakKCMMYMM i MiHIMyMM) yHKLiT
Touxku MakKcuMyMy Touku miHiMyMYy
Touxky x, 3 obOmacti Bu- Toury x, 3 obnacTi BU-
sHavenHs Qyermoii  f(x) y suavenHsa pyurmii f(x) y
Ha3UBAaIOTh ) Ymax Ha3UBAIOTh Mmo4Ko0
marxcumymy 1iei QyHKIII, S & Minimymy 1iel QyHK- Ymin
AKINO 3HAWETHhCA O -OKia ' ' ii, axmo 3Halzerbca =
11y A ol 'x, =z W Axm S ol x, =
(29 —8x9+8) roukm x,, 8-orin (xy—8&xy+3)
TaKuH, IO AJA BCIX X#X Yy TOUYKH X, TAKWHH, IO y
3 IIbOTO OKOJIY BUKOHYETBHCS Ymax I BCiX X#X( 3 IIbOTO
HepiBHICTH OKOJIy BUKOHYETHCA He- Ymin
} | piBHiCcTB —
flx)<f(x). ol "xy «x 0l xy x
e f(x)>f(x).
X max = %0 mouka Mmaxcu- y y
myMmy. Ynmax X i = %o — MOYKQ Mi- /"'\
Himymy. Ynin
— I 1
ol xy, x 0l "x, «x

Toukn MakcuMyMy i MiHIMyMy Ha3MBaIOThb MOYKAMU eKCmMpemymy.
3HaueHHA (YHKIII B TOUKAX MaKCUMyMy i MiHIMyMy Ha3WBaIOTL eKcmpemymamu QyHryii (Max-
cuMmyMoM i MiHiMymMoM (GyHKITIT).

Ymax :f(xmax)zf(xo)_ MaKCUMyM

Ymin :f(xmin)zf(xo) — MiHiMyM
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3. KpUTHUYHi TOYKM

O3HaueHHA IMpuxaan
KputnuyaumMy TouKaMy (YHKIHII Ha3WBaoOThH flx)=x%-12x (D( f)= R) .
BHYTpimHI Toukm ii ofmacTi BusHaueHHA, f'(x)=8x2-12 — icmye mHa Beift obmacti
y AKX noxigHa (QyHKIil mopiBHIOE HyIIO® a6o BU3HAYCHH.
He ICHYyE. f'(x)=0 mpu 3x*-12=0, x®=4, x=+2 —

KPUTUYHI TOUKMU.

4. HeobxigHa i AOCTaTHA YMOBM €KCTPEMYMY

Heo0xigHa ymoBa ekcTpeMyMmy JocTaTHA yMOBa €KCTPEeMyMYy
V Tourax excrpemymy moxigza ¢ymrumii f(x) ' Hxmo (I)yHRfLiﬂ f(x) HemepepBHa B TOUNi Xg
IOpiBHIOE HYJIO a00 He icHYe. i moxigma f'(x) smimioe sHak mpm mepexomi**
uepe3 TOUKY X;, TO X, — TOUKA eKCTPeMyMy
X, — TOUKAa eKCTPEeMyM
0 | eRCTpeMyMy dyurmii f(x).
dyuxruii f(x)
U Y roumi X, 3HaAK
, . Xy, — TOuUKa
y f'(x) sminoerscs = MK GV
,f(x0)=0 abo 3 «+» Ha «—» vy
f (xo) — He icHye
o ; ’ =0 a6 Y Tourmi Xx, 3HaK
(ame He B KOXKHIH TOumi X4, Ze f'(x, abo () %o - X, — TouKa
. X) sMmiHIOETBCS ..
f’(xo) He icHye, OyIe eKCTpeMyM) f MiHiMyMy
3 «—» Ha «+»

5. Mpuknaa rpadika dyHKuii v =f(x), wo mae ekcTtpemymu
(X4, X3, X3, X4, X5 — KPUTMUHi TOYKM)

Y71 £'(x) — me icaye

40 y=f(x)
) ’iﬁg / T

5\
X 2(min) X5(min)
xl(max) 0 x 3(max) / x
f'=0 TouKa f'(x) — He icHye
Ieperuuy
3uak f'(x)  + - + - - +
x4 X X3 Xy X5 x

Ilosemiaka™ ™ f (x)

max \ . / max \ \ . /

BuyTpinai Toukm o6sacti Bu3HAUeHHA (PYHKINI, y AKUX HOXigHA MOPiBHIOE HYJIIO, HA3UBAIOThH
TAKOJK CTAI[iOHAPHUMU TOUYKAMIH.

MaeTbcss Ha yBasi mepexin uepe3 TOUKY X, IpHW pyci 3y1iBa Hampaso.

3HakoM « /' » IO3HAUEHO 3pOCTaHHA (QYHKII, a 3HAKOM « \,» — Ii cmajaHHA Ha BiAmOBiZHOMY
IPOMIiKKY.
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6. JocnigkeHHAa PyHKUii v =f(X) Ha MOHOTOHHICTb i eKCcTpeMyMM

Cxema
1. 3uaiiTu 06JacTh BU3HAUEHHSA (QYHKIII.

2. Bmaiitu moxigay f(x).

3. 3HalTH KPUTUUYHI TOUKH,

TOOTO BHYTPillIHI TOUKM o6JiacTi BU3HAUYEHHS,
’ . .

y axkux f (x) nopisioe Hymio a6o He icHye.

4. TTosHaumTu KPUTUYHI TOYKM Ha 00JIacTi BU-
3HAUEeHHA, 3HANUTM 3HAK IMOXiAHOI i XapakTep
HOBeMiHKM (PYHKIII HA KOXKHOMY 3 iHTepBaJiB,
Ha sKi po30MBaeThcsA 00JIaCTh BU3HAUECHHS.

5. BigHOCHO KOKHOI KPUTHUYHOI TOUKH BU3HA-
YUTH, YU € BOHA TOYKOIO0 MaKCUMyMy abo MiHi-
MyMy, UM He € TOUKOIO eKCTPeMyMY.

6. SamucaTu pe3yabTAT AOCIiMKeHHS
(TPOMisXKM MOHOTOHHOCTI i eKcTpeMyMu).

Hpuxaam: y=1(x)= 3x® —5x%+1
O6nacts BusHauenusa: D(f)=R.
f/(x)=15x* —15x2 =15x2 (x®-1) =

=15x% (x-1)(x+1).
f'(x) BUBHAUYEHHA.
f'(x)=0 mpn x=0, x=1, x=-1.

icaye ma Bciit o6uacti

3nak f'(x) + - - +

IloBeminka -1 0 1 x

f
) /max\ ™S\ min 7

f (x) 3pocTae Ha KOYKHOMY 3 IPOMIiMKKiB:
(meo3=1] i [L+0) %

f(x) cunamae Ha mpoMikRKy [—1; 1].

Toukm excrpemymy: X .. =-1; x . =1.

Excrpemymu: Y. =1 (-1)=38; y., =f(1)=-1.

3ayBarkeHHA. PesyabpraTu nocaigsxkeHHsa (PyHKII] Ha MOHOTOHHICTD i eKc-
TPEMYMH 3PYYHO YHAOUHIOBATH He TiJIbKU y BUIJIALL cxeMHU, 300paskeHol
B II. 6 Tabu 47, a i1 y BUIISAAI CIeliaJbHOI TaOaMITi:

Y (-1 T (10)
Pl ©0 %
f(x) / 3 N

O (01) (1 +e0)
0 - 0 +
1 Ny -1 /

min

NMOACHEHHA M OBI'PYHTYBAHHSA

MOHOTOHHICTb i cTanicTb yHKUii.
KpUTHYHiI TOUYKM PYyHKUiT

IToxigHa € BasKIMBUM iHCTPYMEHTOM [10O-
crim:keHHA (PyHKIIii, 30KpeMa, Ha MOHOTOH-
HicTh (TOOTO Ha 3POCTAHHS Ta CHANAHHSI).

Haragaemo, mo (pyHKIIifO f(x) Has3uBa-
IOTh 3POCTAIOUOI0 Ha MHOMKUHI P, AKIIO 0ijab-

IIOMY 3HAUEHHIO apryMeHTa 3 Iliel MHOXKUHUI
BifgmoBizmae Oinblile 3HAYEHHS (PYHKIIiI, TOOTO
oA OyAb-AKHX X; 1 Xy 3 Iiel MHOMHUHH
3 YMOBU X, >x; BUIIUBaeE, mo f(xy)>f(x;).

®dyukmnito f(x) HasWBAIOTH CHATHOI HAa
MHOKUHiI P, AKIIO OiIbIIIOMYy 3HAUEHHIO ap-
TyMeHTa 3 I[iel MHOKUHU BiAIMIOBimae MeHITe

* §Ix sasmHauaerbca B I[Ipukaani 3 m. 34.1, ocKinmbKM QYyHKITiA f(x) HemepepBHA (HAIIpUKJIA, dyepes
Te, 10 BOHA Au(epeHIliiioBHA Ha BCiil obsacTi Bu3dHAUeHHs), TO TOUKXU —1 i 1 MOMKHa BKJIIOUUTU
IO TMPOMIiKKIB 3pOCTaHHS i cmamaHHA (QPyHKILI.
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3HaUYeHHA (PYHKIIiI, ToOTO A1d OyAB-AKUX X
1 x, 3 miel MHOKUHU 3 YMOBU X, > X; BUILIH-
Bae, mo f(xy)<f(x).

Ax BugHo 3 puc. 34.1.1, a, y KoxHil
Tourri rpadika s3pocrarouoi GYHKIII goTuuma
YTBOPIOE 3 MTOAAaTHUM HampsaMKoMm oci Ox abo
rocrpuit Kyt o (romi f'(xy)=tgoa>0), abo
KYT, IO TOPIiBHIOE HYJIIO (f'(x1)=tg0=0).
Y koxHiNT Toumi rpadika cmamHOl (QYHKITiI
(puc. 34.1.1, 6) moTuUHA YTBOPIOE 3 HOIAT-
HUM HampsaMKOM oci Ox abo Tymuii KyT O
(f(xo):tgoc<0) , a00 KyT, IO JOPiBHIOE HY-
10 (f’(xl):tg0=0).

OT:xe, AKIIO Ha AKOMYCh iHTepBaJi
dyukmia f(x) audepenmiiioBHa i 3pocrae, TO
f'(x)>0 Ha npoMmy iHTepBai; AKIO HA SKO-
mMych iHTepBami Qyskmia f(x) mudepemi-
itoBHa i cmagae, To f'(x)<0 Ha mpomy iH-
TepBaJi.

AJe s posB’sI3yBaHHsA 3amad Ha JTOCJIi-
IKEHHS BJACTUBOCTEN (GYHKIIIN BarKJIUBUMU
€ obepHeHi TBepAKeHH:, IKi J03BOJISIOTH 34
3HAKOM IIOXigHOI 3’scyBaTu XapaKTep MOHO-
TOHHOCTI (pyHKILii.

s oOTr'pyHTYBaHHS BiAIIOBIZHUX TBEPH-
JKeHb CKOPUCTAEMOCS TaK 3BaHOIO (hOPMYJIOO
Jlarpamska. I1 cTpore mOBeleHHS HABOIUTHCS
B Kypcax MaTeMaTWYHOTO aHalidy, a Mu
o0MeKMMOocs TiJIbKM Ii reoMeTpPUUYHOIO iJio-
cTpaitiero Ta (QOPMYTIOBAHHIM.

Hexait ¢yuxrmia f(x) HemepepBHa Ha
BimpisKy [a; b] i gudepenHmiiioBHa B ycCix
Toukax inrepsauy (a;b). Toni Ha mpomy iH-
TepBaJIi 3HAWAEThCA TaKa TOUYKA C, 110 JOTUU-
Ha | mo rpadika dymrmii f(x) y Toumi
3 abcmucoio ¢ Oyae mapaJjenbHa ciuHiit AB,
Axka mpoxoxuTs uepes Touku Ala;f(a)),
B(b; (b)) (puc. 34.1.2).

IlificHO, PO3TJIAHEMO BCi MOMKJIMBI IpAMi,
10 TapaJjeabHi ciuHit AB i maoTh 3 rpadikom
dyurnii f(x) ma imrepsami (a;b) xoua 6
OIHY CHiMbHY TOUKY. IIpsAMa, SKa JIeKUTb Ha
HaubOinpmIiit Bigcrami Bim ciunoi AB, i Oyxe
moruuHol0 mo rpadika ¢yurmii f(x) (ume
TpPaHUYHE IIOJIOMKEHHSA CiuHOI, IapajieJabHOl
AB). fIxio mosHauuTH abCIUCy TOUKU TOTHU-
Ky uepes ¢, TO, YPaxOBYIOUM TeOMEeTPUUHUI
smict moximmoi, omepskyemo f'(c)=tgo, me

Y

a
Y Ny=r(x)
\\ tg0=1"(x;)=0
M| 4
tgo=1"(x,)<0
o
0la Xy X b x
0
Puc. 34.1.1
y=1(x)
Yy
74
M B
l f(b)—1(a)
o
D
/@/A

////'O aolclc Ixz b x

Puc. 34.1.2

o — KYT MiK mpamoro [ i gomaTHuUM

HanpamkoM oci Ox. Aje [||AB, ToMy KyT O
IOopiBHIOE KyTy Haxuay ciuuaoi AB mo oci Ox.
Ileit KyT, y CBOIO Uepry, AOPiBHIOE KyTy A
IIPSIMOKYTHOI'O TPUKYTHUKA ABD 3 KaTeTaMu:
AD=b-a, BD=f(b)-f(a).

Tomi f'(c)=tgo= BD _ 1(b)-f(a) .

AD b-a

OToke, MOKHA 3POOUTH TAaKU BUCHOBOK.

fxmo ¢ysrmia f(x) HemepepsHa Ha
BigpisKy [a; b] i mudepeHmiiioBHa B ycix
Toukax imTepsBamy (a;b), To Ha iHTepBasi
(a;b) smaiiserscsa Taka Touka ce(a;b), mo

f()-f(a)
b-a

=f'(c).
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IIro dopmyny HaA3UBAIOTL @OPMYJLOIO
Jlazpanica. 3acTocyemo ii nyist oOTPyHTYBaH-
HI docmamHix ymos 3poCmaHHs i cnadaHHs
QyHKUYIL.

1. dxkmo f'(x)>0 y koxxkmiii Toumi iH-
TepBaJy (a;b) , To ynruia f(x) spocrae Ha
I[bOMY iHTEepBAaJIi.

2. Axmo f'(x)<0 y koxmiii Toumi iH-
tepBaxy (a;b), To dynkuin f(x) cnagae na
IIBOMY iHTEepBaJIi.

® BiszpmeMo ABi JOBiJIBHI TOUKH X; 1 X,
i3 samamoro imTepBaay. 3a ¢gopmynmoo Jla-
rpaH’Ka iCHye YHCJIO C€E (xl;xZ) , Take, II0

f(xz)_f(xl):f/(c)' (1)

Xo =Xy

Yuciio ¢ HaJIeKUTH 3aaHOMY iHTepBaJy,
OCKIJIbKM HOMY HaJIeXaTb YUCIa X; 1 Xg.
Hexait x5 >x;. Togi xy—x;>0.

fAxmo f'(x)>0 B KokHill Touni 3amaHo-
ro iutepsany, to f'(¢)>0, i 3 piBmocti (1)
ogepxyemo, o f(xy)—f(x)>0, TobTO
f(x5)>f(x,). Ile osrauae, mo pynruia f(x)
3pocTae Ha 3aJaHOMY iHTepBaJIi.

Axmo f'(x)<0 y xosxHiit Touni sagaHoro
inreppany, To f'(¢)<0, i 3 piBrOCTi (1) Mae-
Mo, mo f(xy)—f(%;)<0, 10670 f(%5)<f(27).
A 1e osHauae, mo ¢yukmia f(x) cuagae Ha
sagmanomy imrepBani. O

IIpukmanx 1

DyukIia (x)=x3+x o3HaueHa Ha Beciili MHokuHI giicEmx umcen (xe R) i mae moximm
y 5 y
f'(x)=8x“+1>0 mnpu Bcix sHauenHax x. Omxe, A (QYHKIiA 3pocrae Ha Bciil ob6iacTi Bu3HA-

YeHHA.

IIpuknanx 2

DyHKIiA g(x) =sinx—3x o3HaueHa Ha BCill MHOKMHI TificHHMX uYnces (xe R) i mae OOXigHY
g’ (x)=cosx—3. Ockimpru —-1<cosx<1l, To cosx—3<0 mpu Bcix sHaueHHIX x. OmKe, La

dyHKIIig cramae Ha Bciil o0jsacTi BU3HAUYEHHS.

Hanpukinazn, posrasifauyd CTEIeHeBY
dyurmio B . 12.2, Mmu 6e3 qoBeleHHA 3a3HA-
uynnu, mo npu x>0 ¢yHEmia y=x%, ge
0. — HeIliJIe YmcJiio, 3pocrae mpu o.>0 i cma-
mae nmpu o<0. O6rpyHryemo 1e. [ificHo,

’

,
y'=(x*) =0x®". Toxi mpu x>0 i >0 sHa-
uenna y >0, orxe, QyHKIia y=x% 3pocrae.
IIpu x>0 i a<0 smauemHa y <0, TOGTO
Gyrrmia y=x cmagae.

HocraTHi 03HaKM 3pOCTAHHA 1 cHmajaHHA
GyHKIII MawTh HaoOuHY (isuUuHy ijarocTpa-
miro. Hexaii o oci opamHaT pyxaeTbcsa mare-
piasbHa TOYKa, AKa B MOMEHT dacy t Mae op-
muary y=f(¢t). Vpaxopywounm ¢isuunni
3MiCT MOXiZHOI, OZEpPIKyeEMO, IO INMBUAKICTH
miei Toukm B MOMeHT uacy ¢ gopiBmioe f'(t).
SIxmo f'(¢)>0, To Touka pyxaeThcs B JOJAT-
HOMY HAIIPSAMKY OcCi opauHAT, 31 30iabIIeH-
HAM Yacy opamHaTa TOYKM 30iJbIIyeThbCsd,
T00TO GyHKIiA s3pocrae. Axmo x f (¢)<0,
TO TOUKA PYXAETHCA ¥ Bifi’€MHOMY HAIPAMKY
oci opaumHar, i 3i 30iJBIIIEHHAM Yacy OpAuHA-
Ta TOUYKW 3MEHIITYEThCA: (PYHKILA cuajae.

V tomy Bumazky, xouau f (¢)=0, mBug-
KiCThb TOUKHW MOPiBHIOE HYJIO, TOOTO TOUKaA He
pyXaeTbecsi, i ToMy ii opaumHaATa 3aJUIIAETHCS
crajnorw. OfepKyeMo ymosy cmanocmi QyHKyii.

®dynknia f(x) e cramor Ha imTepBami
(a;b) Tomi i Tinbkm Tomi, womm f'(x)=0
B yCiX TOYKaXxX I[LOTO iHTEpPBAaJIy.

® [liiico, arkmo f(x)=k (ze kB —
cramna), To ' (x)=0.

Hasnaku, akxmo f'(x)=0 B ycix Toukax
inrepBany (a;b), To 3adikcyemo mesike umc-
JIO X, 3 IIbOr0 iHTepBasy i 3HalijleMOo 3HaUeHHS
dysKIil B Tounmi x, (Hexai f(x0)=k). s
Oyab-AKOI0 4YMcja X i3 3aJaHOro iHTepBaJy
3a (opmyJsoo JlarpaH:xa MOMKHa 3HAUTH
YHCTIO C, IKe MICTUThCA M X 1 X, Take, 110

) —F(x,) —(c).
xX—X
Toni f(x)—f(x0)=f'(c)(x—xo).
Ockinbku ce(a;b), TO 3a YMOBOMIO

f'(¢)=0. Omxe, f(x)-f(xy)=0. Takum un-
HOM, [IOJsg BCiX X 13 3amaHOTO iHTepBaly
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f(x)=f(xy)=k, mo6T0 OymKuia f(x)
€ CTaJIolo.

V Bumazaky, akmo (yukmia f(x) Heme-
pepsHa Ha Biapisky [a;b] i f(x)=0
B yCiX TOUKax iHTepBay (a;b) , TO IpHU Ha-
OJMIKEHH]I 3HAUEeHHS X OO TOUKKM 4 CIpaBa
suauenus f(x)—f(a). Ame f(x)=k, Toxi
i fla)=k (amamoriumo, HabamsKalOuu 3HA-
YeHHA X [0 TOUKHU b 3JiBa, OOI'PYHTOBYIOTH,
mo f(b)=Fk). Orxe, yuxmia f(x) e mocriii-
HOMW Ha BiApisky [a;b]. O

JJ1s 3HAXOMKeHHA MPOMisKKiIB 3pocTaHHA
i cmaganHa QyHKILI MOTPiOHO PO3B’A3aTU He-
piBmocti f'(x)>0 i f(x)<0 ma obmacTi BU-
sHaueHHa ¢yHKNii f(x). Ockimerm f'(x)
e (yuKmiero Bim 3miHHOI X, TO OIA
PO3B’sA3yBaHHS IIUX HEPiBHOCTEN MOKHAa BU-
KOpPUCTATU METOJ iHTepBaJIiB, TOUHIiIIe, HOTO
ysaraJbHeHHs, 1[0 CIIMPAETHCSA HA TBEPAKEH-
Hd, gKe B Kypcax MaTeMaTHYHOIO aHaJisdy
HA3WBAIOTh TeopeMor apOy™:

Teopema. Touku, y AKMX IHOXimgHa XO-
piBHIOE HYIII0 200 He iCHY€E, PO30MBAIOTH
o6xacTs Bu3HauyeHHA ¢QyHknii f(x) Ha
OPOMiXKKH, y KO:KHOMY 3 Akux [ (x)
30epirae crajamii 3HAK.

IMpukaad

O3HavyeHHs. BuyTpimHi* Toukm o6aacti
BU3HAYEeHHA (yHKIII, y AKUX TI moxigHa
IOPiBHIOE HYJII0 a00 He iCHy€, Ha3UBAIOTh-

cA KPUTUYHUMY TOYKAMM i€l pyHKIIl.

Buxopsauu 3 nnany pos3B’sa3yBaHHA HEPiB-
HOCTel MeTomoM iHTepBaJiB (m. 6 Tabua. 41),
OJIeP:KYEMO, IO IIPOMIiKKM 3POCTAaHHA i cia-
mauHa QyHKOii f(x) MoKHA 3HaAXOLUTH 3a
CXEeMOI0:

1. 3HaiiTu obsiacTh BU3HAUEHHA (DYHK-
uii f(x).

2. Bmaiitu moxigay f(x).

3. 3’AcyBaTu, y SKUX BHYTPiIIHiX TOY-
Kax obJsiacTi BusHaueHHA (PYHKIII moximHa
f'(x) mopiBHIOe Hym:IO aGo He icHye (TOGTO
3HAUTU KPUTWUHI TOUKH Iiel QyHKILIT).

4. TlosmaunuTu 3HalifieHi TOUKHU Ha obJac-
Ti BusHaueHHa ¢ynknii f(x) i sHaiiTu sHaK
f'(x) y xoxHOMY 3 IPOMIKKiB, Ha aKi pos-
OuBaeThCcsaA 00JIACTH BU3HAYEHHA QYHKILiI
(3HaK MO’KHA BUBHAUUTHU, OOUYMCJIVBINU 3HA-
yenna f (x) y 6yap-akiii Toumi mpomixky).

HocaigitTe @pyukiiio f (x)=x%-3x ma 3pPOCTaHHA i crlagaHHA.

Po3p’a3zanna

P 1. O6nacTs BusHaueHHA 3afaHOol (PYyHKIII — yci gificui dmcia (D(f)zR).

2. Tloxinma f'(x)=3x2 -3.

3. [Iloximma icHye Ha Bciii obmacri BusHauenHs ¢yukuii, i f(x)=0, axmo 3x2—3=0,

Tob6TO Ip Xx=1 abo x=-1.

4. Posp’asyemo mepiBmocTi f'(x)>0 i f(x)<0 Ha obnacri BusHauenHa ymKmii f(x)
meTomoM iHTepBasiB. I mpboro Bimmiuaemo Touku 1 i (—1) Ha ob6aacTi BuBHaUeHHS (PYHK-

mii f(x) i smaxomumo smax f'(x) y KoxHOMY 3 ofep:xaHHX NpOMiXkKiB (puc. 34.1.3).

VYpaxoByroum pmocTaTHiI yMOBU 3pOCTaHHA 1 cmagaHHA QYHKIIT,

OJleP:KYEMO, IO B THUX iHTepBajax, JAe IOXigHA momaTHa, (PyHK- + - +
misa f(x) 3pocTae, a B THX iHTepBaJiax, Ae MOXigHa Big’emua, — 1 1 x
cmagae. Omxe, QyHKIiA | (x) 3pocTae Ha KOKHOMY 3 iHTepBaJiB
(—oo;—l) Ta (1;+o<>) i cuazae Ha iHTepBaJi (—1;1). < Puc. 34.1.3
* Kam T'acron Hapby (1842-1917) — dpaHOy3bKUll MaTeMaTUK, AKWI 3POOUB 3HAUHUII BHECOK

y Po3BUTOK AmepeHIlialbHOI reoMeTpii, iHTErpaJbHOTO UMCJIEHHSA Ta MeXaHiKHU.

** BHYTPIIIIHBOIO TOYKOI0 MHOXKHMHM HA3MBAIOTH TAKY TOUKY, AKA HAJEXKUTh I[ii MHOXKHHI pasoMm i3

IeAKUM CBOIM OKOJIOM.
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T'padir QpyHKIiT y=x3—3x 300pakeHo
Ha puc. 34.1.4. IIpu nmobymosi rpadika Bpaxo-
BaHo, mo f(-1)=2 i f(1)=-2. I3 rpadira
BuzHO, mo byuknia f(x)=x> —3x spocrae me
TiABKY Ha iHTepBanax (—oo3—1) Ta (1;+eo),
a it Ha mpomiskkax (—co;—1] Ta [1;+) i cma-
Kae He Tinbku Ha intepsani (-1;1), a i Ha
Bimpisky [-1;1].

Buasnsgerscda, 1m0 3aBXKIU, KOAU (PYHK-
uia f(x) nenepepsna 6 6ydv-axomy 3 Kinuie
npomincky s3pocmarHns (cnadanHs), mo iozo
MmodxcHa npuedHamu 00 Ub020 NPOMiHKy (AK
Touku —1 i 1 y momepegHbOMY IIPUKJIA1).

IIpuiimemo 1e TBepA:KeHHsA 0e3 moBe-
IEeHHS.

EkcTpeMyMU (MakKCMMYMM i MiHIMyMM)

byHKUiT

Ha puc. 34.1.4 306paskero rpadix GyHK-
mii y=x3—3x . Posraamemo OKijg TOUKH;
x=-1, TO0TO mOBiNBLHHUII iHTepBaJ, IO Mi-
cTuTh TOUKy —1 (mampuxiaan, O-okig miel
TouKu). SIK BUAHO 3 PUCYHKA, iCHye TaKHil
OKiJg Toukm x=-1, 110 HaibiJIbIIIOro 3HAUEH-
HA OJAd TOYOK i3 I[hOTO OKOJY (PYHKIIid
f(x)=x%-3x maGyBae B Toumi x=-1. Ha-
npukJaan, Ha inTepsami (—2;0) Haiibigbiioro
3HAUEeHHsdA, AKe OopiBHIoE 2, PyHKIia Haly-
Bae B Tourni x=-1. Toury x=-1 HasuBawTH
TOUKOI0 MaKCUMyMYy Iiel (pyHKIil i mosHaua-
0T X,.. ., & 3HaUeHHA (QYHKIil B miif Toumi
f(-1)=2 masmBaTL MakKcHMyMOM (DYHKIiI.

Amnasioriuao Touky x =1 Ha3WBaIOTh TOU-
Koo MimiMmymy @yurmii f(x) x%-3x,
OCKiJIbKUM B3HaueHHA QYHKII B I1iffi TouIri
MeHIIe 3a Ii 3HaueHHA B OyAb-AKiA ToUIli me-
AKOTO OKOJY TOUKU 1, HAIPUKJIAA OKOJY
(0,5; 1,5). ITosmauaooTh TOYKY MiHIMyMy
Xin» @ BHadeHHA (QYHKNIII B mifi Toumi
f(1)=—2 masuBaroTh MiHiMyMOM (QyHKIII.

Yy
241
y=x>-3x
210\ 1 ]2 =x
_2-—
Puc. 34.1.4

Touku mMakcumMyMmy i MiHiMymy (QyHKIiI
IIle Ha3WBaIOTh TOUYKAMU eKCTPeEMyMy, a 3Ha-
yeHHA (GYHKIII B IIMX TOYKAX HA3WBAIOTH
eKcTpeMyMaMu (pyHKILiI.

HaBenemo 03HAaUe€HHA TOYOK MaKCHUMyMY
i mirimymy.

O3HayeHHs.
yennsa ¢yuknii f(x) HazMBaeTHCA TOUKOIO

Touka x, 3 ob6xacrti BU3Ha-

MaKcuMyMy Iiel PyHKIil, AKII0 3HANETh-
ca §-okia (x,—8;x,+8) Tourm x,, TaKmii,
IO JJIA BCiX X#X, i3 I[bOT0 OKOJy BUKOHY-
ernes mepiBaicts f(x) <f(x).

OszHaveHHsA. Touka x, 3 o0JacTi BU3HAYeH-
g Qysknii f(x) Ha3MBaeTHCA TOUKOIO Mi-
HiMymy miel QyHKNii, Sxmo 3HaNlIeTHCI
d-okin (xy—8xy+38) Tourkm x, Takwmi,
L0 JJIs BCiX x#x( i3 HBOro OKOJIYy BHKOHY-
erbes HepimicTs [(x)>f(x,).

3a O3HAUEeHHAM y TOUIL MaKCUMyMy X,
sHavenHa Qynknii f(x) e Ha#ibinpmum ce-
pen 3HaueHb (PYHKINI 3 AesTKOTO OKOJYy ITiel
rouxu. Yepes 1e rpadik dpyurnii f(x) B oko-
Ji x, HaiffyacTime mMae BUTJIAZ IJIaZeHBKOI'O
«ropba» (puc. 34.1.5, a), ajne MoKe MaTU BU-
A1 3arocTpeHoro «mika» (puc. 34.1.5, 0)
abo HaBiTHL i30omBOBaHOI TOUKM (3pos3ymiJo,

|
MakcMMyM — Binm jgaTuH.
maximum — HaiibigbIme. Y y y
MiHiMyM — Bigx saTus. Yrmax Ymax Ymax
minimum — HaWMeHIIIe. )
I 1 I 1 1
. T T T T
EkcTpeMyM — Bif JlaTuH. a 0l xq X 0 0l x4 x B 0l xq
extremum — KpawHiN.
Puc. 34.1.5
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= |

JloKkanbHMM — Bifg jaTuH.
lokalis — miciieBuii.

Y Y Y
Ymin Ymin Ymin
) | 0 0 Xy X B O

a 0! x, «x

Puc. 34.1.6

0 B IbOMY BHHOAaAKy (YHKI[is He Oyae HellepepBHOIO

B Touni x,) (puc. 34.1.5, 8).

Amnasoriuno sHauenHsa GyHKIii f(x) y Toumi mimimy-
My X, € HalMeHIIUM cepeJ 3HaueHb (PYHKIII 3 JesaKOoro
okoiy miei Touxu. Ipadik bynrnii f(x) B okoni x, maii-
yacTilmie Mae BUTJAL «3alafuHW», TeXX TJIaJgeHbKol
(puc. 34.1.6, a) a6o 3aroctpenoi (puc. 34.1.6, 6), abo Ha-

BiTh i3osboBaHOi Touku (puc. 34.1.6, 8).

HeobxigHa i goctaTtHa yMOBM
EKCTpeMyMY

rpadika Ba)KJIMBe 3HaUEHHA Ma€ 3HAXOIKeHH
TOYOK eKcTpemMyMiB pyHKIIii. Ilokaskemo, 110
TOYKAMU €KCTPEMYMY MOXKYTb OyTU TiJIbKU
KpuTuuHi Touku (pyHKIiI, ToOTO BHYTpimHi
TOUKHM 00JIACTi BUBHAUEHHS (PYHKIII, V SKUX
ii moximHa mopiBHIOE HYJIIO a00 He icHYyeE.
Teopema ®epma (HeobximHa yMOBa eKc-
TpeMyMy). fKIIO X, € TOYKOIO eKcTpe-
mymy dynknii f(x) i B miit Touni icaye
noxigHa f’(xo), TO BOHA [OPiBHIOE
nymo: f'(x,)=0.
® JloBememMo Iie TBEPIKEHHS METOIOM
Big cynporusHoro. Hexaii x, € TOUKOIO eKc-
tpemymy dyukmii f(x) i B miii Toumi icmye
noxinna f(x,). Hpunycrumo, mo f'(xq)#0.
PosrisaHeMo Bumazok, xomu f'(xy)>0.

3Sa Oo3HaUeHHAM IIOXifHOI Ipu x — x; (TOOTO

Af _ Fle)=7(x,)

npu Ax —0) BigHOIIIEHHS
Ax x—x,

npaMye Ko gojatHoro umcaa f'(x,), a oTxe,

* Hampukiaan, Ha puc. 34.1.4 3o0pakeHo
rpadik GyHKIiI, AKa Mae JOKaJIbHI eKc-
TpeMyMU, ajie Ha Bciil obJiacTi BUSHAUEHHS
He Mae Hi HaHOiabIIOro, Hi HAWMEHIIIOTO
3HAYEHb.

3ayBaxeHHA. 3a o3Ha-
YeHHAM TOYKU eKCTpeMy-
My — IIe TaKi TOUKU, B IKUX
dyHKIIA HaOyBae HambiIb-
IIIOT0 YM HAWMEHIIIOTO 3Ha-
YeHHsA, IIOPiBHAHO 31 3HAUEH-
HaAMU Iiel QyHKIII B TOuKax
IesIKOTO OKOJIy eKCTpeMalb-
HOl Toukm. Taruii excrpe-
MyM 3a3BUYall Ha3WBAIOTh
JOKAJbHUM eKCMmPemMymom.*

i came Oyne momaTHUM IIPU BCiX X, JOCTATHBHO

(x)-f(x
OIU3BKUX J0 X. TobTO f—f(o) >0.
x—x,
Toxi npu x>x, OJepxyemo, IO

f(x)>f(x,), i Toura x, He mMoxxe GyTn TOU-
KOI0O MaKCUMyMY.

Hpu x<x, f(x)<f(xy), 1 Toura x, He
MOJKe OYyTH TOUKOI MiHIMyMy, TOOTO TOUKOIO
eKCTPeMyMYy, II[0 CyIepPeunuTb YMOBIi.

AnHayloriuHO pOSIISAAEThCA I BUIIAI0K,
komu f'(xy)<0. Orke, Hallle IPUIYIIEHHA
HenpaBuibHe, i f/(xy)=0. O

Teopema Pepma mae Juire HeoOXigHY
YMOBY €KCTpeMyMy: 8 Toro, o f’(x,)=0, ue
000B’I3K0BO BUILINBAE, III0 B TOUIL X, QPyHK-
nigs mae excrpemyMm. Hanpukiaazn, AKIIO
f(x)=x%, 10 f'(x)=8x i f'(0)=0. Axe Tou-
ka x=0 He € TOYKOIO EKCTPEMYMY, OCKIIbKHU
byaKIia x® 3pocTae Ha BCill YMCJIOBIA mps-
miti (puc. 34.1.7).

Puc. 34.1.7
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f'(xp)=0
y y=1(x)
y Yy
y=|x
/ y=3x+| x|
f'(x)=0
0 x 0 x
0 X x4 x
Puc. 34.1.8 Puc. 34.1.9 Puc. 34.1.10

Teopema depma Mae HAOUHUKN TeoMe-
TPUYHUN 3MicT: foTUYHA A0 rpadika QyHKITil
y=1(x) y Touni 3 abcrmcoro x, (me x, — TouKa
exkcTpemyMy (PyHKIIT) mapaJienbHa oci adciiuc
(abo 3biraeTncsa 3 Herw) i Tomy il KyTOBUIT Koe-
dinient f'(x,) nopiemioe Hymo (puc. 34.1.8).

¥ Toumi 3 abcnucoio xy, =0 mo rpadika
dyaKIii y=x3 TeX MOJKHA ITPOBECTH JOTUU-
Hy: ockimpku f(0)=0, To mi€eo HOTHYHOIO
€ Bics Ox. Ase rpadiku GpyHKIIIN, HaBeOJeHUX
Ha puc. 34.1.7 i 34.1.8, mo-pisHoMy poO3-
MiImyoThca BigHOCHO JoTUuYHUX. Ha
puc. 34.1.8, ne x;, i x; — TOUKHU eKCTpeMy-
My, MOKHA BKAa3aTH OKOJU IIUX TOYOK, AJs
AKUX BinmoBimHi TOuKmM rpadika poamimry-
IOTLCA IO ONMH OiK Bixm goTrmuHOl, a Ha
puc. 34.1.7 epagix pyuruyii y=x3 npu nepe-
x00i apzymenma uepes mouky x,=0 (y Akii
IoXiJgHa MOPiBHIOE HYJIO, ajie TOUKAa He € TOY-
KOI0 eKCTpeMyMy) nepexodumdv 3 00H020 00-
Ky domuunoi 00 iHWozo. Y IMbOMY BUIAAKY
TOUKY X, HABUBAIOTb MOYKOW Nepezuny”
dbyHKIIII.

DyHKIIA MOKe MaTHU eKCTpPeMyM i B Tii
KPUTUYHIA TOUIll, V AKiA He icHye moximHa
samanol ¢pyukmii. Hanpukaazn, Sk 60yJjo moka-
3aHo B 1. 8 § 31, QpyHKIia y=|x| HEe MAae I10-
xigmoi B Touni x=0, axe, ak BumHO 3 ii rpa-
dika (puc. 34.1.9), came B 1iit Touli QPyHK-
ig Mae MiHiMyM.

IIpore He KOXKHA KPUTUYHA TOUKA, V AKIH
He icHye moxigHa 3agamoi GyHKIi, Oyme Tou-
KOI0 eKcTpeMyMy Iriel ¢yukirii. Hampukaanm,

PO3rIAfaYn (PYHKIIIIO f(x)=3x+| x| , TIOMi-
yaeMoO, IO BOHA He MAa€ MOOXigHoi B TOUIIi
x=0: rpadpik wmae 3mom npum x=0
(puc. 34.1.10). [lificHO, AKIIO HTPUIIYCTUTH,
mo (QPYHKIiA f(x)=3x+|x| Ma€ MOoXimHy
B Touni 0, To pymknia f(x)-3x Tex mosu-
HHa Matm wnoximay B Toumi 0. Aue
f(x)-8x=|x|, a pyrknisa | x | He Mae moxiamol
B Touli 0, ToOTO MM HPUHAILIIN O CyIepedu-
HocTi. OToxe, pyrKIia f(x) y Touni O moxin-
HOi He Mae. OgHaK, AK BugHO 3 puc. 34.1.10,
dyurnia f(x) spocrae Ha Bciit umcioBii
OpaMili i ekcTpeMyMy He Mae.

Hageneni MipKyBaHHA 1 MPUKJIAAU TTOKA-
3YIOTh, 1[0 JJIA 3HAXOMKEHHA TOYOK eKcTpe-
MyMy (PyHKIII IOTpiOHO HacaMmIiiepen 3HAHTH
ii xpuTuuHi TouKM. AJje 11006 3’scyBaTH, YU
€ BiAmOBigHa KPUTHYHA TOUKA TOUKOIO €KC-
TPEeMyMy, HeOOXiJHO MpoBecCTU AOJaTKOBE
mocaim:keHHA. I[[boMy uYacTo momomMarailThb
IOCTAaTHi yMOBM IiCHYBAaHHSA €EKCTPEMYMY
B TOUIIi.

Teopema 1 (osHaka MaxkcuMymMy (PYyHK-
nii). fxmo ¢pynknia f(x) memepepsHa
B TOUlli X, i Ipu mepexoii uepe3 TOY-
Ky X, il moxigHa 3MiHIO€ 3HAK i3 «ILIIO-
ca» Ha «MiHyc» (TOOTO B HeAKOMY
0 -OKOJIi TOUKM X, IpPHU X <X, 3HAUEHHA
f(x)>0, a mpm x>x, sHaueHH:
f(x)<0), To Touka x, € TOYKOIO
MakcuMymy ysrmii f(x) .

* Y TouKax IIepermHy NOOoXigHa MoKe HaOyBaTH pPiBHMX B3HAUEHbL — TOJIOBHE, IO B Iil TOY-
I[i KpuBa II€PeXOAUTh 3 OAHOTO OOKY HOTHMUYHOI Ha iHmmi. [leTanpHillle TPO TOUKU IIE€PETUHY

ouB. y m. 3 § 35.
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® PoasragHemo 3amaHuii 0 -okia TouY-
Ku x,, ToOTO iHTepBam (x,-8x,+3). 3a
yMoBoio moxizma f'(x)>0 ma imTepmaii
(xg—8xy) (mpm x<xy). Orike, QyHKUiA
f(x) spocrae Ha mpoMy iHTepBayi, a uepes Te
mo f(x) HemepepBHa B ToOumi X,, TO BOHA
3pOCTaE i Ha IIPOMIKKY (xO -0 x0]. Toxi nnsa
BeCix x 8 inTepBany (x,—8;x,) MaeMo x<x,
rakum umHoM, f(x)<f(x,). AHanoriuno sa
ymoBoro moximma f'(x)<0 ma imTepsami
(%9329 +8) (mpm x>x,). 3Bincu BumIUBaE,
mo ¢yuknia f(x) cmazae Ha IbOMY iHTepBa-
mi, a ockimeku f(x) HemepepsHa B Toumi Xq 5
TO BOHA CIAfa€ i Ha IPOMIKKY [Xg;xo+3).
Toai ans Beix x 8 inTepsany (xg; X, +8) Mae-
MO x>x, omxe, f(x)<f(xy). Takum amHOM,
f(x)<f(xy) mus Beix x#xy 8 AEAKOrO §-OKO-
Jy TOUKH X,, & Lie i O3Hauae, [0 TOUKA X,
€ TouKoi Makcumymy Qyarmii f(x). O

Teopema 2 (o3Haka MiHiMymMy QYHK-
nii). Axmo ¢dyskuia f(x) memepepsHa
B Toulli X, i Ipu mepexoii uepes Tou-
Ky X, Ii moXigHa 3MiHIOE 3HAK 3 «MiHYy-
ca» Ha «ILIIC» (TOOTO B JeIKoMy O -0KO-
Ji TOYKHM X, NpU X<X, 3HAUEHH:
f(x)<0, a mpu x>x,
f'(x)>0), To Touka x, € TOuUKOIO MiHi-
mymy bynknii f(x).

SHAYEHHA

@ [loBefeHHs L€l TeopeMm MOBHICTIO aHanorivyHe
JoBefeHHIo TeopeMu 1 (MNponoHyeMo npose-
CTU MOro CaMOCTINHO).

Teopemu 1 i 2 gar0Th MOMKJIUBICTL 3PO0OU-
TH TaKW# BUCHOBOK: AKwo0 Qynruia f(x) wHe-
nepepena 6 mouuyi x, i noxioua f(x) smi-
HIOE 3HAK npu nepexodi wepes MOUKY X,, MO
X, — MOYKaA eKCcmpemymy QYHKyii flx).

Arxuwo aw @yHruia f(x) mnenepepena
6 mouuyi x,, a ii noxiona f'(x) ne 3minwe
3HaK npu nepexoldi wepes mouKy Xg, MO MOY-

*

Ka X, He Mmojce OYymu MmouKow excmpemymy
PynKuil.

® [lificHo, akmo, Hampukiag, f (x)>0
Ha imrepsami (x,-8x,) i Ha imTepsaii
(%93 %9 +8), To QyHKIiA BpocTAaE Ha KOMKHO-
My 3 IUX iHTepBaJiB. YpaxoByiouu ii Heme-
PEepBHICTH y TOULi X, (AUB. JOBEAEHHS TeOpe-
mu 1), ofepsryeMo, 1o A Beix x e (g —8; xq )
BUKOHY€TbcA HepiBHicTh f(x)<f (xo) , a oJasa
BCix x€ (%03 %y +8) — HepismicTs f(x,)<f(x).
ITe osmauvae, MO0 HaA BCHOMY HIPOMIKKY
(9 —8xy+8) dymknia f(x) spocrae i Tou-
Ka X, He € TOYKOI eKCTPeMyMy. AHAJIOTI4HO
posruIAzacThcA i BUNIAmoK, Komu [ (x)<0 Ha
POBIIIAHYTHX iHTepBamax. O

3ayBakeHHA. HaBemeHe oOT'pyH-
TYBaHHS A03BOJISIE YTOUHUTH YMOBU

3POCTAHHA i cnagaHHA (PYHKILI.

Axwo f'(x)>0 y xoxniitc mouyi
inmepsany (a;b) (npuuwomy pienanns
f(x)=0 mae nuwe ckinuenny abo
3NIUEeHRY* MHOMCUHY KOPEHiB), mo
Qynruia f(x) spocmae na uvomy
iHmepeadJi.

Axwo f'(x)<0 y xoxniitc mouyi
inmepsany (a;b) (npuuwomy pienanns
f(x)=0 mae nuwe crinuenny abo
3Ni4eHHY MHONICUHY KOpeHiE), mo
pynxyia f(x) cnadae na uvomy
iHmepeadJi.

JJ1a IpaKTUYHOTO AOCTiIMKeHHA (DYHKITIT
Ha EeKCTPeMyMU MOYKHAa BUKOPUCTOBYBATH
cxeMy. HaBeJeHy B 1. 6 Ta6u. 47. Ilpukaagu
ii BUKOpUCTaHHA TaKOX HaBeJeHO B iHTep-
HeT-IIATPUMIII TiIpydyHUIKA.

3iiveHHiCTh MHOMKUHU O3HAYaE, I[0 MU MOXKE€MO BCTAHOBUTU B3a€MHO OJHO3HAUYHY BimmoBimHicTb

MiJK eJieMeHTaMM 3aJaHOl MHOMKWHU 1 HaTypaJbHUMU YHCJIaMU, TOOTO MOYKEMO BKasaTH, AK 3a-

HyMepyBaTHU BCi eJIeMeHTU MHOKWHU.
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NMPUKNAA PO3B’A3YBAHHA 3AB/JAHDb

npuwa @ynknia y=f(x) osnauena ma mpomimxky (—7;8). Ha puc. 34.1.11
300paskeHo rpagik ii moximmoi.

1) VraxirTs mpoMixkku 3pocTaHHSA Ta cmagaHua GyHkmii f(x) .

2) 3uanpiTe KpuTUUHi Touku QyHKIIl. BusHauTre, AKi 3 HUX € TOYUKAMU MaKCUMyMYy, SIKi —

TOUKaMU MiHIMyMYy, a Ki He € TOUKaMU eKCTPeEMYMY.

y
4
y=1)
2
=7 -4 0 2 6 8 x
Puc. 34.1.11
Posp’sa3anna Komenrtap

1) dAx Bimomo, Ha TUX IMPOMiKKaxX, e MOoXif-
Ha (YHKIIII momaTHa, (DYHKIiA 3pocTae, a Ha
™IX, Oe moximgHa Bim’emua, cmamgae. Tomy
3a rpaikom moximHoi 3’sCOBYEMO MPOMisK-
KM, V AKX IIOXiJHa mogaTHA i B SKUX —
Big’emHa. Ile i OyayTh MPOMIisKKHM 3pOCTAHHS
i cmamanHAa QyHKIII.
2) KputuuHi TOYKM — IIe BHYTPIIIHI TOUKHU
o0siacTi BU3BHAUEHHS, V AKUX IIOXigHA AOPiB-
Bidnosidv: f(x) spocrae ma mpomiskkax [-4;2] | mioe HyJTI0 260 He icHye. 3a rpadixom 6aum-
Ta [2;8) i cnajae Ha NPOMIXKKaX ' wo, mo moxigua f (x) icuye Ha Beiil 3amamiit
(_7;_4] ra [2;6]. < obiacTi BusHaueHHA. OTxe, KPUTUYHUMH
TOYKaMU OYAYTh TiIbKU Ti 3HAUEHHSA X, IPU
AKUX TOXiHA IOPiBHIOE HYJIIO.
Ins BUBHAUEHHSA TOTO, UM € KPUTHUUYHA TOUKA
TOUKOI0 EeKCTPEeMYMY, BUKOPHUCTOBYEMO IO-
CTATHI YMOBU €KCTPEMYMY: SAKIIIO B KPUTUY-
Hi#l Toulli (DyHKIIisA HemlepepBHAa Ta ii moxigHa
3MiHIOE 3HAK 3 «+» HA «—», TO Il KPUTUYHA

1) P Ba rpagikom maemo, mo f (x)>0 ua mpo-
mixkax (—4;2) ta (6;8), omxe, f(x) spocrae Ha
nux npomirkkax. Amasoriuro f (x)<0 Ha mpo-
mimkax (-7;—-4) ra (26), omxe, f(x) cmagae
Ha nux npomizkkax. OckijmbKu B Toukax —4, 21 6
icaye moximua f'(x), To pyurmia f(x) memepeps-
Ha B IIUX TOYKAX, i TOMY iX MOYKHA BKJIIOUUTHU IO
OPOMIiKKiB 3pOCTaHHA Ta cHagaHHA (QyHKITII.

2) » Iloximgma f’'(x) icmye ma Bciit o6Gmacri Bu-
sHauenHsa Qyuknii f(x) i gopiBHIOE HyTIO B TOU-
Kax —4, 2 i 6. Ile BHyTpimrHi Touku o6jacTi BuU-
3HAUEHHA, OT/KEe, KPUTUYHUMU TOUKAMHU OyAYyThb
TiIBKM TOuKH —4, 2 i 6.

OckinpbKM moxifgHa icHye Ha Bciii oOjsacTi Bu3HAa-
yeHHA (QYHKIiI, To (QyHKIIig HelmepepBHA B KOK-
Hil Toumi obJsiacTi BU3HAUEHHS.

Y Tourax —4 i 6 moxigHa 3MiHIOE 3HAK 3 «—» Ha
«+», OTIKe, Ile TOUKU MiHiIMyMYy.

YV rToumi 2 moxigHa 3MiHIOE 3HAK 3 «+» Ha «—»,
OT:Ke, Ile TOYKA MaKCUMyMYy.

TOUKA € TOYKOI0 MaKCUMYyMY, a SAKIIO 3 «—»
Ha «+», — TO TOUKOIO MiHiMyMYy.

Bionosiov: Xy, =—4, Xgpin =6, X =2. <

max
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3anumaHHg 2.

34.1.1°
Bnpabu

34.1.2
34.1.3.
34.1.4.

34.1.5.

HafiTe 03HAUEHHA 3POCTAIOUOi Ta CIAaAHOI HA MHOMKWHI (QYyHKITII.

ChopmyioiiTe Ta OOI'PYHTYIiTEe HOCTATHI YMOBM 3POCTAHHSA Ta CIAa-
nanesa Gyuknii. HaBemiTes mpurgagu iX 3acToCyBaHHA.
Chopmy.troiiTe i 0OIPyHTYIiTe YMOBY CTAJIOCTI (PYHKIII Ha iHTepBaJi.
300pasite rpadik (pyHKIII, 110 Mae ekcrpemymu. [laiiTe o3HAUEHHSA
TOUOK eKcTpemMmyMy (pyHKIII Ta ii eKcTpemyMiB.

ChopmyioiiTe i 0OT'pyHTy#iTe HEOOXiMTHY Ta HOCTATHI YMOBHU €KCTpe-
mMymMa (QyHKILii.

Ha pwuc. 34.1.12 3o6paskeno rpadix ¢ysrmii y=7(x) (ma
puc. 34.1.12, a, @yHKIia B3amaHa Ha IPOMIKKY [—6;6], a Ha
puc. 34.1.12, 6 — Ha HOPOMIKKY [—7;7]). VEKaKIiTh OPOMisKKU
3pocTaHHA Ta cnagaHHa GyHkmii f(x).

Bimomo, mio moxizma meaxoi dymkmii y=7(x), sagamoi Ha MHOXUHI
BCiX mificHUX Ymces, Ma€ TakKi 3HaKHU, IK IDOKasaHo Ha puc. 34.1.13.
VrkakiTh NpOMIKKHU 3pocTaHHA Ta cmagaHusa Qyuriii f(x).

®ynknia y=/(x) ozHauena ma mpomiskxy (—6;3). Ha puc. 34.1.14
300paskeHo rpadik ii moximmoi. YVKa'KiTh IPOMIKKH 3pOCTAHHSA Ta
cnagauua yukmoii f(x) .

HoBexniTs, 1110 3afaHa (PYHKIIiA 3pocTae Ha BCiil obJyiacTi BUSHAUEHHS:

1°) f(x)=x%+5x; 3) f(x)=2x+cosx;
2) flx)=o®-x2+x-7; 4) f(x)=sinx+3x+2.
HoBexmits, 1m0 3amaHa (GpyHKIISA cmajgae Ha BCifl obJiacTi BUBHAYEHH:
1°) y=—x3-3x; 3) f(x)=cosx—6x;
2) flx)=—x"+xt-x+2; 4) f(x)=sinx—-2x+1.
Y Y

/\y=f(x) /\ 1A y=1)

3uak f'(x)

+

01 \6x —7 01 7T x

a Puc. 34.1.12 0

Y

Puc. 34.1.13 Puc. 34.1.14
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Y saBmamaax 34.1.6, 34.1.7 3HaiifiTh IPOMIKKM 3pOCTAHHSA i cia-
ImaHHAa (QYHKII.

34.1.6. 1°) f(x)=x%-2x; 3) flx)=x*-2x%; 5) f(x)z?/xT;
9) fla)=x®—24x+2; 4) f(x)=x+1; 6%) f(x)=Yx .
x
34.1.7. 1) y=x>-27x+1; 3%) y=x+2cosx;
2) y=x—x°; 4%) y=x—sin2zx.

34.1.8*. BuaiiniTs yci 3HaAUeHHA mapaMeTpa @, OIPU AKHUX (PYHKIiA 3pocTae Ha
BCili UMCJIOBiN MpaAMi:
1) f(x)=x3-8ax; 2) f(x)=ax+cosx; 3) f(x)=x+ax?+3ax-5.
34.1.9*. HoseniTs, mo piBHAHHA Mae €IUHUN KOPiHb, i 3HAHAITH el KOpiHb.
1) 2x3+3x-5=0; 3) 5x—cos3x-b5m=1;
2) x2—x%+x=0; 4) x2—xS—x=1.
34.1.10° 3a rpadixom dymrmii y=f(x), so6paxenum Ha puc. 34.1.12, 3Ha-
#niTe TouKu MakcuMmMymy i mimimymy ¢yurmii f(x). Yu icmye mo-
XigHa B KOMKHi i3 mux Touok? SKImo icHye, To oMy HgOopiBHIOE Ii
3HAUEHHA?
34.1.11°. Bigomo, mo moxinHa meaxoi QyHKILiI y:f(x), 3aJaH0l Ha MHOMKWHI
BCix mificHMX umceJs, Ma€ TakKi sHaAKM, SK IIOKasaHo Ha puc. 34.1.13,
if(-5)=f(5)=0. VraxiTh KPUTHYHI TOYKH, TOUKY MAKCHMYMY
i Tourky MiHiMyMmy 1miei QyHKITII.
34.1.12°. Kopucryouuch gaauMu npo moxizay f'(x), HaBemeHuMu B Tabunmi,
YEKaXKiTh:
1) mpomiskku 3pocraHHA i cnamauHa GyHKIL f(x);
2) TOUKM MaKCHMyMy i Touky MiHiMymy dymrmii f(x).

x (-e3-2) -2 (-231) 1 (1;5) 5  (B+)
f'(x) + 0 - 0 + 0 +
34.1.13. ®ynrnia y=7(x) osnauena ma mpomixkky (—6;3). Ha puc. 34.1.14

300paskeHo rpadik ii moximmoi. 3HAHAITL KPUTHUUHI TOUKU (PYHKILII.
AKi 3 HUX € TOUKaMH MaKCUMyMy, SKi — ToukamMu MiHimMymy?

Y saBmanHax 34.1.14, 34.1.15 pocainiTh GyHKIIII0O Ha €eKCTPEMYMH.
34.1.14° 1) f(x)=1+12x-x3; 3) f(x)=x*—-8x3;
2) flx)=x*-2x%-5; 4) f(x)=bx—x5.

1 +2
34.1.15. 1) y=v1-x2;  2) y=x—Jx; 3) y=x+—; 4) y="12.
. A
VY zaBmamuax 34.1.16, 34.1.17 BusHaUTe IPOMIiKKN MOHOTOHHOCTI,
TOUKM eKCcTpeMyMy (PYyHKI[II Ta 3HaueHHA (PYHKIII B TOUKax eKcTpe-

MyMYy.
34.1.16. 1°) f(x)=x2-6x+5; 3) f(x)=x+i;
X
2°) flx)=x*-2x2; 4) f(x)=vx-1+3-x .
34.1.17* 1) y=—2; 3) y=6x®-2|x-1|;

b
x2+4

2) y=x2—|x|—1; 4) y=sinx+%sin2x.
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34.2.3aranbHa cxemMma JocfigKeHH PYyHKLIT
ans nodypoBu i rpadika

Tabanums 48

Cxema pocnigxeHHsA

byHKUiT

., ) 4
1. 3uaiiT 006JIacTh BU3HA- IToGynyiiTe rpadik pyHKIil f(x):x+—2,
YeHHA (PYHKII.
» 1. OGsacts BusHauenHa: x =0

(D(f)=(=20;0)U(0;+20)).

2. 3’acysaru, uu € QyHKNiA | 2 Pymrnia f(x) =i mapua, mi mHemapna, ockimpru f(—x)=f(x)
MapHOI a00 HENapHOI0

(au mepioguuHOI0’). i fl=x)z—-f(x).
3. Toukn meperuny 3. Tpadix me mepermmae Bick Oy (x#0). Ha oci Ox y=0:
rpadika 3 ocamu 4
KOOPIUHAT x+—=0, xP=-4, x=-%4 (=1,6) — abcruca TOUKM mepeTHHY
x

(AKIO MOKHA 3HANTH). rpagika 3 Biccio Ox.

4. Iloxigna i kpuTuuHi

, (4
TouKkH (QyHKIIIl. 4. f(x)=x +(—2) =1—%.
x x

IoxigHa icHye Ha Bciit o6macti BusHauenHsa Qyuruii f(x) (orxe,

dyurnia f(x) HemepepBHa B KOKHIN Toumi cBoei obiacti BH3HA-
YeHHS).

f(x)=0; 1—%=0. Ipu x#0 maemo: x°=8;
X

X =2 — KPUTUYHA TOUKA.
5. IIpomiskku 3pocTaHHA 5. IlosHaunMO KPUTHYHI TOUKM Ha oOsacTi BU3HAUeHH: i 3Haiime-
i cnaganua QyHRIUID MO 3HAK IOXifHOI Ta XapakTep HOBENiHKU (MYHKII HA KOXKHOMY
Ta TOYKH EKCTPEeMYMY 3 inTepBasiB, Ha AKi po3buBaeTbCs 00JIACTh BU3HAUEHHS.
(i 3HaueHHA (PYHEIIT Bnarx f(x) " — +
B IIUX TOYKAaX). X
ITogedinka 0 2 x

f(x)
7 ™ min 7

Omxe, (QPYHKIiA 3pocTae HA KOMKHOMY 3 IIPOMIiKKiB (—oo;O) Ta
[2; +<>o) i cmagae Ha IIPOMIKKY (O; 2]. OCKiJIbKM B KpUTHUYHINA TOU-
i 2 moximHa 3MiHIOE 3HAK 3 «—» Ha «+», TO X=2 — TOUYKa Mi-
miMymy: X, =2. Toai y,;, =f(2)=38.

*

Haituacritne mepioguuHicTh JOBOAUTHCA BCTAHOBIIOBATH AJIS TPUTOHOMETPUUHUX (DYHKITIH.
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6. IloBeminka (PyHKUil HA 6 —® + o
KiHIIX IIPOMIiKKIB 06- )

. . 0 x

JacTi BUBHAUYeHHd (Iei 4 4

eranm He BXOTUTH 10 Mi- ' IIpn x —0 copasa (i mpu x —0 3xisa) f (x)=x+—2—>(—]—> +oo ",

HiMaJbpHOI ¢XeMH JOCJIi- x +0

MK EeHH IIpu x = —o (i mpu x —> +oo) 3HaAUEHHA —2—>0, romi f(x)—>x™

(PyHEKILIT). x

(T06T0 IpE X — —o0o f(x) > —oo i mpm X —>4eo f(x)—>+oo).

7. ko HeoOXimHO, 7.

3HAWTH KOOPAMHATH x 9 9 4 —4

IOJATKOBUX TOYOK, II[OO

YTOUHUTHU TNOBETiHKY y 16= 15— 41 _33

rpadika yHKIIl.
8. Ha mixcrasi 8. Yy

IIPOBEIEHOT0 AOCIIiIKeH- y= x+i

HS moOdyayBaTtu rpadik x?

(PpyHKL{T.

3
7
-4 0o 2 4 x
v
<
., [MosicHeHHs 4O Cxemu OoChigxXeHHs MyHKLUIT Ang nobynoBu ii rpadika Ta npu-
UJ KNaZW pO3B'A3yBaHHSA 3aBOaHb HAaBEAEHO B IHTEPHET-NIATPUMLI MAPYYHMKA.
1. Ba AKOI CXeMOI0 MOXKHA JOCHiMKYBATH BJACTHBOCTI (PYHKIII nAasa
mobymoBu ii rpadika?

3anumarHs A pad

2*. OxapakKTepusyiiTe 0COOJMBOCTI BUKOHAHHS OCHOBHUX eTaIliB JOCJIi-
I:KeHHsa (QYHKIII Ta BimoOpasKeHHS pesyJbTaTiB HOCTiMKeHHs Ha
rpacdiky ¢yukiii. HaBemiTes npukriagu.

34.2.1°. Ilobynyiite cxemaTnuHuii rpadik GyHKIiI, BU3HAUeHOI Ta Hellepeps-
Br\pa6u HOI Ha MHOMKHMHI BCix JificHMX Yucesl, KOPUCTYIOUHUCH II BJacTUBOC-
TAMU, YKA3aHUMU B TAOJIUIII.

1) x (—o03—2) -2 (-2:0) 0 (0;+20)
() + 0 - 0 +
fx) /! 5 N 2 /

max min

* V 1[bOMY BUIIAAKY TOBOPATH, 0 x =0 — BepTUKaIbHA acuMrTora rpadika Gyurmii f(x) (qus. § 30).
** ¥ 11bOMYy BUIIAJKY TOBOPATH, III0 y =x — IOXMUJAa acuMnTora rpadika pyurmii f(x).
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x (oo 1) -1 (-1;0) 0 (0;1) 1 (5 +o)

f(x) - 0 + 0 - 0 +

(x) N\ -3 % 1 N -3 4
min max min

Y saBmanmuax 34.2.2, 34.2.3 pocaimiTe QyHKIil0o i mobymyite ii
rpagixk.

34.2.2. 1) f(x)=x%-3x2%; 3) flx)=x*-2x2% 5) y=

5
x2-1

2) f(x)=3x—x%+1;  4) flx)=bx?-4x5; 6) y=2x-5%x? .

34.2.3. 1) f(x)z(x2—2)2; 3) f(x)zi—x; 5) y=2sinx—cos2x;
X

2) f(x)=x+l; 4) f(x)=2Jx —x; 6) y=cos®x—cosx.
X

34.2.4. a) Hocaizits dyrkmito f(x) i mo6ynyiire ii rpadik.
6) BHaliTh 061acTh 3HaUeHb GyHKIII f(x).
B*) CKilbKM KopeHiB Mae piBHAHHA f(x)=a 3amexHO Bif 3HaUYeHHA
napaMmerpa a (OUB. iHTEPHET-HIATPUMKY ITiAPYUYHUKA)?

x+4

Nt

1) f(x)=x+%; 2) f(x)=(x—3)x/;; 3) y=x—\/;; 4) y=

34.2.5. Ckrinbku KopeHiB Mae piBHAHHA:

1) x*-4x3+1=0; 2) 8x%-3x1+2=0; 3) xZ—%x3—3=O?

34.3. Hanbinbwe i HanMeHLwe 3HAYeHHSA PYHKLT

Tabaumns 49
1. Hanbinbwe i HaMMeHwwe 3HaA4YeHHA (YHKLUii, HenepepBHOT Ha BifApisKy

BaacTusicts

Arxmo ¢yuruias f(x) HemepepBHa Ha BigpisKy i Mae Ha HbOMY CKiHUEHHEe YMCIO KPUTHYHUX
TOYOK, TO BOHA HaOyBa€ HaOLIbIIOr0 i HallMEHNIOTO 3HAYEeHbh Ha I[OMY BiIpi3Ky a060 B KpuUTUY-
HHUX TOYKAX, AKi Halle:kaTh IbOMY BiApisKy, a00 Ha KiHIAX Bigpiska.

ITpuxknaamu
y _ , y _ .
F (%) I[ggf]if ()= (% max )3 F) max f0)=1F (% pax )
1o fa)|
e ﬁd min f (x) = (%) f(b) minf(x)=7(b)
f (Xpin) . [a;0] [a;0]
O'ax . x b x 0 a x b x
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Y max f (x)=f (a);
f(a) *\ [as]
f(®) )
f (Xpin) min (@) =7 (i)
0'a x b «x

2. 3HaxoAXXeHHA Hambinbworo i

y
f(a) R
f(xmax) .
| ST\ =1
O] E——
0'ax Xmax b x
HaMMEHLLOro 3Ha4YeHb (YHKU;i,

maxf (x)=1(a);
[a;0]

min

HenepepBHOI

Cxema

1. YueBHUTHCS, W10 3aJaHUl BipiBOK BXOIUTH
Io obmacri BusHaueHHsa QyHKIIi f(x).

2. Bmaiitu moxinuy f(x).

3. Bmaiitu kputuuni Touxm: f (x)=0 aGo e
icuye.

N

. BubpaTu KputuuHi TOUKHU, AKi HaJIEKaTh 3a-
ITaHoOMy BiApisKy.

5. ObuucauTu 3HaAUeHHA QPYHKI[IT B KPUTUUHUX
TOUKaxX i Ha KiHIAX Bigpiska.

6. ITopiBHATH onep:KkaHi 3HAaUeHHS (PYHKINI Ta
BUOpaTH 3 HUX HaliMeHIle i HaibiibIme.

Ha BiApi3Ky
ITpuxnang

HaliMeHIIle 3HAYeHHS
dymrmii f(x)=x®-12x+12 ua sigpisxy [1;3].

3HaigiTe HaiobinbIme i

P OGmacrts BusHaueHHA (PYHKIII — yeci gificai
qucia (D(f)
AnTh no obmacri BusHaueHHs OQyHKmii f(x).

=R), OTJKe, 3aJaHuil BiIpi3ok BXO-

F(x)=38x%-12.

f'(x) icmye Ha Bciit o6iacTi BUSHAUEHHS (YHK-

mii f(x) (orxe, pyurmia f(x) HemepepBHa Ha
3alaHOMY BiApisKy).

f(x)=0; 3x2-12=0 opu x=2 a6o x=-2.

3agaHoMy Bifpisry [1; 3] HAJICXKUTE JIAIIE KPHU-
TAYHA TOUYKa X =2.

f(1)=1; f(2)=-4; f(3)=3.

maxf(x)=£(3)=3, minf(x)=7(2)=—-4. <
[1;8] [1;3]

3. 3HaxoAKeHHA HaMbinbworo abo HaMMEHLLOro 3Ha4YeHHA GYHKUIT,

HenepepBHOiI Ha iHTepBani

BaacTusicts

Arxwo nenepepena Qynruyia f(x) mae na sadanomy inmepeani minviu
00HY MOUKY eKxCmpemMyMmy X, i ye mouxa MiHiMymy, mo Ha 3a0aHOMY iH-
mepeéani QyrHKyia Habyeae c6020 HAUMEHULO20 3HAYCHHA 6 MOYUi X.

Arxuwo Henepepsna (pynruis f (x) mae na 3a0anomy iHmepeasi MiavKu
00HY MOUKY eKcmpemymy X, i ye mouka maxcumymy, mo Ha 3a0aHOMY
inmepeani QyHKYis HAOYysae c6020 HALOLNLULOZO 3HAYEHHA 6 MOUUL X.

ILarocTpanisa
Y
y=f (x)
o' a xo b x
y y=f(x)
a
0 xo b x
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4. YueBHUTHCH,

Cxema

1. OgHy 3 BeJIWYHH, AKY MOTPiOHO

3HaliTH (200 BeJIUUNHY, 34 JOIIO-
MOTOI0 AKOI MOKHa JaTH Bigmo-
Bib HA 3ammTaHHA 3a7adYi), MO-
3HaunTu 4epe3 x (i 3a smicTom
3aaui HaKJacTu OOMeKeHH-

Ha X).

. Beauuuny, mpo AKy iaeTbcsd, MO
BOHA HAWOLJIBIIA a00 HalMEHIIA,
BHpPa3uTH 9K (QYHKIiIO Big X.

. Hocaigutu onepskany (QyHKIiIo
Ha HaWOigpime a0o0 HaliMeHIIIe
3HaYeHHd (HailiuacTile 3a IOIO-
MOTO0 IOXimgHOT).

0 OJepsKaHun
pe3yiabTaT Ma€ 3MiCT s TOo-
YaTKOBOI 3azadi.

4. 3apjayvi Ha 3HaAXOAKEHHS HaMGiNbLIOro i HaMMEHLIOro 3HayeHb (YHKUiT

Ilpuknang

€ npir saBgoB:xkKu 100 M. IToTpiGHO OropoauTH HUM
NPAMOKYTHY IAHKY HANOiJBIIOI IIOINi. SHAWAITE PO3Mipu
MiIAHKHA.
P Hexail ginaaka mae GopMy IpaMO-
KyrHuKa ABCD (muB. pHCYHOK) 3i
cropoHoro AB=x (Mm). A B
VYpaxoByrouu, 10 ApPiT OyZe HATATHYTO
110 IIePUMETPY IPIMOKYTHUKA, OJEPIKY-
€MO: 2AB+2BC =100, abo
2x+2BC =100, sBigcu BC=50-x (m).
CTOPOHU D C
NPAMOKYTHUKA € JOJATHUM UYUCJIOM, TO

0<x<50.

OCKIJIBKM JOBMKHMHA KOMKHOL

ILroma IpSIMOKYTHUKA:

S(x)=AB-BC=x(50-x)= 50x—x2.

Hocaigumo dyurnio S(x) sa momomoroo moxigzoi. Iloxix-
Ha S’(x)=50-2x icmye mpm Bcix fificHHX SHAYEHHAX X
(omxe, S (x) — HemepepBHa (QYHKLisS Ha 3afaHOMY IIpPO-
mirkky). S (x)=0, 50-2x=0, x=25 — KpuUTHUHA TOUKA.

Buak S' (x) m

0 25 50 x

V rounmi x=25 S’(x)=50-2x swmiHioe sHak i3 mioca Ha
MiHyC (IMB. PUCYHOK), OT:Ke, X =25 — TOUKa MaKCHMyMY.
VpaxoByemo, 1o HemepepBHa (yurmia S(x) mae ma saga-
HOMY iHTepBaJi (0;50) TIILKK OLHY TOUYKY EKCTPEeMyMY
x=25 i me Touxka maxkcumymy. Toxi Ha 3amaHoMy iHTep-
BaJi GyHKIIT HaOyBae CBOTO HAMOIJIBIIIOTO 3HAUEHHS B TOY-
mi x=25.

Omixe, ILJIOIIA OTOPOMAMKEHOI MiMAHKM Oyme HaibiabImoIO,
SKIIO CTOPOHM TPAMOKYTHUKA OYAYTh  3aBAOBMKKU:
AB=x=25 (m), BC=50-x=25 (M), ToOTO KoM OiIAHKA
matuMme GOopMy KBaapara 3i cropoHoio 25 m. <

MOACHEHHA 1 OBI'PYHTYBAHHH

JlronguHi B KUTTi Y4acTO HOBOAUTHLCA IIIY-

Jigy — 1e 3azadyi, AKi MOKHA 3BECTH IO 3HA-

XOM)KeHHsA Halbiabimoro abo HaMMEHIIIOTO
3HaUeHHA (QPYHKIIT.

YV Kypcax amalidy JOBOAUTHLCS Teopema
BettepmTpacca.

KaTu HaWKpamuii, abo, K YacToO KaKyTh,
ONITUMAJbHUM PO3B’sI30K MOCTABJIEHOI 3aayi.
YacTuHy TaKUX 3aJayd BIAETHCA PO3B’A3aTHU
3a JIOIIOMOI'OI0 METOJiB MaTeMaTUYHOI'O aHa-
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|

Teopema BelepwTtpacca. Hemepepsna Ha
Binpisky [a;b] dymkmia f(x) mae ma
I[BOMY Bipi3Ky Haii0ijbIIe i HaliMeHIIe
3HAYEeHHS, TOOTO iCHYIOTh TOUKM Bigpiska
[a;b], y akux f(x) mabyBae Haii6impmio-
ro Ta HaiiMeHmoro Ha [a;b| 3HaueHs.

PosrismeMo BuUOagoK, KOJIM HelepepBHA
Ha BiIpisKy [a;b] dyarnia f(x) Mae Ha 1BO-
MYy Bifipi3Ky JiuIlle CKiHUeHHEe YMCJI0O KPUTUY-
HUX TOYOoK. Toxi Mae Miciie BJacTUBICTH: AK-
mo ¢ysknia f(x) HemepepBHa Ha Bimpisky
i Ma€ Ha HbOMY CKiHUEHHE UMCJI0 KPUTUUYHHUX
TOYOK, TO BOHA HaOyBa€ CBOTO HaMOiJbIIO-
ro i HaliMeHUIOr0 3HAYEHb Ha ILOMY Bimpis-
Ky a00 B KPUTHYHHMX TOYKaX, AKi HAJeKATh
I[bOMY Bipi3Ky, a60 Ha KiHIAX Bigpiska.

T'eomerpuuna inmrocrtpaliia 1iei BaacTu-
BocTi HaBezeHa B 1. 1 Taba. 49.

® 1) CmouaTKy pPOSTJISHEMO BUIIAJOK,
KOJIM HelepepBHA HaA BifpisKy [a; b] (GyHKITia
f(x) He Mae Ha IBOMY Bifpi3Ky KPHUTHUHHX
Touok. Toxi Ha BiApisky [a;b] moximua f'(x)
30epirae mocrifinuit 3HaK (guB. m. 34.1), or-
xe, pyrkmia f(x) ma Bigpisky [a;b] 3pocrae
(puc. 34.3.1, a) a6o cunazmae (puc. 34.3.1, 0).
Tomy Halibiabllle i HaliMeHIIe 3HAUEHHS
dyurnii f(x) =a Biapisky [a;b] — me sma-
UyeHHS Ha KiHIAX a i b.

2) Hexaii Tenep ¢yukmia f(x) mae Ha
BiZpisKy [a;b] CKiHUEHHE YMCJIO KPUTHUUHUX
TouoK. IIi Toukm po36mBarOTH BiPiBoK [a; b]
Ha CKiHUeHHe UYMCJIO BimpiskiB, ycepenmHi
AKUX KPUTUUYHUX TOYOK Hemae. Tomi, srimmo
3 1. 1, HalbiaepIIoro i HaliMeHIIOr0 3HaYEeHb
dyukmnia f(x) zHabyBae Ha KiHIIAX TaKUX Bif-
piskiB, TOOTO B KPUTHUUHUX TOUYKAX (PYHKIIII,
abo B TouKax a i b.

YT y=f(x) y y=F(x)

34.3.1

Omixe, wob 3Haiimu HalUbiavwe i Hall-
MeHuLe 3HAYEeHHs HenepepeHol Ha 6i0pi3Ky
PyHKUil, axa mae HA UboMy Bi0pPi3KY CKIiH-
YeHHe YUCJLO0 KPUMUYHUX MO4oK, docmam-
HbO o0yucaumu 3HAYEHHA QYHKUIL 6 Yycix
KPUMUYHUX MOYKaAX i Ha KiHuax 6idpi3ka
ma 3 odepxucanHux yucen subpamu HailbiavuLe
I HallmeHwe.

1 BUKOPUCTAHHSA IIHOT'0 OPi€HTHUDPY II0-
TPiOHO BIIEBHUTHCSH, IO 3aJaHUN BiPisok
BXOJUTH A0 00J1aCTi BUSHAUEHHA AaHOI QYyHK-
mii i mo yHKIiA HellepepBHA HA IIbOMY Bif-
pisKy (oCTaHHE BUIIIWBAE, HANIPUKJIIAI, 3 TO-
ro, 110 (PYHKIIiA audepeHIifioBHA Ha 3aJaHO-
My Bigpiskry). g 3HAXOMKeHHS KPUTUUHUX
TOYOK (yHKIII moTpiObHO 3HalTm ii moxism-
HYy i 3’dcyBaTu, me TOXifHa JOPiBHIOE HYJIIO
abo He icHye. YTOUHEHY CXeMy 3HaXOIKEeHHS
HaNO6iabIIOTO i HAWMEHINIOTO 3HAUeHb (QYHK-
i, HemlepepBHOI Ha BiApi3Ky, 1 mpukJIan BuU-
KOpPUCTaHHA HaBeleHO B m. 2 Taba. 49. Iumri
OPUKJIAAYU 3HAXOMIKEeHHs HaWOiIbIIoro i Haii-
MEHIIIOTO 3HauYeHb (PYHKIiI, HemepepBHOI Ha
Bimpisky, HaBemeHo naui (muB. Ilpukiaanm) ta
B IHTEPHET-TMiATPUMIIL MigAPyUYHUKA.

TBepaKeHHs, IO HabOiIbIle 3HAUYEH-
s oymuxmii f(x) ma Bimpisky [a;b] mocsa-
racTbCA B TOUIL X,, MOXHa IIO3HAYATH TaK:
maxf(x)=(x,); a TBepAKeHHsd, IO HAaii-

a;b

MeHIme 3HaueHHa ¢yrknii f(x) =Ha Big-
pisry [a;b] JOCATAETHCA B TOUIL X, TaK:
minf(x)=71(xg).

[asb]

Ilix yac posB’sa3yBaHHA OeAKUX 3amaY I0-
BOJIUTBLCS 3HAXOAUTHU Haiibijblle i HaliMeHIIIe
3HAUEeHHA HellepepBHOI (pyHKIII He Ha Bix-
PisKy, a Ha inTepBaJi. Haltiuacrime B Takux
3amavax (DYHKIIiA Mae Ha 3aJaHOMY iHTepBa-

y y=f (x) y
y=f(x)

© |

xg b x

|

Q

R
[}

S

34.3.2
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Ji TiTBKYU OMHY KPUTUYHY TOUYKY: a00 TOUKY
MaKCUMyMy, ab0 TOUKY MiHiMyMy. ¥ IIUX BHU-
majgKax y Touni mMakcumyMmy GyHKmia f(x)
HaOyBae HAMOIJNBIIIOrO 3HAUEHHS HA JAaHOMY
inrepBaii (puc. 34.3.2), a B Toulli MiHimYy-

My — HaWMEHIIIOTO 3HAUEeHHA Ha JaHOMY iH-
TepBaJi (puc. 34.3.3) — nuB. mMOBHe (GHOPMY-
JIOBaHHSA BiANOBiIHUX BJIACTHUBOCTEHN y II. 3
Taba. 49, a oOrpyHTyBaHHA — B iHTEepHET-
OigTpuMILL TigpyJYHUKA.

NMPUKNAA PO3B’A3YBAHHA 3ABJAHb

MpukAad

Ha Bizpisky [0;7].

Po3B’a3aHHa

» 1) D(f)=R, orxe, Bigpisox [0; n] BXOJUTH [0

obacti BusHaueHHs QyHKImiI f(x).

2) f'(x)=2cosx—2sin2x.

3) f'(x) icHye Ha Bciit oGiacTi BusHAYeHHSA (PYHK-
mii f(x) (orske, Qymkmis f(x) e HemepepBHOMO

Ha 3aJJaHOMY BiApisky);
' (x)=0, 2cosx—2sin2x=0,
cosx—2sinxcosx=0, cosx(1-2sinx)=0,

. 1
cosx=0 abo smsz, x=%+nk, ke Z,

n T .
x=(-1)"=+nn, ne Z, — xpuruuni TOUKH.
6
4) y sajaHU# Bipi3oK mOmamaroTh TiIBKU KpU-
. T n 57
TUYHI TOUYKU: —, —, —.
6 2 6

1 1
5) f x =2$in£+cos£=2-—+—=i,
6 6 3 2 2 2

f(£)=231n£+cos7t=1,

2 2

f(5—n)=2sin5—n+cos5—n=2-l+l:§,
6 6 6 2 2 2

f(0)=1, f(n)=1.

6) minf(x)=f(0)=f(n)=f(£ =1,
[0; 7] 2

T 5m 3 1
max/(x)=1 (E)‘f (?)—5—15- <

U

BHaiifiTe Haiibingbine i HaifiMenmre sHaueHHA QyHKIIL f(x)=2sinx+cos2x

Komenrap

Bukopucraemo cxemMy B3HaXOI:KeHHS Haii-
O1JIBIIIOTO 1 HAWMEHIIIOTO 3HAUeHb HeIlepepB-
HoI Ha Bigpisky Qymrmii f(x):

1) ynesnumucs, wo 3adanuil 8i0pi3ox 6xo-
Jdumbv 0o obracmi 6U3HAYEHHA QYHKUIL;

2) 3Hauimu noxiony;

3) snaiimu xpumuuni mouxu (f(x)=0 aGo
He icHye);

4) eubpamu KpumuuHi MOUKU, AKI HAJe-
aamv 3a0anomy 6i0pisky;

5) o6uucaumu 3HaveHHs QYHKYII 8 Kpumuy-
HUX moukax i Ha KiHyax 6idpi3ka;

6) nopieusmu odepxcarni 3HaveHHS i subpa-
mu 3 Hux Hallbiavwe i HallmeHwe.

IITo6 ymeBHUTHCA B HeNEPepPBHOCTI 3agaHOI
GyHKIiI, moCTAaTHBO IIiCaAA 3HAXOMMKEHHA il
noxigHoi 3’sdAcyBaTu, IO MOXigHA iCHY€E B KOXK-
Hill Touli o6siacTi Bu3HaueHHA (GYHKII, abo
3a3HAYUTH, IO 3aJaHa (PYyHKIiA HemepepBHA
AK cyMa JBOX HeIepepBHUX (PyHKINN 2sinx
i cos2x.

Busnaunty, AKi KpUTUYHI TOUKU HaJIEXKATh
3aJlaHOMY BiZIpiBKy, MOKHA Ha BiATIOBigZHOMY
PUCYHKY, BigMiuamoum KPUTHUYHI TOYKH Ha
yucJaoBint nmpamint (puc. 34.3.4):

| |
I I
T g T OTg 3
2 6 2 6 2
Puc. 34.3.4

Mpwknan 3acToCcyBaHA MOXIAHOI 4O PO3B’A3yBaHHA MPAKTWYHO! 3adadi Ha 3Ha-
XOOKEHHSI HaMOINbLIOro 3HAYeHHs 3a[aHoi BeIMYMHM HaBedeHo n. 4 Tabn. 49.

3BEPHYBLIWCS [0 IHTEPHET-MIATPUMKM MIAPYYHMKA, MOXHA O3HaMOMUTLCA
3 PO3B’A3YBAHHAM IHLWMX NPUKNAAHMX 3a4a4.



§ 34.3acTocyBaHHA NOXIAHOI 4O AOCNIAXKEHHS DYHKLIT

3anumaHHg

Bnpabu

34.3.1°.

34.3.2.

34.3.3.

34.3.4*.

34.3.5.

IlosacHiTh, y AKMX TOUKAX HeIlepepBHA Ha BimpisKy (PYHKI[iI MOKe
HaOyBaTU CBOrO HAMOIJIBIIIOrO i HAIMEHIIIOrO 3HAYEHL Ha IILOMY Bin-
pisky. IlpoimrocTpyiiTe BigmoBimHy BiacTHBicTh Ha rpadikax (GyHK-
it i oOorpyHuTyiiTe ii.

OnuimiTh cxemMy 3HAXOMKeHHSA HaiOiJIbIIOro i HalilMeHIIIOro 3HAYeHb
dyurmii, HemepepBHOI Ha Binpisky. Hasenits mpukaan.
ChopmyiroiiTe i oOI'PYHTYITEe BJIACTHUBOCTI HeIepepBHOI Ha iHTep-
BaJi (pyHKIIii, sKa Mae Ha I[bOMY iHTepBaJi TiJILKU OZHY TOUKY
eKCTPEMYMY.

Omnuiritek cxeMy po3B’A3yBaHHSA 3ajau Ha HaWbiabie i HaliMeHIIe
3HAUEHHA 3a JOMOMOIOI0 JOCJaiMKeHHA BigmoBigumx ¢yukmiti. Ha-
BeIiTh TPUKJIAM.

V sasmamuax 34.3.1-34.3.4 3maiifiTe HaiOijabIIe i HaliMeHIIe 3HA-
yeHHS (PyHKIII Ha 3agaHoMy BiApisky.

1) f(x)=—x®+3x*+5, [0;3]; 3) flx)=x*—4x®+1, [-1;1];
2) f(x)=3x%-2x%, [-1;2]; 4) f(x)=x%-6x2+1, [-21].
1) f(x)=3cosx+cos3x, [0;7]; 3) f(x)=tgx—x, [o;g];
2) f(x)=Bsinx+cos2x, [03m];  4) Flx)=ctgx+x, [g%"]
1) f(x>=§+§, [1;6]; 3) f(x)=x—4x2, [-3-1];
2) flx)=2Vx -x, [0;9]; 4) f(x)=|x-1|-Jx, [0;4].

1) f(x)=-x®+3x|x-3

, [0:4];  3) f(x)=%+|x—2|, [1;4];

2) fx)=2Vx —|x-3|, [1;4]; 4) fx)=|x? —x—6|-x, [-4;4].

Is kBagparHOTO JIMCTA KapTOHY 31 CTOPOHOIO a Tpeba BUTOTOBU-
TH BiIKPUTY 3BepxXy KOPOOKY, BHUPiI3aBIIM MO KyTaX KBaIpPaTUKU
(puc. 34.3.5) isarmyBmu yrBopeHi Kpai. SIKol Mmae OyTm BucoTa
KOPOOKH, 11100 ii 00’eM OyB HaWOiabIIINM?

A

Puc. 34.3.5
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34.3.6°

34.3.7-

34.3.8.

34.3.9.

34.3.10.

34.3.11.

34.3.12*.

34.3.13*.

34.3.14*.

34.3.15*.

34.3.16.

34.3.17.

Yucmao 10 momaiiTe y BUIJISAAL CyMU OBOX HEBil €eMHUX MOJaHKIB Tak,
o0 cyMa KBaApaTiB IMuX duces Oyjaa HAWMEHIIIOHO.

Yucso 4 po3duiiTe Ha ABa HOLAHKM TaK, 100 CyMa IepIIOoro AOAAHKAa
3 KBaApaToOM IPyroro OyJjia HAWMEHIIIOO.

Pisuung gBox umces gopiBHIoEe 8. fIKi marors OyTum Ii umcia, 1106
IoOyTOK Kyba OiJbIIIOro umcJja Ha ApPyre YHCJIO0 OYyB HAWMEHIIINM?

3 ycix IpPAMOKYTHUKIB, IIJIOIa AKMUX MOOPiBHIOE 25 cMm2, 3HAWAITH
NIPAMOKYTHHUK 13 HallMEHIIINM IIePUMETPOM.

HoBexmiTs, 110 3 ycix piBHOOEIPEHUX TPUKYTHUKIB, BOMCAHUX Y KOJIO
pazgiyca R, Ha#OiJbIIy IIJIOIIY MAa€ PiBHOCTOPOHHIN TPUKYTHUK.

Ha cropinmi Texcr 3aiimae 384 cm2. BepxHe i HU)KHE IO MAIOTh
OyTu 1o 2 cM, mpaBe i JiBe — 1mo 3 cM. AKMMHU MaioTh OyTH pPo3Mipu
CTOPiHKM 3 TOUKHK 30Py eKOHOMil mamepy?

Y npAMOKYyTHUII TPUKYTHUK i3 rimoreHysown 8 cMm i KyrTom 60° BIim-
CaHoO MPSAMOKYTHHUK HaNOiJBIIOI IJIOII Tak, IO OAHA 3 HOr0 CTOPiH
JeKUTh Ha TrimoTeHysi, a ABi BepImIMHM — Ha KaTeTaxX. BusHauTe
OiJIBITY i3 CTOPIiH MPAMOKYTHUKA.

I3 TpuKyTHHKIB, IO MalOTh AAHUA KYyT O MiK CTOPOHAMM, CyMa
JOBXKUH AKUX IIOCTifiHA i MOpPiBHIOE a, 3HAWAITH TaKWil, AKUU Mae
HaWMEHIIIUUA TepUuMeTp.

¥V wkyiio pagiyca R BIMcaHO IMJIIHAP, IITO0 Mae HAWOiNBITYy OiUHYy IIO-
BepXHIO. 3HAWIITL 00’€M I[HOTO ITUJIIHApPA.

Touka A nexurth Ha rpadiky ¢ymrmii y=7(x), touka B — Ha oci
Ox, i ii abcruca mopiBHIOE opAuMHATI TOuKu A. SHAHAITL HallMeHIIIe
3HaUeHHA IOl TpuKyTHUKa OAB, me Touka O — mOYaTOK KOOP-

12
IUHAT, a f(x)=\/4x—ZSin2x—Qcosx+12 i %t<x<Tn.

BuABiTb CBOIO KOMMETEHTHICTb

YoseH nepedyBae Ha BifcTaHi 3 KM Bij Haibamkuol TouKu Oepera A.
ITaca:xkup woBHa Xoue micTatucs ceysa B, posTalioBaHOTo Ha Oepesi
Ha Bimcrani 5 KM Bim A (minauka AB Oepera mpamoJtimiiiaa). IIsuz-
KicTh woBHA 4 KM/TOJ; IacasKup, BUHUINOBIIN 3 YOBHA, MOKe IIPONTHU
3a roguHy 5 KM. [lo AKOro IMyHKTY Ha Oepes3i mMae mpucTaTyd YOBEH,
100 macakup npubyB y ceso B 3a Halikoporinuii uac?

3BEepHYBIINCA OO IHTEPHET-IMIATPUMKN MIiIPpYyYHMKA, O3HAKOMTeCs
3 dopMyJaMu TOXiTHUX OOepPHEHWX TPUTOHOMEUHUX QYHKIIH Ta
3 MOJKJIMBICTIO 3aCTOCYBAHHSA IMOXiMHOI DO JOBEIEHHS TOTOKHOCTEI.
HageniTh mpuKJIafy TaKOTO 3aCTOCYBaHHA.



OPYTA NMOXIAHA W NOXIAHI BALLMX MNMOPAAKIB.
NOHATTA ONMYKIOCTI ®YHKLUII

Tab6aumnsa 50
1. MNMoHATTA Apyroi noxigHoi
IMousarta 3amuc IIpurmam

Hexaii @ i =f(x) i "(x) =f(x) =x°

yukiia y=f(x) mae noxiguy f'(x y=7(x), y=x°,
Yy BCixX TOuKax AeAKOoro mpoMikky. Ila moxiz- Y= f'(x), y'=5 x4
Ha, Y CBOIO Uepry, € (PyHKI[i€l0 apryMeHTa X. , () ’ N oV s
Axmo QyHKIia f'(x) € nudepeHIiioBHOIO, Y =(f x ) =(y) y”=(5x ) =20x

To i moximHYy Ha3WBalOTb 0pYz0l0 NOXiOHOW
Big f(x) i mosmawators f”(x) (abo y”).

2. MoHATTA ONYKAOCTi Ta TOYOK neperuHy audepeHuiMoBHOT

Ha iHTepBani (a; b) dyHKuii

®dyuknito f(x) HasuBaoTh onyknow 6HU3 Ha iHTepBaJi
(a;b) , AKIIO AJsA OyAb-AKOI TOUKM X, i3 IbOro iHTepBamIy

1 (x0) A M npu Beix xe(a;b) i x#x, 2padix Gynxyii nexums euwe

domuuHoi 00 Ub0o20 2pagika B TOUIL (xo; f (xo)).

]

&
=)

8

M ®yuknito f(x) =asuBaroTh ONnYyKno 620pYy Ha iHTepBaJi

1 (x0) \ (a;b) , AKIIO AJA OyAb-AKOI TOUKM X, i3 Iboro iHTepBamy
IIpU BCiX X€ (a;b) 1 x#xy 2padix Gynryii nexcumsv HUM3CLe

domuuHoi 00 Yb020 2pagika B TOUIL (xo; f (xo)).

Toury M rpadika HenmepepBHOI QPYHKITiT f(x) , Y AKil icHye
M JOTHYHA 1 IpU NepexoAil depesd AKY Kpueéa 3MiHIOE HANPAM
1 (xo) onykanocmi, Ha3UBAIOTh MOUKOI0 Nepezuny zpadira GynKyii.
¥ rourni neperuny rpadixk QyHKIIil IepeXoAUTb 3 OLHOTO OOKY
JoTuuHOI Ha immmii. AGcnucy X, Touku M meperuny rpadika

fo dyukmii f(x) HasusaiooTh TOukoO mepermny QyHKmii f(x).

0 x
0 . . .
Touka X, posAinde iHTepPBaIM OMYKJIOCTI (DYHKILI.

3. BnactuBictb rpacdikie onykamx yHKUin

y M, Axmo gyuruisa f(x) onykaa 6Hu3 Ha iHTepBasi (a;b) i M,

ta M, — Touku ii rpadika Ha 1mpomy iHTepBai, TO Ha iHTEp-
BaUTi (xl;xz) rpadixk QyHKIiI y=f (x) nexurs HEXKUe Bif-
piska M;M,, T06TO 2pagix nexmcumsv Huxcie xopou.

Axmo dyrxnia f(x) onyxna ezopy Ha imrepsarmi (a;b)
i M; ra M, — rouku ii rpadika Ha npoMy iHTepBayi, TO Ha
iHTepBAaJIi (xl;xz) rpadik GyHKIII y= f(x) nesxurs Bume
Bimpiska M;M,, T06TO 2pagix nexcumo éuuie xopdu.

Ol ax; x5 bx
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4, JloctaTHi YMOBM onyKnocTi (yHKUii, Wwo Mae apyry

noxigHy Ha 3agaHoMmy iHTepBani (a; b)

YMoBa ONYKJIOCTiI BHH3 YMoOBa OIYKJIOCTi Bropy

Axrmio ma imTepBaJi (a;b) nBiui gudepenti- « Aximo Ha iHTepBaJi (a;b) IBiui gudepeHIiioB-
fioBra (Qyurmia f(x) mae momarmy apyry mo- . mHa ¢ymkuis f(x) mae Bix’eMHY Apyry moximmy
xigay (f"(x)>0 upum Becix xe(a;b) ), To ii | (f"(x)<0 mpu Bcix xe(a;b) ), To ii 2pagik Ha
2padix na inmepeani (a;b) Hanpamnenull = inmepeani (a;b) Hanpamnenull onyxaicmio
onykaicmio 6HU3. ézopy.

5. 3HaxoAKeHHA TOYOK neperuHy QyHKLii,

WO Ma€ Apyry noxigHy Ha 3agaHoMy iHTepBani

Heo6xigHa ymoBa JlocratHsa ymoBa

Y rouxax mepermny dymknii f(x) i mpyra « Hexait dymxuia f(x) mae ma imrTepsaui (a;b)

MOXiJHA TOPiBHIOE HYJI0 a00 He icHye. apyry moxigmy. Toxi axmo f ”(x) smiHIOE 3HAK
IIpU TIepexoni uepes X, Ae X,€ (a;b), T0 x5 —
X, — TouKa me- f"(x4)=0 abo Touka meperuny dymkuii f(x).
peruny QyHKmii | = dyrrnii 17(x,) Y roumi X, sHAK
f(x) He icHye f"(xy) smiHlOETBCS ¥o — TOUKA
0 =

HepernHy
3 «+» Ha «—» ( )
abo 3 «—» Ha «+» (bYHKLIll flx

6. JocnigxkeHHA DYHKUiT y=f(X) Ha ONyKNiCTb i TOYKU NeperuHy

Cxema IIpuxnaan
1. 3uaiiTu 00JacTh BU3HAUECHHS HocaimiTs GyHKIIiO f(x):x4 —4x%-18x2+1 =na omy-
GyHKIII. KJIiCTh 1 TOUKU IIeperuHy.

» 1. O6macts BusHauenna: D(f)=R.
®dyuxrnia f(x) memepepsHa B KO:KHIiH Toumi cBOEI 06-
JacTi BUBHAUEHH:A (K MHOTOYJIEH).
2. 3HaliTu ApPyry moximHy. 2. f'(x) —4x3_-12x2_36x.
f7(x)=12x? —24x-36=12(x% —2x-3)..
3. 3HaiiTu BHyTpimHI Toukm objacti ' 3. f”(x) icmye i memepepBHA Ha Bciil ob6iacTi BHHAUEH-

BU3HAUYEHHA, YV AKUX ApPyra IoXiz- HA QyHKIII f (x).
Ha JOpiBHIOE HYJIIO a00 He icHye". f7(x)=0; 12(x2 —2x—3) -0:

x1=_1, x2=3.

4. IlosHauwWTH OflepPKAaHI TOUKM HA 00- ' 4  Bpax £ (x) + N/ -\/ +
JacTi Bu3HaueHHA PYHKIiI, 3HANTH

3HAK JIpPyroi moximHol i xapakxrep IloBeminka U -1 nNn 3 U x
noBeAiHKU (DYHKI[II HA KOXKHOMY 3 f(x) 4\ ’T‘
iHTepBasiB, Ha SIKi pPo30MBaeThHCA (omyKJIicTB) TOUKA  TOUKA

0o0JIacTh BU3HAYECHHS. eperuHy neperuny

* Tlo aHanorii 3 KpUTHYHAMH TOuKamu (ouB. 1. 34.1) BHyTpIlIHI TOYKH OONACTi BH3HAYCHHS, Yy SIKAX Ipyra

MOXiJTHA JIOPIBHIOE HYNIO a00 HE iCHY€, YacTO Ha3MBAIOTh KPUTHYHHMHU TOYKAMH JIPYroro pojay, abo KpUTHY-
HUMH TOYKAMHU 32 JPYTOI0 MOXiJHOI.
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- 3amucaTu pe3yIbTaT AOCHIIMKeHHS 5. Ha imTepBanax (—oo;—l) i (3;+<><>) rpaix QyHKIil

(iHTepBasmm i XapakTep OIIYKJIOCTi

i TOUYKHU TIeperuHy).

Hanpsamiero omykiicrio Baus (f7(x)>0), a ma inrep-
BasIi (—1;3) — OIIYKJIICTIO Bropy (f”(x)<0). Touknu
meperuny: x=-1 i x=38 (y mux touxax f (x) smi-
HIOE 3HAK). <|

7. Po3swmMpeHa cxema pochnigeHHA ¢yHKuii ana nobyaosu ii rpadika

Cxema

. 3Ha¥iTu 00JIaCTh BU3HAUEH-
HA QYHKII.

. 3’dacyBatn, UM € (PYHKIA
napHoio abo HemapHOo, abo
IepioaAuIHOIO.

. Toukun meperuny rpadika
3 OCAMU KOOpAWHAT (SIKIIO
iX MOYKHaA 3HAWTH).

. IToxigma i KpuTHUYHI TOUKHU
byHKIi.

. IIpomixkku 3pPOCTaHHA
i cmamaHHA Ta TOUKH €KC-
TPEMYMY (61 3HAUYEHH
byHKIII B Mux TOUKax).

ITpuraanx
x? —bx

[IoGyayiire rpadik ¢yurumii f(x)= 1
+

1. O6sacTs BusHaueHHA: X #—4

(D()=(-=i-4)U(45+2))

2. ®yuknis f(x) =i mapra, Hi HemapHa, ockimpru f(—x)#= f(x)
i f(=x)#—f(x) ta memepioguuma.

3. Ha oci Oy suauenns x=0, Ttoxi y=0.
x%—b5x 9
Ha oci Ox 3nauennsa y=0: —4=0, x°-5x=0, x(x-5)=0.
X+

Tomi x=0, x=5 — abcuucu TouoK mepeTuHy rpadika 3 Biccio Ox.
(22-5)(x+4)—(x? —5x)  x?+8x-20

(x+4)° (x+4)
IMoxinua icHye Ha Bcifi ob6iacti BusHauenHs QyHKmii f(x).

4. f'(x)=

Omxe, yuruia f(x) HemepepBHa B KOMKHifl Toumi cBOEi oGia-
CTi BUBHAUEHH.

f'(x)=0. Ipu x#-4 maemo x2+8x-20=0;

x;=2, xy=-10 — xpuTHuHi TOUKH.

5. ITosHAuMMO KPUTHMUYHI TOUKM Ha OoOJlacTi BU3HAUEHHA i 3Ha-
WaeMo 3HAK IMOXiAHOI Ta XapaKTep HMOBeAiHKU (PYHKITII HAa KOMXK-
HOMY 3 iHTepBaJIiB, Ha AKi Po30MBAETHCA 00JIACTH BU3HAUEHHA.

3nak f'(x) + - - +

IToBeninka —iO —4 2 x
f(x) 7 MAENS SSamin_7

Omxe, QYHKI[IST 3pocTae HA KOKHOMY 3 ITPOMiKKiB (—oo; —10] Ta
[2;+°<>) i cmagae Ha IPOMIKKaxX [—10;—4) Ta (—4; 2]. OcCKiIbKHT
B KpuTuuHi# Touni (—10) moxigHa sMiHIOE BHAK 3 «+» HA «—», TO

x=-10 — TouKa MAaKCHUMyMy, a B KPUTHYHii Touri 2 moximua
3MiHIOE 3HAK 3 «—» Ha «+», TOMy X=2 — TOYKa MiHimMyMmy.
Orxe,

X max =-10, roxi Ymax :f(_10)=_25 5
X min =2, roni Ymin =f(2)=—1 .
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6. IloBeminka  (yukmii Ha — o0 + oo
KiHnax npomixkkie obaacri « 6.
BUBHAUEHHS I ACUMIITOTHU
rpadika ¢yaroii (Bepru-
KaJibHi, TOPM3OHTAJBHI Ta

36
IIpu x —»>—4 3iaiBa f(x)—)(—o)—>—oo, a mpu Xx ——4 cmpasa

TOXMJIi). 36 ‘ '
f(x) | == |5+ (060 lim f(x)=—00, lim f(x)=+4co).
+0 x—-4-0 x—-4+0
OTixe, mpsiMa X =—-4 — @epMUKAAbHA ACUMNINOMA.
f(x)= x*—5x _ x(x+4)-9(x+4)+36 _y_g.. 36
x+4 x+4 x+4
Ilpu x —> oo —0, roni f(x)—>x-9,
x+4
ToOTO TIpAMa Yy=x—-9 — noxuaa acumnmoma.

7. Hpyra moximma i mocJii-

2
woxemms Gyl ma ony- | 7. ()= (7(x)) = (2x+8)(x+4)* ~2(x+4)(x? +8x-20) 72

. . 4 - 3 .
KTiCTh i TOYKH IIeperu- (x+4) (x+4)
Hy (Ta sHavenHa Qyurnii  Ockimbru f "(x)#0, 1o 3HAK ApYTrol MOXiZHOI MOMKe 3MiHHTHCH
B IIUX TOUKAax). gunie B Touni x=-4. Omep;KyeMo Taki 3HaKu APyroi IOXigHOI

Ta BiAMMOBIZHMU XapaKTep OIMYKJIOCTi:

Buax f" (x) - Y +

IloBeminka -4 x
f(x) OIIYKJIiCTh OIIYKJIiCTh
(omyKJIicTh) BrOpY BHU3
M U
8. 3maiiTh KOOpAWMHATH o~ | g, x -7 —9
IaTKOBUX TOYOK rpadika
® . -28 7
VHKIII (AKI0 HeoO0XigHo
YTOUHUTHU HMOTO IOBEIIHKY).
9. Ha migcrasi mposegenoro ' 9. y
IOCHiMKeHHsA I1o0yayBaTu
rpagik QyHKIII.
O\ 2 5
-10, -4 -1 x
)
7
4
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MOACHEHHA 1 OBI'PYHTYBAHHH

0 Apyra noxigHa M noxigHi BULWMX
nopAAkKie

dxmo dyskmia y=7f(x) mae moximmy
f'(x) y Bcix Toukax meAKOTO IPOMiXKKY, TO
IO TTOXiMHY MOKHA POBTIALATH IK (PYHKIIiIO
Big aprymenta x. fIkmo dyaknia [ (x) e gu-
depeHIlifioBHOIO, TO ii HMOXiZHY Has3WBAIOTh
npyroio moximmoio Bim f(x) i mosmauaioTh
f"(x) (abo y”).

Hanpukian, axmo f(x)=2x-sinx, TO
f'(x)=(2x—sinx) =2-cosx , Toxi

f"(x)=(2-cosx) =sinx.

ITo anaJsorii 3 Apyroxo moximHOIO O3HAUA-
I0Th i moximui Bumux nopanakiB. Iloximuy Bifg
apyroi moxigmoi ¢ymkmii f(x) HasuBaioTh
mpemuvor noxioHow, abo noxidHow mpemvozo
nopadxy miei pyHKIii i T. 1., To6TO NOXiOHOI0
n-zo0 nopadry pynruyii f(x) masusearomv no-
xidny 6id noxionoi (n—1)-z0 nopadry uiei
Gynkyii. IloxigHy n-ro mopAnky QyHKIiI
f(x) mosmauarors £ (x).

Hanpuraag, sxmo f(x)=x°, to*

f'(x)=(x5), =5x*; f”(x)=(5x4)’ =20x3;
#7(x)=(20x3) =60x2; £@ (x)=(60x2) =120z ;
£ (x)=(120x) =120 ; ¢ (x)=(120) =0.

0 Onyknictb PyHKUT

Hexait ¢pyukmia f(x) BusHaueHa Ha iH-
TepBaJIi (a;b) , & B TOUIL X, € (a;b) Mae CKiH-
yenny noxiguy. Toxi mo rpadika 1miei pyHK-
nii B Toumi M(xo;f(xo)) MOXKHA IIPOBECTHU
IOTUYHY. 3ajJIe’KHO Bim posmimieHHsa rpadika
BiTHOCHO AOTMYHOI (DYHKIIiI0 HA3WBAIOTH OMNY-
KJ010 8HU3, AKNIO rpadik po3MiIlleHO BUIIlE
moruyHoi (puc. 35.1) abo onyk.aow 8zopy, AK-
mo rpadik posMillleHO HUIKYE MTOTHUYHOI
(puc. 35.2). BigmoBiguo i cam rpadik y mep-
IIOMY BUINIAAKY HA3WBAIOTh ONYKJIUM YHUS3,
a B APYTroMYy — ORYKJAUM Y2opy.

Hasememo BigmoBigHI 03HaUeHHs Ta BJac-
tuBocti nua pyuknii f(x), BusHauenoi i xu-
(depenmiioBHoi nBiui Ha iHTepBasi (a; b) .

*

FVH(x).

OsHaueHHs. ®ymknia f(x) BasmBaeTbca
onyKnoi 6HU3 Ha iHTepBaJi (a;b), AKIIO
IJIs1 OyAb-AKOl TOUYKH X, i3 IbOro iHTepBa-
ay npu Beix xe(a;b) i x#x, rpadik
byHKIii JeKUTh BHUIE JOTUYHOI 0 I[HOTO
rpadika B ToUIi (xo; f(x )) .

O3Ha4yeHHA. DyHKIia f(x) HasuBaeTncs
onyknoi 6zopy Ha imreprani (a;b), AKmoO
st OyAb-AKOl TOUKHM X, i3 IbOro iHTepBa-
ay mpm Beix xe(a;b) i x#x, rpadik
byHKI{T JeKUTh HUKYE TOTUYHOI T0 I[HOTO
rpadika B ToUIri (xo; f(xo)) .
3asHaumMo, IO Ha iHTepBaJi, e PyHK-
mia f(x) omykua BHuS, ii moxigua f'(x) spo-
crae. [lificuo, sx BumHO 3 puc. 35.1, i3 3po-
CTaHHAM apryMeHTa X BeJIMUMHA KyTa ¢, IO
yTBOpIOE moTmuHAa n0 rpadika ¢pyurmii f(x)
i3 momaTHUM HanpAMKoM oci Ox, 3pocTrae, Ha-

. T . T )
OyBamouy 3HAUYEHb MixX S i R Ane Toxmi

tgo=7"(x) Temx spocrae.

Ha imrepBani, me dyuknia f(x) omykia
Bropy, ii moxizua f’(x) cmagmae. IlificHo, aK
BUAHO 3 puc. 35.2, 3i 3pocTaHHAM apryMeHTa
X BeJIMYMHA KyTa @, II[0 YTBOPIOE TOTUUYHA [0
rpadika dyrrmii f(x) iz momaTHMM HampaM-
KoM oci Ox, cramae, HaOyBaOUM 3HAUEHDb MiXK
T

E i —g. Age Toni tg(p=f'(x) Te)K cIazjac.

Mo:xHa goBecTH, IO CIIPaBeAJINBi i obep-
HeHi TBePIKeHH.
1. Arwo noxiona f'(x) @ynwruii f(x) spo-
cmae na inmepsani (a;b), mo Gynkyis
f(x) € onykrnow 6nu3 nHa yvomy inmep-

8a.i.
y Yy
1 (xo)
0 A M ©
ol x, * O// Xy X
Puc. 35.1 Puc. 35.2

YerBepTy, I’ATY I MIOCTY MOXiAHI GYHKITIT f(x) YacTO MO3HAYAIOTh BiAIIOBiAHO fIV (x) , fv (x) ,
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2. Arxwo noxiona f'(x) ¢yuxyii f(x) cna-
dae na inmepeani (a;b), mo Qyuryis
f(x) e onyxanown ezopy na yvomy inmep-
aaJi.

IIi BmacTmBOCTi KO3BOJAIOTH CHOPMYJIIO-
BaTu docmammui Yymosu onyxkrocmi QYHKUIL
(i epagira Qynruyii).

1. Axwo na inmepeani (a;b) dsiui duge-
penyitiosna pynxuyia f(x) mae dodam-
ny opyezy noxiony (f"(x)>0 npu ecix
xe(a;b)), mo ii zpagix na inmepeani
(a;b) nanpamnenuil onyknicmio 6HuU3.

2. Axwo na inmepsani (a;b) d6iui dugpe-
penuitiosna pynruis f(x) mae 6id’ emny
dpyzy noxidny (f(x)<0 npu ecix
xe(a;b)), mo ii zpagix na inmepsani
(a;b) nanpamnenuil onykaicmio 6zopy.
DiiicHo, f(x)>0

xe(a;b). SAxkmo posrasamatu f'(x) ax GyHK-

mifo Big x, To f”(x) e moximHoro miel pyHKIII

Hexah opum BCix

(f”(x)z(f'(x))’). Agne rToxmi, Maoouu IOLATHY
noxiguy, dyeknia f(x) spocrae Ha inTepBa-
ai (a;b). Orxe, 3a BaactupicTio 1 QyHKIizA
f(x) e omykjo0 BHU3 Ha I[bOMY iHTepBaui, ii
rpadik BiATIOBiMHO omyKRJAWMHA yHU3 HaA iHTEp-
Bazi (a;b).

AmnasorivyHo OOT'PYHTOBYIOTH i APYTry [MO-
CTAaTHIO YMOBY.

IIi ymoBHM € TigbKM gocTaTHiIMHU, ajie He

€ HeoOxigaumu. Hampurkaan, GyHKI[iS y=x4
€ OIIYKJIOI0 BHU3 Ha BCifl UMCJIOBiN mpAMii
(puc. 35.3), xoua B Touni x=0 ii gpyra mo-
xigHa y”=12x2 gopiBHIoe Hy.IIO.

V Bunagky, xoau ¢yuknia f(x) onyxaa
6Hu3 Ha inrepBaui (a;b) i M; Ta M, — Tou-
Ku il rpadika Ha ibOMY iHTEpBaJi (puc. 35.4),

T0 Ha iHTepBami (x;;%,), Ze a<x; <x,<b,
rpadik GyHKIII y= f(x) mexuTh HIKYe Bin-
piska M;M,. Ileii Bimpisox 1o aHamorii
3 BifpiskoMm, IO cIOJyYae ABI TOYKU AyTrHu
KoJla, 4acTO Ha3WBAIOTh XOPA0I0 KpubBoi. OT-
’Ke, y IbOMY BHIAAKy Ha iHTepBaui (xy;x,)
epagik nexcumov HuMcue Xopou.

dxmo ¢ymxuia f(x) onyxaa ezopy nHa
intepsani (a;b) i M; Ta M, — Touku ii rpa-
dika Ha mpomy iHTepBaii (puc. 35.5), To Ha
inrepani (x;;x,), Ae a<x; <x,<b, rpadix
GyHKITIT y=f(x) JeXUTh BUINEe Bigpiska
M M, , Tobro zpadirx sexumdv suuie xopou.

0 ToYKkM nepervHy

O3HaueHHA. Touky M rpadika HenmepepBHOI
dbynknii f(x), y akii icaye qormuna i mpu
mepexo/i yepes3 AKYy KPpUMBa 3MiHIOE€ HAIIPAM
OIIYKJIOCTi, HA3UBAIOTh MOYKOI0 Nepezuny
rpacdika QpyHKIiI.

YpaxoByUYu O3HAYEHHS ONYKJOCTI
¢yHKIil Bropy # omykJocTi (pyHKIiI BHU3
(m. 2 mporo maparpada), ogep:KyeMo, IO O0-
TUYHA PO3MiIlleHa BUINe Bifi ogHiel YacTUHU
rpadika i HuKUe 3a iHmy (puc. 35.6). Imak-
I1e KaXKy4u, y TOUIli IeperuHy JOTHUYHA IIepe-
TUHAaE KPUBY, a caM rpadik GyHKIl mepexo-
OUTh 3 OOHOT'O OOKY HOTHUYHOI HA iHIITHIA.

AbGcnucy x, TOUKM IHeperuHy rpadika
dyurnii f(x) HasUBAIOTL MOUKOI0 nepezuny
¢ynruyii. Toxi x, € ofHOUACHO KiHIleM iHTep-
BaJIy ONYKJIOCTi Bropy i KiHIeM iHTepBasy
omykJocti BHUB yHKHII f(x) .

Touku meperuny aBiui audepeHITiiioBHOI
GyHKIIII MOKHA BHAUTHU 3a ITOIIOMOTO0 il ApY-
roi moxiguoi. HaBememo docmammuio ymoay ic-
HYBAHHS MOYKU NepezuHy.

Y
y
M
y=x* M, 2
0 x 0] ax, XxXybx
Puc. 35.3 Puc. 35.4

ypNn M, M, y
fxg) |
0] axy X9bx Xo X
Puc. 35.5 Puc. 35.6
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Hexait ¢pyuxnia f(x) mae Ha imTepBaii
(a;b) npyry moximmy. Axwo [”(x) sminwe
3nax npu nepexodi uepes x,, de x,<(a;b),
mo x, — mouka nepezuny Qynwyii f(x).

e JlificHo, akmo ¢yuknia f(x) mae Ha
inTepani (a;b) Apyry moxigHy, To BOHa Mae
Ha IIbOMY iHTepBaJIi i mepmry noxigay. Orixe,
dyurnia f(x) e HemepepBHOIO Ha 3aJaHOMY
iHTepBaJi Ta icHye moTUYHA M0 rpadika QyHK-
uii B rouni 3 aberucono x,. Hexait f”(x)<0
mpu x<x, i f”(x)>0 mpu x>x, (Ha 3agaHO-
my iHTepBaJi). Toxi, BUKOPUCTOBYIOUU MdO-
CTaTHI YMOBM OIIYKJIOCTi (DYHKIIiI, omep:Kye-
MO, 0 Ipu X <X, rpadik GyHKHII f (x) Ha-
IpAMJIeHUH OIyKJIICTIO BIOPY, & IPA X > X —
omykJjicTio BHu3. OT:Ke, TOUKa X, € TOUKOIO
meperuny Qyurii f(x) .

AHaJoriyHO PO3TIANAETHCSA 1 BUIAIOK,
komu f7(x)>0 mpu x<x, Ta f”(x)<0 mpu
X>X,: TOUKA X, € TAKOXK TOUKOIO IIepeTHHY
dyukmii f(x). O

Jisa 3HAXOAKeHHA MPOMIKKIB OIYKJIOCT
dyuKIii Ta Touok ii mepermHy moTpiOHO Bpa-
XOBYBATHU TaKe.

® Hexait ¢pyurnia f(x) samama Ha im-
tepBaii (a;b) i B KOxHIiN Touni npoOro iHTEp-
Bally Mae ApPYyry moxigHy f”(x), sAka € Ha
HBOMY HeIlepepBHOIO (GyHKIi€o. AKimo nna
TOUKH X, i3 mporo inTepsamy f”(xy)>0, 10 B
IeAKOMY O -OKOJIi Ifiel ToOuKm apyra moximma
Tex Oyae mOomaTHOIO, TOOTO JJad BeCix
xe(xy—8; xo+08) smauenma f”(x)>0. Aie
ToAi B iHTepBaii (xO -0; x, +8) pyHKIiS f(x)

y Y
y=x3 y=axix?
” o
y’=0 e
\\ N
S 0 x 0 x
\l/
Y
Puc. 35.7 Puc. 35.8

HalpsMJeHa OINYKJicTIO BHU3, i TouKa X, He
MOsKe OyTH TOUYKOI0 meperumuy (pyurmii f(x) .
Amnasnoriuno, axmio f ”(x0)<0 , TO B JeAKOMY
okoJi Touku x, Gymkrnia f(x) mHanpamiena
OIIyKJIICTIO Bropy, i Touka x, He MOKe OyTuU
TouKoI10 meperuHy Gyukrmii f(x). Orxe, Tou-
KO0 TIeperuHy MoKe OyTU TijIbKM Taka TOY-
Ka X,, Yy fAKill gpyra moxifiHa JOPiBHIOE HY-
JII0, 3 IIbOTO BUILJIINBAE He00XiOHA YM06a icny-‘
6anHa mouok nepezuny: axuo gpynxyia f(x)
3adana na inmepeani (a;b), y xoxcniii mou-
uyi Yyvozo inmepeanry mae Opyzy noxidny
f”(x), AKa € HenepepeHoIO PYHKYiEIO HA 3a-
danomy inmepeéani, i mMae MmouKy nepezuny
xg, mo f”(x,)=0. 0O

Hanpurnaazn, QyHKIia yzx3 (puc. 35.7)
mae meperuH y Touri 0, y aAki# il apyra mo-
xigHa nopiBHIOE Hymo. [lilicHo, y =3x2,
y”=6x, y”(0)=0. IIpu x>0 3sHaueHHA
y”(x)>0 i rpagix HampaMIeHHi OmyKIicTIO
BHU3; a nmpu x<0 sHauenHa y”(x)<0 i rpa-
ik HampAMJIEHUH OIyKJicTio Bropy. Otixke,
x=0 — Touka mepermHy QyHKIIiI.

Touxa nepezuny ¢pyuruyii f(x) moxre 6y-
mu i 6 miit mouwuyi xy, y axii f”(x,) ne icnye
(ane f'(xy) icnye).

Hanpuknaazn, pyHKIis y=x§/x72, 03Ha-
YyeHa Ha BCifi umcioBin mpawmiit (puc. 35.8),
mae neperuH y touri 0, y akiit icaHye ii mep-

: , "5 ,
ma moxigHa y =(3 x5) =§3x2 (y’(0)=0),
. . ”_ 5 (3 2 ), _
ane me icaye apyra moxiama y”=_Wx") =
5 2 10
3 3¢t ENE
IIpu x>0 sHaueHHaA y”(x)>0 i rpadix
HaIpPAMJIEHUN ONYKJICTIO BHU3, a mpu x<0
sHavyeHHA y”(x)<0 i rpadik HampamIeHmil
omykJiictio Bropy. Omke, 0 — Touka Imeperu-

HY QYHKIII.
11106 3HaliTH IPOMIKKM ONYKJIOCTI PYyHK-

(y”(0) =e icuye).

nii f(x), morpi6HO po3B’A3aTH HepiBHOCTI
f7(x)>0 i f”(x)<0 Ha obnacri BUBHAUEHHS
dyurnii f(x). Ockineku f”(x) Tex € dyHK-
miero Bixg 3MiHHOI X, TO Yy BUHOAAKY, KOJIU
byuknis f”(x) € HemepepBHOI B KOMKHIH
Tourni cBoei o6JsacTi BU3HAYEHHS, A
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pO3B’sA3yBaHHA ITMX HEPiBHOCTEH MOKHA BU- 3acTocyBaHHA IIiei cxeMU TaKOMK ITOKasa-
KOpHUCTATH MeTOJ] iHTepBaJiB, TOUHiIlle, OT0 HO B 1. 6 Ta6a. 50. Bukopucranus apyroi mo-
ysaraJbHEHHs, IO CIMPAETHCA Ha BJIACTU- XimHOI M03BOJIsSE AeTaNbHiIE MOCHiguTH BJa-
BiCTB: TOUKH, Y AKUX OpYyzea noxidna 00pieHI0E cTuBOCTi (pyHKIii aaa mobymoBu ii rpadika.
HYJLI0 abo He iCHYE, po30dusearwmy 0biacms 6u- Y taba. 50 HaBemeHO pO3MIUPEHY cxeMy (Io-
snavenns pynruii f(x) na npomixcku, y xoic- piBHAHO 3i cxemoio B Tabis. 48) mocuimKkeH-
Homy 3 akux f”(x) 30epizcae cmanuil 3HAK. HA QYHKIIL Ta npukiaaf ii Bukopucranud. o
¥YpaxoBymouu I}0 BJIACTUBICTL i yMOBH CXeMU JOJAaTKOBO BKJIIOUEHO 3HAXOKEHHA 1H-
OITyKJIOCTi (DYHKIIil Ta icHyBaHHA 1i TOYOK ITe- TepBaJIiB OMYKJOCTi (PyHKIIi, TOUOK Ileperu-
PeruHy, OIep:KyeMO CXeMy IOCJaiKeHHS HY i acuMITOoT rpadika QyHKII (I1B. TaKOXK
dyurnii f(x) Ha omyKJIicTh i TOUKM meperu- § 30 Ta iHTepHET-MiATPUMKY TiAPYUHUKA).

HY, HaBeqeHy B 1. 6 Taba. 50.

1.
3anumaHHg

35.1.
Bnpabu

35.2.

35.3.

nC

BukopucroByioun rpadik, moscHIThH, AKY (PYHKI[iI0 Ha3WBAIOTh OIY-
KJIOIO Bropy, AKY — ONYKJIOIO BHUS.

ChopmyJrioiiTe HOCTATHI YMOBH OIIYKJIOCTI Bropy Ta OHYKJIOCTiI BHU3
GyHKIIII, 1IT0 Mae Apyry moXigHy Ha 3amaHomy iHTepBaJsi. HasemiThb
IPUKJIAAN.

HatiTe o3HaueHHA TOYKU neperudy GyHKIii. ChopmytoiiTe He0OXis-
HY i mJocTaTHIO YMOBM iCHYBaHHSA TOUOK MHeperuHy (PyHKI[I, 1o Mae
Apyry MOXifHY Ha 3aJaHOMY iHTepBAaJIi.

OxapakTepusyiiTe pO3IIUPEHY CXeMYy DOCTiIKeHHA (PYHKIII AJd 10-
oymoBu ii rpadika.

SHalgiTe APYry moximHy samamol GyHKINII:

1) flx)=x3-3x%+5; 3) f(x)=xcosx;

2) f(x)=tg2x; 4) f(x)=x%sinx.

3HalIiTh iHTepBaJM ONYKJOCTL Bropy I OMYKJOCTI BHI3 i TOUKHU IIe-
peruHy (pyHKILii:

1) flx)=x*-6x2+1; 3) flx)=

X

2 b
1-x

x+2
\/; .

HocaigiTs PyHKIIiI0 3a POSIINPEHOI0 CXeMOI0 Ta mobyayiiTe 1i rpadik:

2) f(x)=cos2x mpu —-m<x<m; 4) y=

3
1 fx)=—1; 4) fla)=——; 0 y=—
1—x x“ =1 x°“+4
2) flx)= 21 ; 5) f(x)=—5—— ! ;
x“+1 x“—4x+3
2
3) flx)=—"—; 6) flx)=——;
x“ -4 x" -1

BuaABiTb CBOIO KOMMNETEHTHICTb

IlepeBipTe mpaBUILHICTE BUKOHAHHSA 3aBAaHHS 35.3, M0oOyAyBaBIIHN
BigmoBigHi rpadikm 3a HOIIOMOTrOi0 KOMII IOTEPHUX IIPOTPaM.



3ACTOCYBAHHA noxiaHoiI oo PO3B'AA3YBAHHA PIBHAHDb
| HEPIBHOCTEWN TA AOBEAEHHA HEPIBHOCTEN

36.1. 3acTocyBaHHS MOXigHOT OO pPO3B’A3yBaHHSA PiBHAHb i HepiBHOCTEN

Y § 4 Oyn0 PO3rIAHYTO BUKOPHUCTAHHS I)KeHHs MPOMIiKKiB 3pocTaHHS i cmamaHHAg
BJACTHUBOCTEH (PYHKIill O po3B’s3yBaHHSA ¢yHKIII Ta ominka obJiacTi 3HAUeHb (PYHKITi1
IesIKUX PiBHAHBL. IHOAI myaa 3’sicyBaHHSA IO- (BigmoBimHI mpuioMU TAKOTO AOCIiIKEeHHSA
TPiOHUX BJaCTUBOCTEHN (PYHKIIiil HOIiJIbBHO BU- mogaHo B Tabi. 51).

KopucTtaTtu moximuy. Ile meprr 3a Bce mocii-
Taoaumsa 51

1. OuiHKa 3Ha4yeHb NiBOT i NpaBOi YaCTUH PiBHAHHA

Opienmup
Armio moTpibHO Ppos3B’A3aTH  PIBHAHHSA BUAY
flx)=g(x) flx)=g(x) i 8’acysamoca, mo f(x)>a,
PN f(x)=a, g(x)<a, ro piBmicTs Mix xiBoO i IpaBo Uac-
f(x)>a glx)=a TUHAMU DiBHAHHA MOJYKJIMBA TOJAi I TiJIbKU TOmi,

rxonu oxgmouacuo f(x) i g(x) mopiBHIOHTH a.

gx)<a

Ilpuxnang

» Po3B’skiTh piBHAHHA

f,(x)=0, 1 - 1 :01
Va-1++8-x =x® —4x+6. 2Vx-1  23-x
V3-x =vJx-1, 3—-x=x-1,

x=2 — xpuruuna Touxa (f(2)=0).
Henepepsua q)ymcuiﬁ* f(x) samama Ha Binpisky
[1; 3] , TOMy BOHA Ha0yBae HAMOiJLIIIOro Ta Haii-

MEHIIIOT0 3HaueHb ab0 Ha KiHIAX Biapiska, abo
B KPUTHUYHINA TOUIli 3 1boro Bigpiska. OcKinbKu

OminuMo B3HaUeHHs JIiBoi i mpaBoi uYacTulH
. 2
piramaa:  g(x)=x2-4x+6=(x-2)"+2>2,

flx)=+x—-1++/38—x . Tocrigumo pymxmito f(x)
Ha HaNOlJbIIe 1 HaliMeHIe 3HAYEeHHSA 34 IOIO-
MOT'0I0 IIOXimHOI.

x—120,
D(f):{g_x>0, Tobro 1<x<3. fF)=f3)=v2, a f(2)=2, 10 r[na)](f(x)=
Pla)=t T =f(2)=2, ro6r0™ f(x)<2. Kpim Toro,
2Jx-1  2¢3-x
Iloxigma He icuye B Toukax 1 i 8 3 obuac- g(x)>2, orxe, 3anane piBHAHHEA PiBHOCHIBHE
1i BusHauenHs ¢yukmii f(x), ame mi Touxm CVx-14++43-x =2,
He € BHYTpiIHIiMH D(f), orse, BoHE He cueTent 2 e x=2.
yTP AL ’ ’ (x-2)"+2=2
€ KPHTIHIHMIL. Bionosgidv: 2. <
* 3Buuaiino, y Touni x=1 ¢Qyukmia f(x) HemepepBHa clpaBa, a B TOUIli x=38 — BJiBa.

* Mu MOrIH 0 BUKOHATH TOUHIITY OIiHKY o6JacTi 3HaueHL HemepepBHOI GyHKI f(x): ocKimbkm
minf(x):f(l):f(S):x/g , TO \/§<f(x)<2 , ajie IJisi HaBeIeHOI'0 PO3B’sA3aHHSA MOCTATHBO OI[IHKU
(1;3]

flx)<2.
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2. BUKOpUCTaHHA 3poCTaHHA i cnagaHHA YHKUiN

Cxema po3B’si3yBaHHSI PiBHAHHS

1. ITio6upaemo 00un abo OekilvbKa KOPEHi8 PIBHAHHS.

2. Tosodumo, wo iHWUX KOpeHi8 ue Di6HAHHS He Ma€e (BUKOPUCMOBYIOLU MeopeMUu NpPo KOpPeHi
pienanHA, ab0 OUiHKY 3HAYeHb Ji60I ma npasoi LacmuH pPi6HAHHA, ab0 MAKY 6aacmusicmov
@PyrKyiil: 3pocmaioya abo cnadHa QYHKYiIsS HAOYBAE KONIHO20 C8020 3HAYEHHS MIAbKU 6 00Hill
mouuyi it obracmi 6U3HAUEHHS ).

TeopemMu nmpo KOpeHi piBHAHHSA IMpuxkaan

. . . . 2 T
1. Axmo B pieuanni f(x)=a ¢yseuiz f(x) ' 1. » Pisusuus 2x+COSX =T Mae KopiHb x=E
3pocrae (cmamae) Ha NEIKOMY IPOMIMKK T T

p . (cnanac) A y 1P ok (2-—+cos—=m, To6TO T=T).

TO Iie PIBHAHHA MOJKe MATH He Oijblue Hik 9 9

OIMH KOPiHb Ha HbOMY IPOMIiKKY. IHmux KopeHiB Iie PiBHAHHA He Ma€, OCKIJIbKU
y y=7(x) / dyurmia f(x)=2x+cosx spocratoua (ii moxigza
f'(x)=2-sinx>0 npu Bcix sHAUeHHAX X 3 06-

nacti BusHauenua: D(f)=R).

Bidnosgiov: g . <

. 1 4 .
2. dxmo ¢yuxuia f(x) y pieaswsi ' 2. P Pisuanna 3x2-——=——— wMmae KOpiHb
x \/; +1

f(x)=g(x) 3pocrae ma mesikomy mpomizk-
. 4

Ky, a Qpynruin g(x) cmamae (a6o HaBma- x=1 (3—1=\/_— , To0TO0 2=2).

KM), TO Ile PiBHAHHA MOKe MaTH He 0ilb- x+1

life Hi OJMH KODiHB HA IBOMY TPOMIKKY. Iamux KopeHiB Iie PiBHAHHA HE Ma€, OCKIJIbBKU

ioro O3 x>0 i ma wmin O3 QyHKIia

y=g(x) ]c(x)=3362—l apocraroda (f'(x)=6x+iz>0
x x

Y
/ / mpu x>0), a pyHKIis g(x)=L
y=r(x) ¢ Ve +1

4
\ npu x>0 (g'(x)=2—\/;2<0 mpu x>0).

B (\/;4'1)
Bidnogidv: 1. <

cmagHa

—
(=)
Q.
x

o
®

* Kopeni piBHAHBb y mpuriaazax 1 i 2 omepskaHo migbupanHHaMm. K IpaBuio, Hifgdip MOYHMHAIOTH

i3 mimmx smavenp: x=0, =1, 2, ..., gKi HifcTaBJAIOTEL y 3aJaHe PIBHAHHSA, a JJA TPUTOHOMe-

. . . 4 s T b4
TPUYHUX PIiBHSAHL IIEPEBIPAIOTL TAKOM «TabiauuHi» sHavenws x=0, +—, +— +— +—
4 3 2
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36.2. 3acTocyBaHHS NOXigHOT A0 AOBeAeHHSI HepiBHOCTEN

Iloximny iHKOJMM BOA€ThCA BUKOPUCTATU
IpU JOBeIeHHI HepiBHOCTeH Big omHiel 3MiHHOI.

HaBenmemo opieHTOBHY cxemy 0o8edeHHs
nepienocmeit  eudy ¢(x)>g(x) (abo
¢(x)<g(x)) sa donomozor noxiomnoi.

1. Poseasanymu O00nomixHy QYHKYIIO
f(x)=(p(x)—g(x) (na ii obracmi susna-
YeHHA a00 Ha 3a0AHOMY NPOMIHCKY ).

2. JHocaidumu 3a 0onomozorw noxioHol noge-
dinxy gyuxyii f(x) (3pocTaHHA UM cIa-
naHHsa abo II HalOlabIlle YM HaNMeEHIIIe
3HAUYEHHA) HA PO32AAHYMOMY NPOMINCKY.

3. O6rpynmysamu (cumpaoOYuch Ha MOBE-
niary Qyermii f(x)), wo f(x)>0 (abo
f(x)<0) na posenanymomy npomixcky,
i 3pobumu BUCHOB0K, W0 (p(x)>g(x)
(a6o ¢(x)<g(x)) na uvomy npomincky.

3ayBasKuUMO, IO IIPU JOBEIeHHI MeaKux
HEPiBHOCTEN ITI0 CXeMy JOBOAUTHCS BUKOPU-
CTOBYBaTHU JeKiJibKa pasiB, a iHOAL 3py4yHO
BUKOPHUCTATU [APYTY MOXiAHY ¥ OMYKJiCTH
BigmoBigHol (yHKHiI (quB. mpukJIagm B iH-
TePHET-TiATPUMIIL MigAPYUHUKA).

NMPUKNAA PO3B’A3YBAHHA 3ABJAHDb

IMpukAad

JloBeniTh HepiBHICTH x2+3>4x mpu x=>1.

Po3sp’azannsa

P llns goBemeHHs gaHOI HepiBHOCTI mo-
CTaTHBO JOBECTH HEPiBHICTH x? +3—4\/; =0
npu x=>1. Posraamemo byHKIiIO
flx)=x%+3-4Jx npu x>1 (ii o6aacts Bu-
sHaueHHA x>0 MicTuTh 3amaHUA TPOMIiNK-

OK).
. 4 2x\x -2
IToxigua = =

wr  Jx
2(Vx* -1)

=————>0 mpu x>1. OT:Ke, PyHKIIig

Jx

flx)=2x—

f(x) spocrae ma imrepsani (1;+), a Bpaxo-
Bylou: HellepepBHicTh ¢ymkmii f(x) y Tou-
mi 1 (Boma HemepepBHA i Ha Bciit obJsacti Bu-
3HAUeHH:), ofep:KyeMo, mo (yukrmia f(x)
3pocTac i Ha MPOMIXKKY [1;+oo) . Ane f(1)=0.
Toxi mpu x>1 smauenna f(x)>f(1)=0. Or-
e, x2+3—4\/;>0, TOOTO x2+3>4\/; npu
x>1, mio i morpi6bHo Oyao moBectu. (3a3Ha-
yuMo, mo upu x >1 smauenna f(x)>f(1)=0,
a mpu x=1 3amaHa HepiBHiCTH IIepPeTBOPIO-
€ThcA Ha piBHIiCTBE.) <

i [loknagHO 03HaNOMUTUCh i3 3aCTOCYBAHHAM MOXIAHOI 4O PO3B’'A3YBaHHS PIBHSAHb
U i HEPIBHOCTEN, a TakOX AOBEOEHHS HEPIBHOCTEM MOXHA B iHTEpPHET-NiATPUMLI

nigpy4HMKa.

1. IoAcHiTH, y AKMX BUIAZKAaX BAAETHCA PO3B’A3aTH PIBHAHHS 32 JOIO-

3anumaHHg

MOTI'0I0 OITiHKM 3HaueHb HoTo JiBoi i mpaBoi uactul. HaBeaiTe mpukJam.

2. ToscHITH, AK MOXKHA BUKOPHUCTATH 3POCTAHHSA i CIafaHHA (DYHKIii
I po3B’sI3yBaHHA piBHAHBL. HaBeniTh mpukaamm.
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VY saBmamaax 36.1-36.7 pos3B’sa:KiTh piBHAHHA.

Bnpa6u 36.1. 1) Vx—-2+V4-x =x2-6x+11; 2) Jx—-1 +/9—x =x%-10x+29.

36.2. 1) x+l=231nﬂ; 3) V2x +

4
x 2 \/ﬂ
1
2) Jx+1+
Vx+1

36.3. 1) x°—x®+2x-28=0; 3) 2x%-8x%+\x-1=5.
2) bx—-3cosx=3;

36.4. 1) sinbx—2cosx—8x=x"-2; 2) 4cos3x+5sin§+15x=4—x3.

=1+3sinﬂ.
4

=2cos£;
3

36.5. 1) x5-63x+62=0; 3) x5+63x+62=0.
2) x%-364x+363=0;
36.6. 1) x"-21x%-64x+84=0; 3) x¥-170x% -x+170=0.
2) x"+21x%-64x-84=0;
36.7. Po3B’s:kiTh cucTeMy piBHAHB:
1) {4x—sinx=4y—siny, 2) {2x—2y=sinx—siny,
3x2_y=& x+2y=9.

Y zaBpanuax 36.8—36.9 pos3B’siKiThL HepiBHICTE.

36.8. 1) x"—x*+3x>-5; 3) Jx-1+x2-2x>17.
2) 2x° —x°+x>2;
9 arccos i
36.9. 1) Jx+1+J7-x >E_ 3 ;
T

X
arccos| ————

2) Jx—2+420-x >7-

T

Y saBmanHax 36.10—36.13 moBemiTh HEpPiBHICTS.
36.10. 1) x°-2x®+2x>20: mpu x>2; 3) 2x+i2>5 mpu 0<x<%.
x

2) a®+4>a%+3a opu a=>0;

36.11. 1) Jx+——>6 mpu x>0;  2) 2Jx +1>3 mpu x>0.
X

X

2
36.12. 1) tgx>x mpu xe(O;%); 2) cosx>1—x7 npu xe(O;%).

36.13. 1) a®+4>a?+3a wpu a>0; 2) a®+3a%+10>13a upu a>0.



I3 NTAPAMETPAMU

IIpu poss’asyBaHHI 3aBgaHp i3 mapa-
MeTpaMU MOKHa BUKOPHUCTOBYBAaTH MOXim-
HY OJd JOOCHifKeHHs (PYHKIINH Ha MOHO-
TOHHICTHL i eKCTpeMyMM Ta IJA JOCHiTKeH-
HA QYHKHOII Ta mobymosu ii rpadika, maa 3a-
nucy pPiBHAHB AOTUYHUX A0 TrpadikiB QyHK-
ik, mjIsa 3HaXOI:KeHHA HaMOijJpIroro i Hai-
MEHIIIOT0 3HaueHb QyHKIil. Ciigm Taxkox
nam’sSTaTy Ti OpieHTHUPU, AKI BUKOPUCTOBY-

3ACTOCYBAHHSA NMOXIAHOI [O PO3B'A3YBAHHSA 3ABJAAHb

BaJuCA A PO3B’A3yBaHHA 3aBAaHb i3 mapa-
metrpamu B § 9, 15, 27. 3okpema, AKW0 8 3a-
60anHi 3 napamempamu iidemvbcs NpPo Kijb-
Kicmb po36’sa3Ki6é pieHAHHsA (HepieHOcmi abo
cucmemu ), mo 018 aHari3y 3adanoi cumyauyii
3PYYHO 8uKoOpucmamu 2pa@ivny iacmpayio
poss’sa3ysanns (OIUB. BIANMOBIAHI mpuKJIagu
o IIhOro Imaparpada B iHTepHeT-HiATpuMILL
OigpyYHUKA).

NMPUKNAA PO3B’A3YBAHHA 3ABJAHDb

3uaigite yci

Mpukaad
Po3B’a3zanna

» OGnacts usHauemns ¢ymrmnii D(y)=R.
Dyuknia gudepeHIifioBHa Ha BCill 4ncIIOBil
npamiii: ' =3(a+2)x%—6ax+9a.

3amana QyHKIiS Oyae cmagaTu IS BCix
xeR , axmo y <0 Ha Bciit unciosiit mpsa-
miit (mpuuomy pisHarHA Yy =0 Mae TinbKM
CKiHUEHHY MHOKUHY KOPEeHiB).

Axmo a=-2, To y'=12x-18 i mepisuicTs
y'<0 He BUKOHyeTbCA Ha Bcift umcioBii
npaminn (12x—-18<0 rinpku mpu x<1,5).
Axmo a#-2, To moxizHa € KBaApaTUYHOIO
dyHKIIielo BigHOCHO 3MiHHOI X, AKa HabyBae
sHauenb Yy <O Ha Bcilt umMcnoBil mpaAMii
Tomi ¥ TinbKM Toxmi (TabsuIld B KOMeHTapi),
a+2<0, 1
D<O0 1)
(mpu npomy piBHsEHA Yy =0 Mome wmaTm
xiba 1110 OJWH KOPiHb).

3 mepiBuocti a+2<0 omepkyemo a<-2.

3 mepiBuocti D<0 maemo:

36a2-4-3(a+2)-9a<0,
36a(a-3a-6)<0,
36a(-2a-6)<0,

-72a(a+3)<0. (2)

YpaxoByrouu ofep:xaHy yMoOBy a<—2, OTpH-

KOJIM BUKOHYIOTBCS YMOBHU {

myemo, mo (—72a)>0. Toxi 3 HepiBHOCTI (2)
maemo a+3<0, Toéro a<-3. OT:xe, cucre-

. . jla<-2,
Ma (1) piBHOCHMIBHA cucTeMi
a

3Bimcu omepsxyeMo a<—3.
Bionosiov: (—oo; —3]. <

<-3.

BHAUeHHS IapaMeTpa d,
y=(a+2)x®-3ax? +9ax—2 cumagae gua Bcix xeR.

opu AKX QYHKILA

Komenrap

Bukopucraemo yTouHeHHWI BapiaHT YMOBHU CIIafaH-
HA QYHKIII (. 34.1).

Axwo f(x)<0 y koxniic mouyi inmepeany
(a;b) (npuuomy pienannsa f'(x)=0 mae auwe
CKIHUeHHY MHOMCUHRY KopeHis), mo Qyuryis f(x)
cnadae HA yboMy iHmepsai.

Ils ymoBa € He TiJIbKH AOCTATHHOIO, a I HEOOXis-
HOI0O s audepeHIlilfioBHOI Ha iHTepBasi (QYHKIIiL
(aKwo Ha axomycv inmepsani QYHKYiA f(x) ou-
gepenuiiioena i cnadae, mo f(x)<0 na yvomy
inmepsani — npu. n. 34.1). Orxe, yMOBYy 3anmaui
MOJKYTh 3aJ0BOJIBHATUA Ti ¥ TiJIBKMW Ti 3HAUEHHHA
nmapamMeTrpa, SgKi MU 3HAWAeMO 3a IIi€}0 YMOBOIO.
Amnanisyroun noxigny samanol ¢GyHKIii, ypaxoBy-
€MO, IIT0 BOHA € KBaJPATUYHOIO (PYHKIIIE€I0 TiIBKU
y Bunagky, koau a+2#0 (todbro a#-2).

Tomy Bumamzoxk a+2=0 (todro a=-2) ciaig pos-
TJISHYTH OKPEMO.

g kBagpaTuuHOl (PYHKIII 3ragyemMo BCi MOMKJIU-
Bi BapiaHTH posMmimieHHA mapabosu BigHOCHO oci
abcruc (AuB. TaOIUITIO HUXKYeE) i 3°ACOByEMO, KOJIU
mepisHicts y’' <0 BUKOHyeTbCA Asa Beix xe R.

D>0 D=0 D<0
+| ]+ + /+
a+2>0 ‘%’? U x + F +
x
x —
w20 | AT AT
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3ayBa:xkuMo, o HepiBHicTs D<O0 (mpum HOI QYHKIiI (BUKJIOUAIOUN TOUKY 3 a0CIIUCOIO
a#-2), aKa 3Bejacsd N0 HepiBHOCTI (2), MOXK- a=-2), a BXe NOTIM BHAWTH CHiIbBHUN
. b
Ha OyJi0 po3B’sI3aTU OKPEMO METOAOM iHTep- po3B’A30K cucremu (1).

BaJIiB ab0 3a momomororw rpadika KBaapaTud-

Bnpabu

37.1.

37.2.

37.3.

37.4.

37.5.

37.6.

37.7.

37.8.

37.9.

37.10.

37.11.

37.12.

37.13.

3HaimiTEF yci B3HaYeHHA WapaMeTpa @, OpU AKUX QYHKILA

y= a 3 2} —(a-1x%+2x+1 3pocTae mJis BCcix x€R .

ITpu saxomy 3HaueHHi a mpama 16x+y—-13=0 e moTmuHOIO IO Tpa-
2
. a+x
dira GyHRUil y=—T+7
X
3HaligiTh HaiObiJabIlle 3HaAUeHHS k, Opu gKoMy rpadik ¢yHrmii
y= 22 +2(k+1)x+2k% +k—-1 IOTUKAEThCS OO Oci abcmuc.

3Haouu, I0 PiBHAHHS > +2=ax npu x>0 Mae TiIBKUM OJUH KO-
pPiHb, 3HAUAITH IIell KOPiHBb i BiAmOBimHE 3HAUEHHA A.

TI'padik ¢pyurImii y=—x3+ax2+bx+c nepetuHae Bick Ox y TouIri
3 abcrmcor0 x=-2 i moTukKaeTrbcsa g0 oci Ox y Tourmi 3 abcCIucoio
x="7. 3HAUIITh TOYKU JIOKAJIBHOTO MiHiMyMy Iiei QyHKITII.
3HalgiTh 3HAUEHHA @ i b, IpU AKUX NIpaMa Y=T7X—2 NTOTUKAETHCS
no rpadika gysrmii y=ax?+bx+1 y rourmi A(L;5).

3HaWgiTEP BHAUEHHA @, IIpU SAKOMY JOTHYHA OO0 Iapado-
au y=2;vc2 +3x+5 yrToumi xy;=—-2 € [OTUYHOIO JO Iapaboau
y= —x%+4x+a .

3HaimiTP yci B3HaYeHHA NapaMeTpa a, OpU AKUX QYHKILA

3«2 . ..
f(x)=—2 He € CHaJHOI0 Hi Ha AKOMY BifpisKy, IIIo HaJe-
a-2-3x—x
KUTH 11 00JIaCTi BU3HAUEHHS.

. 48
HpI/I AKX 3HAUYEHHAX IIapaMeTpa d P1BHAHHA x3 +—=a mae xou4a 6
X

OIVH KOPiHB?

3HaWAiTh yci 3HAUEHHS @, OIPU AKUX PIBHAHHA 4sin® x=a+7cos2x
He Mae KOpeHiB.

=17

SHaUIITh yci 3HaAUeHHA @, IPU AKUX PIBHAHHA 3C0S2X+—
sinx

Mae xoua 0 OMMH KOPiHb.

3HalgiTh yCi 3HAUEHHS a, IPU AKUX PiBHAHHA 7—2C0SX = a(1+tg2 x)

Mae xoya 0 OOUH KOPiHb.

CTopoHM TPUKYTHHKA JIEKATh Ha OCAX KOOPAHMHAT i Ha JOTUUYHIN
oo rpadixka (pyHKILIL y:x2+4x+4 B TOouIli, abcmuca a AKOI 3amo0-
BoJIbHsAE YMOBY 1<a<(0. 3HaiifiTh 3HAYEHHA @, IPU AKOMY ILJIOIIA
TPUKYTHUKA Oy/e HaibiJbIIo0.

[opatkoBi 3aBoaHHs 00 TeMu «paHMLSA Ta HemnepepBHICTb yHKLii. MMoxigHa Ta
il 3acToCcyBaHHA» HaBedeHO Ha caunTi interactive.ranok.com.ua.



3ABAAHHA ANA4 MAroTOBKM A0 OUIHHOBAHHA

Teem
Ne 5

1.

Dyurnia y=1 (x) 3ajaHa rpadikomM (IuUB. PUCYHOK).

Y

VKaKiTh yci TOuKH, B AKUX mMoxXigHa QyHKIii y=7f (x) JIOPiBHIOE HYJIIO.
A-4;-1,5;4 Bb-4,-1,5 B4 I -5; -3; 0,5; 5,5

SHalAiTh moXimHY QYHKINL y= x3 +cosx .

A 3x%+sinx B 3x%+cosx B 3x?-cosx T 3x%-sinx

OGumcnith BHaueHHA NOXifHOI QyHKHiI f(x)=v2x+1 B TouNi
xO = 12 .

A 0,2 b 0,1 B5 I 0,05

3HaWAITF MUTTEBY IIBUAKICTL (Y M/C) PyXy TOUKM B MOMEHT 4a-
cy t=1 ¢, SKIIO TOUKA pPYXAEThCA IMPAMOJIHIAHO 3a 3aKOHOM
s(t)=t2 +2t+3 (s BUMipHOETBCA B MeTpax).

A6 B7 B 4 r3

Cepen HaBemeHUX HUIKUe rpadikiB QyHKIi, AKi BusHaueHi i nude-
PEeHI[ifiOBHI Ha MHOMKWHI BCiX AiHICHUX YMCeJI, YKaXKITh Ty (PYHKILiO,
sdKa Ha Bcili o0sacTi BU3HAUYEHHS Ma€ Big eMHY HOXimHy.

Y y
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6. Ha pucysky so6paskeHo rpadik moxignoi ¢yukuii f(x), BusHaueHO
Ha inrepBani (—3;8). ¥ akiit rouni mporo inrepsany dysruia f(x)
HabyBae HaWMEHITIOTO 3HAUEHHA?

y="1'(x)

Yy
+1
A 1,5 b -2 B4 reé

7. Ha pucyHry sobpaskeHo rpadik (yHruii y=f(x), BusHaueHoi Ha
IPOMIiKKY [—4; 4]. YcTaHOBITE BiATIOBIAHICTE MisK BJIACTHUBOCTAMU
(1-3) pyurmii Ta ix yucaoBumu 3HaueHHamu (A-T).

y=f(x

1 W /
| OW 4 x

1 Touka JokambHOTO MiHIMyMy QYyHKITIT A1l
2 JloxanpHul MakKcuMyM (QYHKI[iL b 2
3 Haiibinbie sHaueHHA (PYHKINI HA IIPOMIKKY [O; 4] B 3
r 4
8. Vxkaxirs mpomixkkm, Ha AKUX QYHKIiA yz—x3 +6x2+7 criajsae.
A (—o05+00) B (—o0;—4]i[-4;+)
B (—o0;0]1i[4;+e0) T [0;4]

9. 3maiigite Haibigbmie i HafiMeHIIe 3HAUEHHA PYHKITI y=x4 —2x2 47
Ha IIPOMiXKKY [—2; 0] (BanuIiTh po3B’sA3aHHS).

8 _x Ha MOHOTOHHiCTB i eKCTPeEMY-

.. . 1
10. 1) Hocnimite dpyEKIiO f(x)zgx
Mu Ta mobyayiTe il rpadik (samuiriTe po3B’sA3aHHS).
.. . . . 1
2) HocaimiTh, CKiIbKM KOpPeHiB Mae PiBHAHHS §x3 —X=a 3aJeXHO

BiJ 3HAueHHA Imapamerpa a (3aOUIIITL PO3B’A3aHHS).

MponaiTb OHNaWH-TeCTyBaHHSA Ha canTi interactive.ranok.com.ua.

TemMun HaBYanbHUX I'IpoeKTiB

1. BukopucranHsa IIOXiZHOI Ta HepiBHOCTEH mig uyac pos3B’s3yBaHHS
eKOHOMIUHUX 3amad.



BIAMOBIAl TA BKA3IBKM [0 BIMPAB

Pospgin 1

§ 1. 1.1.16. 34. 1.2.5. 1) -1%; 1; 2) -1; 2;
3) 0; =2; 4; 4) —5,5; —0,5; +2,5. 1.2.6. 1) [3;4];
2) (—m;—4)u(§;+m); 3) (=o03—0,5]U[1,5;+00) ;
4) (-5,5-3,5)U(0;2).

§ 2. 2.1.1. 1) 2,5; -2; 3%; a+%; 2) -3;

-2;1; b¥*-3;3) 1; 2; 0; vm+1. 2.1.2. 1) R;

2) [-8;+); 8) x#-1; 4) R; 5) (—=;—-1]U
UlL;+20); 6) R; 7) [1;5]; 8) [-3;0)U(0;+00);

9) [-8;8)U(8;+0); 10) (—oo5—=1)U(=1;0]U[1; + o) 5
11) [0;2)U(2;+0); 12) R. 2.1.3. a) D(f)=[-3;5];
E(f)=[-8;2]; spocrae: [-2;3]; cmagae: [-3;-2]
i[85]; f(=0;6) D(f)=[0;6]; E(f)=[0;4];
spocrae: [0;2] i [5;6]; cmamae: [2;5]; fF(D)=2.
2.1.4. 1) {56}; 2) R; 3) [0;+c0); 4) [0;+);

5) R; 6) [—5;+0c0). 2.1.10. 1) 3pocratoua;

2) cumagHa; 3) 3pocTapua; 4) cmagHa.

2.1.11. 2)4 2.3.1. 1) y——x+2 D= R E=R;
2) y———x 2, D=R, E= R 3) y——

X
D: xiO,E. y#0; 4) y——— D: x#0,

E: y#0;5) y= D=[0,+z>o), E=[0;+c).
2.3.3.1) y=2Jx, 2) y=—-2Vx, 3) y=vx+2,
4) y=—Jx+2.

§ 3. 3.1. 1) € HacrigKoM, PiBHOCUJIBbHI;
2) € maciigKom, HepiBHOCHJIbHI. 3.6. 1) Taxk;

2) rak; 3) Hi; 4) Tak; 5) Hi. 3.7. 1) 3— 2) —4;
3) —4; 4) -3;

2) 2; 3) —\/— ; 4) KopeHiB Hemae. 3.9. 1) x#1,5

(ymoBa mus xoperiB); 2) x>0. 3.11. 1) (—e;-2]U

U(=12]U(4+0); 2) (—o03-2)U(3;8); 3) (4;5];

4) [-10;-2)U(4;+). 3.12. 1) [-2;-1]U[1;2];

2) (ce=DU(-2: Ut +)5 ) (o -31U (03315

4) (=6;2). 3.13. 1) (-2;2)U[4;+); 2) (=2;-1)

a6o 1; 3) (—;0)U[2;3]; 4) (—oo;—1)U[4;+0).
§4.4.1.1) 2; 2) 3; 3) (1;0). 4.2. 1) 0;

2) 0; 3) —1; 4) 0,5. 4.3. 1) 3; 2) (-25);

3) (8;1); 4) xopenis memae; 5) (2;1);

. 3.8. 1) Kopenis memae;

6) (-1;2;-3). 4.4. 1) 6; 2) 1; 3) 0; 4) 6; 5) 2;
6) 1. 4.5. 1) (-5-5); (22); 2) (-2-2);

o () () o ean

c=0, d=1;
1.2, a=0,
2

10 721, 1) 3x2+x+4;

2) x®—xb+axt—x? +1, 3) x3-2x2+4x-2.
722.1) Qx)=4x>-6x-1, R(x)=12x+3;

2) Q)=x>+2x2+5x+10, R(x)=20x+21.
7.2.3.1) a=-18, b=-35; 2) a=-8, b=20;
3) a=-1, b=-2.7.24.1) Qx)=x+6,
R(x)=12x+12; 2) Q(x)=x, R(x)=-20x-30.
7.3.1. 1) -101. 7.3.2. a=-3. 7.3.3. x+3.

7.34. a=-1, b=1. 7.3.5. 8; 5%.
7.37. —2x3+8x%+14x-20. 7.3.8. a=-2.
7.3.9. 3. 7.3.10. 2x%-10x2+6x+18.

7.3.11. a=3, b=9. 7.3.12. x®+5x+1=0.
7.3.13. x2-5x+2=0.7.3.14. x>-30x+9=0.

§ 8.8.1.1) —g; 4; 2) 0,5; 3,5; 3) —1; 2; 3;

6. 8.2. 1) (—oo;—1)U(45+); 2) (-0,8; 2);

3) (—3;—1)U(—1;—1); 4) (—2 23). 8.3. 1) l;
2) -1; -3. 8.4. 1) [1;3]; 2) -8; 12; 3) [-5;8].
8.5. 1) Poss’a3KiB Hemae; 2) [2+00);

3) (—oo;%)U(s;m) 8.6. 1) [1;2]; 2) —2§, 3.
8.7.1) -3; 5; 2) [-1;4]. 8.8. 1) —5; 0,5; 2;

2) —2-5; J5.89. 1) 0; =2; 4; 2) -2; 1;

3; 6. 8.10. 1) (-1;5); 2) ( 1= \/—)U( 1,2)U
U #;m). 8.11. 1) (—oo;—1)U(Z+00);

2) [1;3]. 8.12. 1) (=5;—2)U(~L;+0);
2) (=005 =5)U(-3;3)U(5;+0) .
8.13. 1) [-6;—2]U[4;8]; 2) (—o0;—8)U(2;+0) .

8.14. 1) ( ;5); 2) (—o0;—5]U[45+00).
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8.15. 1) [-3-5;-4)U(-2;0];
2) [—1—2&,—3)U(1,3].

§ 9. 9.1. 3) IIpu a<0 poss’askiB Hemae,
npu a=>0 x — Oynb-siKe AilicHe YmMCIIO.
9.2, 2) IIpu a<—-2 a6o a>2 pos3s’sa3KiB Hemae,
npu a=-2 Oyge-saxe x€[-2;0], npu a=2
Oynp-sixe x€[0;2]; mpu -2<a<2 xlzg—l,
x2=%+1. 94.1) a=0, a=2, a=4.
9.5.1) a=0;2) a=0, a=1.9.7. a=1, a=-1.
98. a<-1.9.9. k=-3. 9.10. 2<m<5.

Tecr Ne 1. 1. A. 2. B. 3. B. 4. B. 5. B. 6. B.

7. B. 8. T. 10. IIpu a=2 poss’sa3kiB Hemae; mnpu
a<2 x€(1;2-0,5a); npu a>2 xe€(2-0,5a;1).

Pospgin 2

§ 10. 10.2. 1) -2; 2) 0,5; 3) —1; 4) 2;

5) 5; 6) 3. 10.3. 1) 20; 2) 10; 3) 6; 4) 3¥16.
10.4. 1) 3; 2) 10; 3) —2; 4) 5. 10.5. 1) —2; 2) 3;
3) —5; 4) 2. 10.6. 1) 77; 2) 6; 3) 15; 4) 5.

10.7. 1) 108; 2) 200; 3) 0,9; 4) 1%.

10.9. 1) B; 2) [3;+%); 3) [-2+00); 4)(0;+0).

10.10. 1) 3\/_ . 2) 2(\/Z+1); 3) %

Ja-3
a-9
yeHuit npu a<0; 4) % mpu x=1;

npu a=9;

npu 0<a<9 abo a>9; Bupas HeBU3HA-
Y -1

x-1

mpr x#1. 10.11. 1) a®¥ab? ; 2) ab®¥a?p ;

3) —3ab*¥a%? ; 4) 2062247 .

10.12. 1) |ab® [[5]; 2) ab¥a?s; 3) 2420 ;

4) 2|b|¥ab . 10.13. 1) Y743 ; 2) ~Yab® ;

3) U5as" ; 4) Ya'p . 10.14. 1) ¥7a* 1pu a>0;
Y70t wpu a<0; 2) Yo ; 3) Y2ur” ;

4) §-3p" . 10.15. 1) -a; 2) a; 3) 0; 4) 0.
10.16. 1) 2/a|p*¥2; 2) ab’c; 3) Qa7 ;

1) W2 43X a't . 10.17. 1) Va2 +¥? ;5 2) 4y ;

% 4) —‘\5/; opu x20, y>0; fi/%

mpu x<0, y<0.10.18. 1) ¥7; 2) +¥3;
3) —%; 4) KopeHiB Hemae; 5) +2; 6) —4.

§ 11. 11.1. 1) 3; 2) KopeuiB Hemae; 3) —26;
4) 0; 5) 45. 11.2. 1) 8; 2) 2. 11.3. 1) 2; 2) 10;
3)4; 4) 7. 11.4. 1) 3; 2) —5; 3) —11; 4) -8; 5.
11.5. 1) 1; 2) 3; 3) 0; 4) +/2 . 11.6. 1) 1; 2;
10; 2) —1. 11.7. 1) (8; 0); 2) (4; 1); 3) (4; 1);
4) (16; 1). 11.8. 1) (27; 1), (1; 27); 2) po3B’as-

KiB Hemae; 3) ( ); 4) (0,5; 1,5).

5
7
11. 9. 1) 13‘2‘/—
11.10. 1) 1; 2) [5;
1+\/g

2

; 2) =3; 1; 3) 4; 4) 4.
8]. 11.11. 1) 1%; 2) 2-2v2;

§ 12. 12.1.1. 1) V2; 2) \f 3) ¥5

4)( 5)J§ 6)\/7 12.1.2. 1)36 2)45

3) 725 4) a 93 5) (2b)i; 6) cfir. 12.1.3. 1) His
2) rak; 3) Tak; 4) mi. 12.1.4. 1) [0;+0);

2) (—o030)U(0;+0); 3) (1;+00); 4) [-8;+00);

5) (-oo-—1) (- 1-1)U( i+e0); 6) R. 12.1.5. 1) 9;

2)—3)32 4) 53 9) 8,2; 6) 3,25.
1 1 1
121.7. 1) ——532) —33) 775
~b? p?+5 c? -d?

4) m5+n3. 12.1.8. 1) 1; 2) 128; 3) 4v2;
4) +4V2 . 12.2.1. 1) R; 2) (—o0;0)U(0;+0);
3) [L;+00);5 4) (05+00); 5) (—o0;0]U[L;+); 6) R.

§ 13. 13.1. 1) (~0;—3]; 2) (—oo;O]U[3;3§).
13.2. 1) (-~ 2 [UlBs +22) 2) (~o30]U[1s +)
13.3. 1) {-2}U[-1;38]; 2) {-3}U(-0,5;1].

13.4. 1) [Z+%); 2) [10;+). 13.5. 1) [3-2v2;9);
2) [0;4)U(9;+e0). 13.6. 1) (—o0;—3]U(0;+0) ;

2) (=03 —2)U(0;1)U(L;+20) . 13.7. 1) [2;5,2];

2) [1;5)U(10;+ ). 13.8. 1) Posr’sa3kiB HeMaE;
2) 2; 3. Brasieka. 3uaiinitTe OI13 mepiBHOCTI.

§ 14. 14.1. 1) IIpu aeR x=a+4;

2) upu a=0 x=a%-2a; npu a<0 KopeuiB
Hemae; 3) mpu m<0 abo m>3 KopeHiB
m'—6m”+81

am? ’

" iiVias

4) npu a=0 x=0; mpu a>1 sz;

Hemae; pu 0<m<3 x=

mpu a<0 abo O0<a<1l KopeHiB Hemae.

14.2. 1) TIpu a<1 x=a; mpu l<a<2 xe[l;a];
mpu a=2 x€[l;2); nupu a>2 x=a abo
x€[1;2); 2) mpu a<0 po3B’aA3KiB HeMmae;

npu a=0 xe(0;+); mpu a>0

xe —%a;—a)U(0;+oo); 3) npu a<-4

po3B’A3KiB HeMmae; mpu —4<a<0

xe(2—\/4+a;2+\/4+a); upu a>0
xe —%;2+\/4+a); 4) npu a<—%

i —3+\/—7—16a] 1 7
xe|lag—=————"|; opu —=<a<-——
i 8 2 16
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_ . 2. .
xe[ 5 /7_7 Ton 3+ 7 164 16a:| oo el tgo=—5. 19.3. 1) 0; 2) sin®a; 3) 1;
8 16 4) —cos®a ; 5) 1; 6) 0; 7) sino; 8) 1; 9)
3 7 , .
X=-2; OPM a>-——u pO3B’A3KiB HeMae; 10) —2tgo. 19.4. 1) —-2. 2) a) 2; 6) 2.
2-V2d° -4
5) mpu a<-2 a6o a>2 xe(+;|a|); § 20. 20.1.1. 1) 5 ; 2) %; 3) @; 4) %;
2
upu —2<a<—J2 abo V2<a<2 1 1 J3
; ; 5) =3 6) =3 7) —=:8) “=;9)1; 10) V3;

xe(:z_x/za _4 24424 —4)_ pn 2 <a<vZ 27 J2 Ja2 2

2 ’ 2 ’ 11) T 20.1.2. 1) sin2a; 2) cos2o ; 3) sino;
posB’askiB Hemae. 14.3. a<5,125. 14.4. a<0, 3

4) cosf; 5) ctg3a; 6) tgbo; 7) tgTa;

<1. 14.6. <
2.14.5. a<1. 14.6. 1) ITpu a<1 oxuu 8) tgbo; 9) tgoctgP; 10) tg(o—p).

posB’sA30K; mpu a>1 poss’saA3KiB Hemae.

Teer No 2. 1. B. 2. T. 3. B. 4. B. 5. T. 6. B. V841, o NB-1, J3: 4y Y311,
20.1.3. 1) ik ik ;3) 2+ 4) o5
7. Ilpu a<2 a6o a>2v2 KOpeHiB HeMae; mpu N 2v2 2V2 7 2
1-V3
Js_a? 5) 128 . 6) —2-v3.2021. 1) X3, 2) L,
a=2V2 x=3, upn 2<a<2v2 x1=3—“ST“, )z ® ) 53
\/ 1 1 1 .
8 2. L . L .
x2—3+%. 3) 12,4) 2,5) \/5,6) 2.20.2.4. 1) sina;
s2 . : .
2) sin“a; 3) 2sina; 4) Pyl
7
Po3ain 3 20.2.5. 1) - 2) ——3; 3) 3— 4) VR
120 119 119
§15 153 1)%";2)%;3)%";4) —4?“; 20.2.6. 1) 159° 2) ~159° 3 lm Y a0
24
5) —=; 6) ——. 15.4. 1) 540°; 2) 135° 20.2.7. 1) 25° 2) 2—5; 3) 3— 4) ﬂ
J3
3) —72° 4) 210°, 5) —10°; 6) 330°; 7) —22,5°; 20.2.8. —0,8. 20.2.9. —-1,125; 0. 20.3.1. 1) -
540° ° 5 o
8) — . 15.7. —150°; _?n pazx. 15.8. 600°; 2) —J3; 3) £ ; 4) —1; 5) _l; 6) %; 7 %;
101‘C
T3 Pt 8) 1. 20.3.2. 1) % 2) £ . 20.3.3. 1) cos’a;
16. 16.1. 3 III' 4) III; 5) III; 6) IV.
§ ) ) 1 ) 1 ) 2) —cos?a; 3) —l; 4) —ctgzoc; 5) 1.
§ 17. 17.1. 1) 2) —=; 8) ——; 4) 1; 2 2
\f f 2 V3 20.4.1. 1) 0; 2) —sinl8°; 3) V2sin25°;
5) ~2;6) =; 7) -1; 8) ¥3.17.2. 2) T=n; 4) tg20°ctg5°; 5) sin(o—P)sin(o+p);
. bo o 500 o
4) T— s 5) T — Gyab-sike mificme umcmo, Kpim O. 6) 4s1n?cosEcosoc; 7 4cos?cosEcosa.
HaI/IMeHHIOFO ,lI(;).IaTHOI‘O nepio:y He icHYE. 20.4.3. 1) \/_+1 \/5_1; 3) l(cole"—ﬁ);
17.3.1) m; 2) 7 3) 615 4) T3 5) 57 4 2
, , , 4) —(cos—+cos—) 20.4.4. 1) L.9 1,
§ 18. 18.5. 1) sin3,9, sin3,3, sinl,2; 10 2
2) cosl,9, cosl,2, cos0,3; 3) tg(-1,3), tg0,7,
tgl5; 4) ctg2,9, ctgll, ctg0,5. § 21,211, 1) Y2=Y2 o Va2
§ 19. 19.1. 1) Hi; 2) rak; 3) Hi; 4) Tax;
5 3) v2-1. 21.2. 1) sin-:i- cost=—L.
5) Tak; 6; rak. 19.2. 1) cosoczﬁ, tgo=-2,4, : oL 2 J5 9 J5’
ctga=—-—; 2) sina=0,6, tga=-0,75, tg%=_2; 2) sin% . cosﬁ 3.
1? , ; 2 2 J— 13
. 2 2
ctga=-1=; 3) coso=————, sino=———, tggz——. 21.3. 3+2v2. 21.4. ——=— .
3 V13 Vi3 2 3 V13
5 1 5
ctgoc—— 4) sino=—>—, coso.=————, 1 -1+v5
J26 J26 21.5. 0,6. 21.6. 3" 21.7. 2. 21.8. YR
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Brasiska. fIxkmo a=18°, To 36°=20
i 54°=30 (me sino>0).
Tecr Ne 3.1.B. 2.B. 3.1 — B, 2 — T,
3—A.4.B.5.B.6.B.7.B.81—T,
2 —B,3 —B.

Po3pgin 4

.9y E.3) .4 E.5) _E.
§22.221.1)0;2) 258 L5 9 25 5) -2
n .9y E.3) E.y _T
6) -5.222.00;2) 519 514 -2,

4) X. 5) n; 6) %".

6

51 2
—.225.1) =;
6 5 )7

.226.1)7; 2) 3;

%u’») 1L,

3

1 3
.22.8.1) V7;2)1,5; 3) ——; 4) 2.
T 158 =)

T, Y, . _9r - &,
229. 1) 7,2)7 2n; 3) 5,4)8 2n; 5) 53

22.3. 1) g :2)0; 3) &

22.4. 1) g; 2) g; 3) L4

2v6

2) ; 3)

r
4
r
6
3
3 4) —
) 4

S‘H
ot

3) c4) L2271 %; 2)

-

5
3
\/i_o
4) m
6) 4-m; 7) g; 8) 10-3x.

§ 23. 23.1. 1) i§+2ﬂ:n , neZ; 2) xopeHiB
Hemae; 3) i%‘+2nn, neZ; 4) i%+2nn,
neZ.23.2. 1) (—1)"%+nn, neZ;

2) (—1)”§+nn, neZ; 3) (—1)”+1§+nn, neZ;
4) KopeHiB Hemae. 23.3. 1) §+1tn, neZz;

2) %+nn, neZ; 3) —%+nn, nez;

4) —§+nn, neZ. 234.1) %th, neZz;

2) g+nn, neZ; 3) %Tn+nn, neZ; 4) %+nn,

neZ.235. 1) (<" arcsin0,6+nn, neZ;
2) *arccos0,3+2nn, neZ; 3) —arctg3,5+nn,
neZ; 4) arcctg2,5+nn, neZ.

23.6. 1) i%+2nn, neZ; 2) ’;—”, neZ;
3) l+ﬂ, neZ; 4) larctg3+ﬂ, neZz.
12 4 4

3
23.7. 1) (-1)"n+4nn, neZ; 2) i%+10nn,

nez;3) -S+3mn, nez;4) ’%+7nn, nez.

23.8. 1) (-1)”§+”‘—2”, neZ; 2) +2n+6nn,
neZ; 3) (—1)"2—n+4nn, neZ;4) 2+,
3 8 4

nez.239. 1) (—1)”+1%+3nn, nez;

2) i5—n+1'cn, neZ; 3) —l+ﬂ, neZ;
12 24 4

4) %’Hznn, neZ.23.10. 1) %"+4nn, dnn

neZ; 2) £+37tn, neZ; 3) 271?_71; £+2n_n,
2 3 2 3

neZ; 4) —z?n+4nn, neZ. 23.11. 1) —i’—g—ﬂ:n,

neZ; 2) n-2nn, neZ; 3) -8nn; —%—Snn,

neZ; 4) _2n_n; E—zn—n, neZ.23.12. 1) l;
3 6 3 12

noSto lmo 17n 19 0w din

4 4 12 12 12 18 18

+&.3)_5§;E;%‘;4) 3n ., Tm, 1lm

18 7 3 16° 16° 16 °
15n 9343, 1) _L7®, _18n. 5t ¢,
16 18 18 18 18
In. Ur, 197, 9y 0. 497 473 3) 0; 2n;
18 18 18

ot 1lm 13w 19n  7n

471:;4 T ? Y 1o 2 10 ° .
)12 12 12 12 4

23.14. 1) Ilpn a<—% abo a>% KOpeHiB

1

HeMae; Ipu —% <a< 5 *= (-1)" arcsin(2a)+mn ,

neZ; 2) npu a#0 xoperiB Hemae; npu a=0
x=2nn, neZ; 3) x=%arctg(3a)+%, neZ;
4) x=§arcctg(2a)+n?n, neZ; 5) opu a=0

x — Oyab-ake ywucyo; mpu a<-1 abo a>1
KopeHiB memae; mpu —1<a<0 a6o O<a<l
x=(-1)"arcsina+nn, neZ; 6) upu a=0 x —
OyIb-AKe umcyao; mpu a<-3, abo —1<a<0,

abo a>0 xopeHniB Hemae; npu -3<a<-1
x=zarccos(a+2)+2nn, neZ.

§ 24. 24.1. 1) (D" arcsinl—i-ﬂ:n, neZ;
(" 1 7n 3
arcsin=+—, neZ;
2 3 2

3) (—l)narcsini+nn, neZ; 4) n+4nn,

2)

(-1"Z+2mn, nez. 24.2. 1) i%"+2nn,
iarccos%+2nn, neZ; 2) i2?n+2n?n’ nez,;
3) n+2nn, neZ; 4) tn+6nn, neZ.

24.3. 1) izgn+21tn, neZ; 2) g+nn, neZ;

3) g+2nn, (—1)”arcsin%+nn, nez;

4) T2 ez, 244.1) -Tiqn,
6 3 4
arctgl-i-nn, neZ; 2) E+M, larcctg5+ﬂ,
3 8 2 2 2

neZ; 3) —arctg2+nn; arctg%+nn, neZ;
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4) 3?“+21m, 2arcctgg+2nn, neZz.

24.5. 1) (—1)"arcsin%+7tn, neZ;

2) (n arccosi)+2nn, neZ. 24.6. 1) §+nn,
—arctg3+nn, neZ; 2) §+nn, arctg3+nn,
neZ; 3) §+Ttn, —arctg2+nn, neZ;

4) —§+nn, arctg§+nn, neZ.

24.7. 1) n+2nn; J_r:%n+41tn, neZ;

2) arctg 1+

5+nn, neZ; 3) E—arcsin£+2nn,
2 13
neZ; 4) g+nn, (—1)"arcsin%+1m, neZ.
24.8. 1) 2nn; n+4nn, neZ; 2) 4nn; n+2nn,
neZ; 3) (—1)"arcsin%+nn, neZ; 4) %+nn,
neZ. 24.9.1) —%th, neZ; 2) §+nn,

arctg2+nn, neZ; 3) §+1tn, arctg3+nn,

—7+/53
2

neZ; 4) arctg +nn, neZ.
24.10. 1) i%"+2nn, nez;2) 0" Eimn,
neZ; 3) (- 1)"—+1m, neZ; 4) 4+2Tm,
nez.24.11. 1) ~+mn, nez; 2) %"Hm,
neZ; 3) §+nn, neZ; 4) %+1tn, neZz.
24.12. 1) g+2nn, neZ; 2) 2nn, neZ;
%Hrn, neZ.
+21tn,

3) nn; §+nn, neZ; 4) E+1tn,
24.13. 1) (- 1)""+nn, neZ; ?2) +
neZ; 3) J_rarctg\/—+nn, neZ; 4) arctg2+mnn ;

—arctgl+ﬂ:n, neZ. 24.14. 1) M, nez;

2) o5 £+ﬂ, neZ;3) T, neZ;4) g+,
2 6 3 3
neZ. 24.15. 1) +Xinn, nez; 2) + _£+n_n
4 6 2
neZ.24.16.1) -2+  necz; 2) 2mn,
24 2

neZ.24.17. 1) Z+rm, nez; 2) —§+nn,

neZ. 24.18. 1) §+nn, —arctg2+nn, neZ;

2) ——+— larctg3+n—n, neZz;
12 3 3 3
3) —+1tn, —arctg3+nn, neZ; 4) ——+—

12 3
—1arctg4+—, neZz.24.19.1) Zyomn,
3 3 2

—2arctg2+2nn, neZ; 2) §+2ﬂ:n,
—2arctgi+2nn, neZ; 3) nn; —§+ﬂ:n, nez,;
4) g+nn, —arctg%+nn, neZ.

24.20. 1) (—1)"+1%+nn, neZ; 2) (—1)”E+nn,
11: 2nn

3+2ﬂ:n, neZ; 4) =,

neZ; 3) n+2nn; 3

nez.
§ 25. 25.1.1. 1) ( +2nn,%—2nn)
(%+2nn;g—2nn), nez,;
2) (E+2nn;—5+2n(1—n)),
3 3
(—E+2ﬂ:n;£+2n(1—n)), neZ.
3 3
25.1.2. 1) (nn;g—nn), (§+nn;—nn), neZ;
2) (2nn;—§+2nn) , (%+2nn;n+2nn) ,
neZ. 25.1.3.1) (§+2nn;(—1)’“+1%+nk),
(( 1)’”lg+nn,§+2nk) k, neZ;
2) (n+2nn;i§+2nk), (i§+2nn;n+2nk),
k, neZ.25.1.4. 1) ((—1)”%+nn;i%"+2nk),
(( 1)’”lg+nn, +2nk) k, neZ;
T 1_
2) (arctg5+nn,4 arctg2 nn),

(arctgl+nn;5—arctg§—nn) , neZ.

3 4
25.1.5. 1) (E+7t(k+n) Lo n))

(—E+n(k+n);——+n(k—n)), k, neZ;
6 6

2) ( +n(n+k); —+n(n k))

27 .. T _
(?+n(n+k) 6+Tt(n k)), k, neZ.

25.1.6. 1)( +7n(k+n); 2+7t(k n))

(—+1t(k+n);—+1t(k—n)), k, neZ;
12 12

2) (—+n(n+k) - Ztnln- k))

on ._om _
(—+n(n+k), 12+7t(n k)) k, neZ.

12

T k. T nk)

25.1.7. 1)( +27nn +2 4 5 k, neZ;
nk n nk

2) ( +2Ttn—? Z ?

25.1.8. 1) (2nn;§+nk), k, neZ;

k, neZ.

2) ( +2nn,2+nk), k, neZ.
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25.2.1. 1) (- 1)"+l—+nn §+2nn, nez;

2) §+2nn, n+2nn, neZ.

25.2.2. 1) 3?n+21m , n€Z; 2) KOpeHiB HeMae;
3) 3+4n, neZ; 4) 1; 5) +Tcn, neZ.
25.2.3. 1) §+nk, arctgﬁ+nn, k, neZ;

2) g+nk, J_rarctg\/E+nn, k, neZ.

25.2.4. 1) %; 2) (0,5;m+4nn); (-0,5;7—4nn),
neZ. 25.2.5.1) 1; 2) -0,25; 3) 1; 4) 1;

5) 0,125; 6) 0; =1. 25.2.6. 1) —2; 2) 7; 3) 0;

4) £0,5; 1. 25.2.7. 1) 0; +3%, 18%. 5y 10T,
VF 3 5 3

—on; —2?", 3) 6*4 : 4) 1,75.

25.2.8. 1)l f :2) 1; 3)£ 4) xopenis

HeMae. 25.2.9. 1) 0; 2) 1; 3) i\/—;
4) 0. 25.2.10. 1) (——+n(2k n); g+1m)
(—+n(2k+n);——+nn), k, neZ;
3 6
2)( +ZX (4k+ )’r "2”) k, neZ;
3) (( 1)”*1g+nn, +21tk)
(( 1)"g+nn,+?+2nk) k, neZ;
4) (n+n_k’_ +2nn) k, neZ;
2 3
5)( +2nn,2—“+2nk) (2—“+2nn,—+2nk)
3 3 3
(——+2nn;—2—n+2nk) , (—2—n+2nn;—£+2nk),
3 3 3 3
k, neZ; 6) (nn;nk);

(-0,5arccos(—0,75)+ nn; —0,5arccos(-0,75) + nk) ,

(0,5arccos(-0,75)+ nn; 0,5arccos(-0,75) + k) ,
(-0,5arccos 0,25+ ntn; —0,5arccos0,25 + nk) ,
(0,5arccos0,25+ntn; 0,5arccos 0,25+ k) , k,
neZ . Brasieka. llogatu cucreMy y BUTJIAML

4sin(3x +2y)=—sinx,
{siny =—4sin(2x+3y)
IOBimHO mpaBi U JIiBi YacTMHU OfEpIKAHUX
piBHAHBL. BpaxyBaTu, [0 IIpM TaKUX II€PETBO-
PEHHAX MOJKJMBA MOSBa CTOPOHHIX PO3B’SI3KiB

i IepeMHOKUTU Bi-

cucreMu. Po3B’saA3y0un IIpoMiKHEe PiBHAHHS
4sinbx+sinx =0, 3pyYHO CKOPUCTATUCA THUM,
mo sinbx=sin(x+4x).

§ 26. 26.1. 1) IIpu —1<a<1 xopeHiB HeMae;
mpu a<-1 abo a>1 x=(—1)"arcsini+7tn,
neZ; 2) mpu -0,5<a<0,5 x=g+nn,
neZ; npu a<-0,5 a6o a>0,5 x:g+nn,
x=(—1)"arcsini+nn, neZ; 3) upu a=0 abo

a<-1, abo a>1 x=7nn, neZ;
mpu —1<a<0 a6o O<a<l x=mnn,

x=xarccosa+2nn, neZ; 4) upu -l<a<l
x=§+nn, neZ; upu a<-1 abo a=>1
xz%ﬂm, xz(—l)"arcsin%ﬂtn, neZ.
26.2. 1) IIpu a<-0,5 a6o a>4 KopeHiB He-

Mae; npu a=-0,5 x:(—l)"%ﬂm, neZ; upu

1+v2a+1

-0,5<a<0 x=(- 1)”arcs1nT+nn,

neZ; npu 0<a<4

1-v2a+1
2

x=(-D"arcsin +nn, neZ;
2) mpu a<-1,25 abo a=5 x=mn, neZ;
npu a=-1,25 x=zxarccos0,25+2nn ,

neZ; npu -1,25<a<1 x=nmnn;

%+2nn, neZ; upu 1<a<5b

1-~4a+5
4

3) mupu b=0 piBHAHHA He BusHaueHe; npu b#0

x =tarccos
x=mn, x=z=arccos +2nn, neZ;

i a=0 x;t%k, xeR, keZ; mpu b#0 i a0

x=" nez, nqt? keZ; 4) upu a=-1 abo
a

2-2J2<a<2+2V2 x=2nn, neZ; nupu a<-1

abo —1<a<2—2x/§ a6o a>2+2v2 x=2nn,

x= —§+(—1)’“r1 arcsin Sinn, neZ.

a\/—
26.3. 1) —-2V5<a<2J5; 2) -5<b<5;

3) acR; 4) acR; ) 4T"< <4;“.

26.4. 3- L ca<3+-L.265. (0;1); (1;1).
\/5 \/5 (0;1); (1;1)
26.6. [-%; —%} 26.7. 1) a<-2; a>2;

a=-1;2) a<0; a>4; a=1; 3) a=2.
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26.8. 1) IIpu a#0 posp’askiB memae, npu a=0

(g+2nk; §+2nn), (—g+2nk; —g+2nn) , k,

neZ; 2) npu a<0 cucrema He O3HaueHa,

upu a>0 poss’aA3KiB Hemae, mpu a=0

(27tk +2nn) (n+2nk;—%+2nn), k, neZ.
§ 27. 27.1. 1) [——+21tn, +21tn], neZz;

2) (——+21tn,57+21m) neZ; 3) po3B’A3KiB

Hemae; 4) [§+2nn;2§+2nn], neZ.

27.2. 1) (——+2nn,§+2nn) neZ;

2) (—+2nn,?+2nn) neZ; 3) R;

4) [——+2nn,z+2nn], neZ.

27.3. 1) (——+nn,—Z+nn), nez;

2)[ +nn,5+nn) neZz; 3)( +nn,§+nn)

neZ; 4) (—g+nn;z+nn], neZ.

27.4. 1) (nn;%n+nn), neZ; 2) (nn;gﬂtn],

neZ; 3) [—+nn,n+nn), neZz;

4)( +nn,n+nn) neZz.

27.5. 1)( +nn,3§+nn), nez;

2)[ +6nn,%+6nn] neZz;

3) [—?+21m n+2nn) neZz;

20 5’5 5
27.6. 1) [nn;§+nn], neZz;

2) (24T LT ez
4 3’36 3

3) [—?+6ﬂ:n,6nn], nez,;

4) ( +I 5"+"”), nez.
18728 2

2)[ 7n+1m 1'C+1t_n:|, neZ;
60 5’60 5

3) (—?+2nn,2nn) neZ.

27.8. 1) (—+"—” E+“—”), neZz;
274 2

2) (——+1m;——+1tn)U(£

+nn;£+nn), neZ.
2 4 4 2

LI,
4 2°6 2
27.10. 1) (arcsin%+2nn;

. -1
Tt—arcsm—+2nn) , neZ;

2) ( +nn,§+nn) neZ.
27.11. 1) [——+21tn,?+21m] nez;
2) (——+2nn,z+2nn) neZ.

27.12. 1) (nn;%ﬂm)U(E

3n )
+nn; ==+ 1n
3 8 U

\U(§+nn,%nﬂrn)U(%nth;nHm), neZ;

2) ( +7n; = +nn)U(E+nn;3—n+nn), neZ.
2 2 4
27.13. 1) [ +21tn,?+2nn), neZz;

2) (arcsinl +271n; g+ 2nn) , neZ.

NG

27.14. 1) (——+2nn,—27+2nn)u
. n L4n
U(—7+2nn,2nn)U(2+2nn, 7 +2nn)U

U(47n+2nn;67n+2nn)U(67n+27tn;Tt+2Rn) » Ne€Z;

2) (——+2nn, +2nn)U(§+2nn; %"Jrznn)u

U(5—n+2nn,—+2nn) neZ.
6 4

27.15. ( 7 g]u[o;%).

n_ 37 51
27.16. [6 4]U[6 ] 27.17. 1) IIpu
3

a<-2 xe(Znn;§+2nn)U(Tn+2nn;n+2nn)U

U(%+2nn,7+2nn) neZ; upu 2<a<—/2

xe (ZTm; g + ZTtn) U (?% +21n; arccos% + 21tn) U

U (n +27nn; 21 — arccos% + 2nn)U(%’t+ 2nn; %n+ Zrm) ,
neZ; upu a=-—2 xe(Znn;§+2nn)U

U(n+2nn;%n+2nn)U(%n+2nn;%n+2nn) ,neZ;
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npu — 2<a<2 xe(2nn;§+2nn)u
U(arccos%+2nn;%+2nn)U(n+2nn;%+2nn)U
U(2n—arccos%+2nn;%+2nn), neZ;

npu a=2 xe(2nn;§+2nn)U
U(§+2nn;%+2nn)U(n+2nn;%+2nn), neZz;
npu \/§<a<2 xe(2nn; arccos%+2nn)U

it

U(%+2nn;2n—arccos%+2nn), neZ; upu a>2

+2nn; %n + Znn) U (n +2ntm; %n + 2nn) U

€ (§+ 2nn; %n+ Znn)U(n +27n; %n+21m)U

7)

U™+ 2mn;2m+2mn), nez. 27.18. 1) [_1;? :

2) (0,5;1], 3) [-1;sin0,5)U(sin1;1];

4) [-1;co0s2). 27.19. 1) (ﬂ+2nn,n+2nn)u

U(@+2n ,ﬁ+2nn) neZ;
36 18

3) (—es1)U(1;+0); 4) (0;1).
Teer Ne 4. 1.T.2.B.3.B.4.1 — B, 2 —
B, 3 — A. 5. B. 6. n+2nn, g+21m, neZz.

7. Ilpu a<-3 abo a>5 KopeHiB Hemae, IIPU

-3<a<5 x=(—1)"arcsin(\/4+a—2)+7tn , neZ.

Posgin 5
§ 28. 28.2. 1) -3; 2) 9; 3) 0; 4) 1.
28.3. 1) 11; 2) 1; 3) %; 4) -8. 28.4. 1) [23];

2) (-1;0,5); 3) [3;4); 4) [1;3]U(4;+<).
28.5. 1) (25]; 2) [0,51)U(1;+) ;

3) (—W;—\/g]U[—l;l]U[\/gﬁw) abo x=1,5;
4) (4;28].
§ 29. 29.4. 1) -3; 2) +9; 3) 2; 4) -3; 1.

29.5. 1) -3; 2) 25; 3) —2; 4) 14; 5) 5; 6) —3;
7) 0,25; 8) 22 ; 9) 3; 10) 2; 11) 0; 12) -1—
13) ;, 14) 1; 15) 1,25; 16) 45, 17) ﬁ.
29.6. 1) 2; 2) =; 3) 3; 4) —4; 5) 0; 6) —1.

§ 30.30.1. 1) x=0, y=0; 2) x=3, y=4;

3) acumnror Hemae; 4) x=1, y=1.

30.2. 1) x=0, y=2x; 2) x=3, y=x+3;
3) x=-2, y=x-2;4) y=x.303.1) x=0,
y=0; 2) y=0; 3) x=0, y=3;4) y=1.
304. 1) x=-1, y=1, y=-1; 2) x=3,
y=x+3;3) y=0;4) x=-1, y=x.

§ 31. 31.1. 1) 6; 2) 7; 3) 5. 31.2. 1) 3Ax;
2) 3xyAx(xy+Ax)+(Ax)?; 3) Ax(2xy+Ax—1);
1

~ L 315 8) 7/(x)=3;

x0+ X X,

F'(x3)=1; 6) f’(x1)=%: F(x3)=0;
B) f,(xl)ZO; f’(x2)=0; r) f,(xl)zo
1
i’ -—.31.6.1)6; 2) 1; 3) —1; 4) 1.

4) Ax+

31.7. 1) y=2x-1; 2) y=0; 3) y=x-0,25;
4) y=—6x-9. 31.8. 1) y=0,5x+0,5;

2) y=x+0,25; 3) y=0,25x+3; 4) y——x+1—.
31.9. 1) 1; 2) 13; 3) 75; 4) 0,25.

1

§ 32. 32.1. 1) 8x; 2) - 3) 3,
4) 20x'%; 5) —20x7%!; 6) — 322 1) 1;
2) 5x*-1; 3) ———3x ; 4) 2x+
x2 2\/_

32.3. 1) 6x2+3; 2) 2x+5; 3) 4x°—4x;
) L 11242, 32.4. 1) 6x2+6x°;

) T2

2
2) _6x +2x+2. 3) —4x3+6x2—3; 4) 15x —3x.
2vx
32.5. 1 x+6x, T g1
) 3 (Bx -2 GBx+1?
1) 2—. 326. 1) 1'(-2)=-2; 1'(1)=3;
X

2) F(2=28; f(-D=-8; 3) f’(o):-%;

f’(—3)=—%; 4) 7(N2)=1,5; /(0,1)=101.

32.7. 1) 1; 2) -2; 0; 3) =0,5; 4) 0,25.

32.8. 1) (L;+00); 2) (-2;0); 3) (-2;0)U(0;2);

4) (—o0;—1)U(L;+00). 32.9. 1) f@w)="u ;

ulx)=sinx; 2) f@W=u%; ux)=2x+x?;

3) f(u):\/_; ulx)=x3-x; 4) fw=cosu;

ulx)= 2x—— 32.10. 1) R; 2) [-8;+);

3) (_°°;4)U(4$+°°)7 4) (_°°,_2)U(2;+°°);

5) [2nk;n+2nk], keZ; 6) (0;0,5].

32.11. 1) 3(x2 -2/ @x-1; 2) -10Q@x—-1";
5-2x 3 4

3) ; 4) - .

2\/5x—x2 4\/3x(2+\/§) (2x-1°

32.12. 1) y=7x-4; 2) y=26x+54;

3) y=-0,5x+1,5; 4) y=Tx+6.




Bignosiai Ta BKasiBkM 4O BNpaB

§ 33. 33.1. 1) —sinx; 2) 2cosx—3;

3) —L L 4y 3211
COos X sin X sin X
33.2. 1) tgx+—=—3 2) ctgx———3
Cos X sin X

3) sinx(1+ ); 4) —cosx(1+

2 i
sin X

Cos X

xcosx—sinx cosx+xs1nx
333. 1) o 5 2) ; 3) sin2x;
x cos® x

4) —sin2x. 33.4. 1) cosx; 2) —6sin6x;

3) 2cos2x; 4) —4sindx; 33.5. 1) — =% .
2V1+sinx
2) —2xsinx?; 3) —sinxcos(cosx) ;
3 4
4) ———F——. 33.6. 1) bx" +4cosdx ;
cos® 6x+/tg6x ,
3) —2cos2x ; 4) 24X g37 ) X_sindr,
cos” 4x x° cos” x
. 1+ cosx
2) sin2x; 4) ———. 33.8. 1) 0; 2) 2;
2Vx +sinx

3) -1; 4) -8. 33.9. 1) 1; 2) 3; 3) 2; 4) —5.
33.10. 1) Hemae; 2) i£+2nk, keZ; 3) %k,

keZ; 4) g+nk (- 1)k—+nk keZ.

33.11. 1) 0; 4; 2) 0; 3; 3) 1; 4) 2.
33.12. 1) (-2;2); 2) (—o031)U(85+0) ;

3)( +1tn,7t+nn), neZ; 4) (0;4).

33.13. 1) a) 15 85 6) (—o;1)U(8;+); B) (1;38);
2) a) 1; 3; 6) (—o;1)U(38;+0); B) (1;3); 3) a) 1;
6) (L+); B) (0;1); 4) a) 0; 6) (0;4); B) (—4; 0).

33.14. 1) y=

ntd . 9) y=dx+l- 2

—Tx+ \/—
3) y=3; 4) y=0,5x-1,5. 33.15. 1) E+%k

keZ; 2) 2; — 2; 3) —Z+7tn, neZz.

33.16. y=-3x+5. 33.17. y=5x—5.

§ 34. 34.1.1. a) 3pocrae Ha [-6;-4] Ta
[-2;2]; cmagae ma [—4;-2] Ta [2;6]; 6) spocrae
a [-7;-4] ra [-2;2]; cnamae ma [-4;-2] Ta
[2;7]. 34.1.2. 3Bpocrac mHa (—0;—5] Ta [5;+);
cmagae Ha [-5;5]. 34.1.3. 3pocrae ma [-3;-1];
cnagae Ha (—6;-3] Ta [-1;3). 34.1.6. 1) 3po-
crae Ha [1;+00); cmagae Ha (—oo;1]; 2) 3po-
crae Ha (—oo;—2\/§] Ta [2\/§;+oo); crazae Ha
[—2\/5; 2\/5]; 3) spocrac Ha [-1;0] Ta [1;+);

cuagae Ha (—oo5—1] Ta [0;1]; 4) spocrae Ha
(o003 —1] Ta [1;4); cmagae ma [-1;0) Ta (0;1];
5) cnamae Ha (—0;0]; spocrac Ha [0;+c); 6)
spoctae Ha R. 34.1.7. 1) 3pocrae Ha (—oo;—3]
Ta [3;+o), cmagae ma [-3;3]; 2) spocrae Ha
[-1;1], cnamae ma (—o0;—1] Ta [1;+o0);

3) spocrae Ha [—%+2nk;%+2nk] , keZ
T 51
crazac Ha [E+2nk;?+2nk] , keZ; 4) spo-
b4 51
cTae Ha [§+2nk;?+2nk], keZ; cnagae ma
[—§+2nk;§+2nk], keZ. 34.1.8. 1) (-=;0];

2) [L;+); 3) [0;9]. 34.1.9. 1) 1; 2) 2; 3) =;
4) —1. 34.1.12. 1) 3pocrae Ha (—o0;—2], [L;+00);
cnagae Ha [-2;1]; 2) x=-2 — TOUuKa MaKcUMYy-
My; x=1 — ToukKa MiHiMymy.

34.1.16. 1) 3pocrac Ha [3;+); cnamac Ha
(=0;8]; x=8 — roura mimimymy; f(8)=-4;
2) spocrae ma [-1;0] Ta [1;+); cmagae Ha

(—o0;—1] Ta [0;1]; x=%1 — rouku MiHIMyMY;
f(-D=f1)=-1; x=0 — TOYKA MaKCUMyMYy;
f(0)=0; 3) spocrae Ha (—oo;—2] Ta [2;+00);
cnamac Ha [-2;0) Ta (0;2]; x=-2 — Toura
maxcumymy; f(-2)=-4; x=2 — Touka MiHiMy-
my; f(2)=4; 4) spocrae Ha [1;2]; cnamae

Ha [2;8]; x=2 — Touka makcmmymy; f(2)=2.
34.1.17. 1) 3pocrae na [-2;2], cmagae Ha
(—o03—2] Ta [2;+00); x=-2 — TOuKa MiHiMY-
My, y(-2)=-0,25; x=2 — TOuKa MaKCUMyMY,

y(2)=0,25; 2) spocrae na [-0,5;0] Ta [0,5;+);
cnagae Ha (—<;—0,5] Ta [0;0,5]; x=10,5 —
rouku Mmimimymy; f(-0,5)=7(0,5)=-1,25;

x=0 — Touka makcumymy; f(0)=-1;

3) spocrae Ha (—oo;+0); 4) 3pocTae Ha

[_g +27k; §+ an] , keZ; cnamac Ha

[E+2nk;5—n+2nk], keZ; x=—L+2nk ,
3 3 3

keZ — rTouka MiHiMyMY; f(§+2nk):—#,
keZ; x=§+2nk , kReZ, — TOUKa MaKCUMyMY;

3V3

f( +21tk) , keZ.

34.2.4. 1) 6) (—oo;—4]U[4;+oo); B) mpu a<-4,
a>4 — gnBa; mpu a=14 — oauH; UpHU
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—-4<a<4 — Hemae; 2) 6) [-2;+0c0); B) mpu
a<-2 — memae; upu a=-2, a>0 — ogun;
mpu —2<a<0— gBa; 3) 6) [-0,25;+); B) p;
a<-0,25 kopeniB Hemae, nmpu a=-0,25 abo

a>0 — omuu, mpu —0,25<a<0 — gBa;

4) 6) [4;+c); B) mpu a<4 KOpPeHIB HeMae, IIpH
a=4 — onuH, mpu a>4 — nBa.

34.2.5.1) 2; 2) 2; 3) 1. 343.1. 1) f...=9,

Fnin =93 2) fnax =55 Tuin="43 3) fnax =6,
Foin=-23 4) foax=1, fum=-31.

34.32. 1) fo =4, fun=—4;3) fmaxz\/__g,
fon=0.34.33.2) f.. =1, f.. =-3;

3) fuin="55 fnax="85 4) foin =1 lnax =1.
34.34. 1) fu0x =5, fpin=-925 2) [ =0,

Foue =235 4) £, =0,5, f... =2,25. 34.3.5. %

max min

34.3.6. 5; 5. 34.3.7. 3,5; 0,5. 34.3.8. 6; —2.
34.3.9. KBagpar 3i cTopoHOI0 5 CM.
34.3.12. 4. 34.3.13. PiBHOOenpeHUII TPUKYTHUK

i3 6iUHOI0 CTOPOHOIO % i KyTomM O TIpW BepIiIu-
3
mi. 34.3.14. ™ | 34.3.16. Jlo Touku Binpis-

V2

ka AB, Bigmanenol Bix B Ha 1 kM.

§ 35.35.1. 1) 6x—6; 2) w;
cos” 2x

3) —2sinx—xcosx; 4) (2—x?)sinx +4xcosx .
35.2. 1) Onykaa BHu3 Ha (—oo;—1) Ta (1;+00);
omykJja Bropy Ha (-1;1); x=11 — Toukm mepe-

. 3n. T n.37m) .
TuHy; 2) ONyKJa BHU3 Ha ) \TT)

OIlyKJIa Bropy Ha (—n-—3_n) (_E.E) Ta (3_“7.5) .
’ 4 ’ 4’ 4 4 ’ ’
3n

T
xziz , xzir — TOYKHU HeperuHy; 3) omyKJa

BHu3 Ha (—o0;—1) Ta (0;1); omykiaa Bropy Ha
(-1;0) Ta (1;+); x=0 — TOUKA IEpPeEruHY;
4) omyKja BHHU3 Ha (—oo; %) OIyKJIa Bropy Ha
(%Hw), x=%86 — Touxa TeperuHy.

§ 36. 36.1.1. 1) 3; 2) 5. 36.1.2. 1) =1;
2) 0; 3) 2. 36.1.3. 1) 2; 2) 0; 3) 2. 36.1.4. 1) 0;
2) 0; 36.1.5. 1) 1; 2; 2) 1; 3; 3) —1; —2.
36.1.6. 1) 1; 2; —2; 2) —-1; 2; —-2; 3) 1; —1; 2.
36.1.8. 1) (=1;+); 2) (I;+); 3) (5;+).
36.1.9. 1) 3; 2) 11.

§ 37.37.1. a<-3 abo a>1. 37.2. a=1.
37.3. k=2.374. x=1, a=3.
37.5. 1. 37.6. a=3, b=1. 37.7. a=-23,25.
37.8. 5-3V3<a<5+3V3. 37.9. a<-32 a6o
a>32. 37.10. a<-7 abo a>11.
37.11. -7<a<0 abo 0<a<7. 37.12. 0<a<9.

37.13. a=-2.
3

Tecr Mo 5. 1. B. 2. T. 3. A. 4. B. 5. B.
6.B.7.1 —A, 2 —B,3 — B. 8. B.
9. =y(-2)=15; min y=y(-1)=6.
max y y(-2) min y y(-1)

10. 2) IIpu a<—§ abo a>§ — eIUHUHN KO-

piHb; Tpu a:—g abo a:g — 7Ba KOpeHi; mpu
9 9 3 3

—=<a<= — TpuU KOpeHi.
3 3 p p
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